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PREFACE. 


THE  present  work,  as  its  title  indicates,  is  elementa:y  in  its  char- 


acter. The  aim  has  been  to  prepare  a treatise  suitable  fcr  use. 
(1)  in  Public  Schools,  Academies,  and  High  Schools ; (2)  in  those 
higher  Institutions  of  learning  whose  courses  of  study  include  ele- 
mentary work  in  Algebra  ; (3)  in  Schools  whose  object  is  to  prepare 
students  for  admission  to  the  Freshman  class  of  higher  Institutions." 
The  author  believes  that  this  book  will  also  meet  the  wants  of  those 
students  of  Physics  who  require  some  knowledge  of  Algebra,  but  who 
have  not  the  time  to  read  an  exhaustive  treatise  on  the  subject. 

The  student’s  progress  in  Algebra  depends  very  largely  upon  the 
proper  treatment  of  the  four  Fundamental  Operations.  Erroneous 
views  at  the  beginning  of  any  subject  are  difficult  to  correct.  Hence, 
just  as  an  architect  gives  special  attention  to  the  foundation  of  his 
building,  the  author  has  aimed  to  present  this  part  of  the  subject 
with  such  care  that  there  shall  be  no  occasion  to  modify  or  enlarge 
the  foundation  here  laid.  The  terms  Addition,  Subtraction,  Multi- 
plication, and  Division  in  Algebra  have  a wider  meaning  than  in 
Arithmetic,  and  these  operations  have  been  so  defined  as  to  include 
their  arithmetical  meaning ; so  that  the  beginner  is  simply  called 
upon  to  enlarge  his  views  of  those  fundamental  operations.  Much 
attention  has  been  given  to  the  explanation  of  the  negative  sign, 
in  order  to  remove,  as  far  as  possible,  the  difficulties  which  every 
beginner  in  Algebra  experiences  when  he  comes  to  use  and  interpret 
that  sign.  Special  attention  is  here  called  to  “ A Short  Method  of 
Removing  Symbols  of  Aggregation,”  Art.  76. 

On  account  of  their  importance,  the  subjects  of  Factoring,  Greatest 
Common  Divisor,  and  Least  Common  Multiple  have  been  treated  at 
greater  length  tlian  is  usual  in  elementary  works. 


IV 


PREFACE. 


In  the  treatment  of  Fractions,  a method  is  used  which  is  quite  sim- 
ple, and,  at  the  same  time,  more  general  than  that  usually  employed. 

Much  of  the  difficulty  experienced  by  the  student  in  connection  with 
Radical  Quantities  entirely  disappears,  when  the  roots  are  expressed 
by  fractional  exponents,  for  the  principles  and  rules  applicable  to 
integral  exponents  may  then  be  used  without  modification.  For  this 
reason  fractional  exponents  are  used  in  this  work  to  a greater  extent 
than  usual. 

The  great  object  to  be  attained  in  the  study  of  Algebra  is  skill  in 
the  use  of  the  Equation,  the  great  instrument  in  mathematical  inves- 
tigations. Nearly  every  exercise  is  intended  to  qualify  the  student 
to  handle  this  instrument  with  ease  and  rapidity.  Hence,  the  Equa- 
tion is  made  the  chief  subject  of  thought  in  this  work.  It  is  defined 
near  the  beginning,  and  used  extensively  in  every  chapter.  In  addi- 
tion to  this,  four  chapters  are  devoted  exclusively  to  the  subject  of 
Equations.  All  Proportions  are  equations,  and  in  their  treatmenl 
they  are  so  considered.  By  this  method  all  the  difficulty  connected 
with  the  subject  of  Proportion,  as  usually  treated,  disappears. 

The  Chapter  on  Logarithms  will  doubtless  be  acceptable  to  many 
teachers  who  do  not  require  the  student  to  master  Higher  Algebra 
before  entering  upon  the  study  of  Trigonometry. 

Such  exercises  as  are  not  original  have  been  drawn  almost  exclu- 
sively from  English  works  on  Algebra.  In  this  respect  the  “ Scholar’s 
Algebra,”  by  Hensley,  is  the  only  one  deserving  special  mention. 

In  conclusion,  the  author  submits  this  treatise  to  the  examination 
and  judgment  of  his  fellow  laborers  in  the  great  work  of  education, 
feeling  assured  that  they  will  be  quick  to  discern  and  appreciate 
whatever  merit  it  may  possess. 


Columbia,  Mo.,  August , 1881. 
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ELEMENTS  OF  ALGEBRA. 


CHAPTER  I. 

INTRODUCTION. 

Article  1.  To  Measure  a thing  is  to  find  the  number 
of  times  it  contains  another  thing  of  the  same  kind  taken 
as  a standard.  The  standard  is  called  the  Unit  of  Measure, 
or  the  Measuring  Unit. 

2 . Quantity  is  the  amount  or  extent  of  any  thing  that 
can  be  measured.  Thus,  4 hours,  12  bushels,  and  8 feet 
are  quantities. 

The  term  quantity  is  also  applied  to  the  characters  or 
expressions  by  which  quantities  are  represented. 

3.  Mathematics  is  the  science  which  treats  of  the 
measurement  of  quantities  and  their  relations  to  each  other. 

4.  Algebra  is  that  branch  of  Mathematics  in  which 
quantities  are  represented  by  letters,  or  by  letters  and  figures 
combined,  and  in  which  the  relations  of  quantities  to  each 
other  and  the  operations  to  be  performed  are  indicated  by 
signs. 

The  letters,  figures,  and  signs  are  called  Symbols. 

5»  The  Algebraic  Language  consists  in  the  use  of 
algebraic  symbols. 
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6.  Algebraic  Notation  consists  in  representing  quan- 
tities and  indicating  operations  and  relations  by  means  of 
symbols. 


SYMBOLS  OF  QUANTITY. 

7.  Known  Quantities  are  those  whose  values  are  given. 
They  are  represented  by  numbers  or  the  leading  letters  of 
the  alphabet. 

8.  Unknown  Quantities  are  those  whose  values  are 
not  given.  They  are  represented  by  the  final  letters  of  the 
alphabet. 

FUNDAMENTAL  OPERATIONS  AND 
THEIR  SYMBOLS. 

Addition. 

9.  Addition  is  the  process  of  finding  the  simplest  ex- 
pression for  the  aggregate  of  two  or  more  quantities. 

The  Sum  of  two  or  more  quantities  is  the  simplest  ex- 
pression for  their  aggregate,  or  total  value  ; that  is,  the  sum 
is  the  result  obtained  by  addition. 

To  Add  one  quantity  to  another  is  to  find  their  sum. 

10.  The  Sign  of  Addition,  or  the  Plus  Sign,  +,  sig- 
nifies that  the  quantity  to  which  it  is  prefixed  is  to  be 
added.  Thus,  in  a-\-b,  which  is  read  “ a plus  b,”  the' sign 
+ signifies  that  b is  to  be  added  to  a.  If  a represents  8, 
and  b,  5,  then  a + b is  equal  to  13. 

The  sign  + is  sometimes  called  the  Positive  Sign. 

Subtraction. 

11.  Subtraction  is  the  process  of  taking  one  quantity 
from  another. 

The  Subtrahend  is  the  quantity  to  be  subtracted ; the 
Minuend  is  the  quantity  from  which  the  subtrahend  is  to 
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be  taken  ; and  the  Difference,  or  Remainder,  is  the  re- 
sult obtained  by  subtraction. 

12.  The  Sign  of  Subtraction,  or  the  Minus  Sign,  — , 

signifies  that  the  quantity  to  which  it  is  prefixed  is  to  be 
subtracted.  Thus,  in  a — b,  which  is  read  “a  minus  b” 
the  sign  — signifies  that  b is  to  be  subtracted  from  a.  If  a 
represents  8,  and  b,  5,  then  a — b is  equal  to  3. 

The  sign  — is  sometimes  called  the  Negative  Sign. 

The  Double  Sighs. 

13.  To  indicate  that  a quantity  is  to  be  added  or  sub- 
tracted, the  sign  ± or  the  sign  q=  is  prefixed  to  it.  The 
sign  ± is  read  “plus  or  minus/’  and  =p  is  read  “ minus  or 
plus.” 

Multiplication. 

14.  To  Multiply  one  quantity  by  another  is  to  find  a 
third  quantity  which  has  the  same  relation  to  the  first  that 
the  second  has  to  a unit  ( + 1). 

The  Multiplier  is  the  quantity  by  which  some  other 
quantity  is  to  be  multiplied  ; the  Multiplicand  is  that 
which  is  to  be  multiplied  ; and  the  Product  is  the  result 
obtained  by  multiplication.  Thus,  if  it  be  required  to  mul- 
tiply 5 by  4,  5 is  the  multiplicand,  4 is  the  multiplier,  and 
20  is  the  product. 

The  Product  of  Three  Quantities  is  the  result  ob- 
tained by  multiplying  the  product  of  two  of  them  by  the 
third;  the  Product  of  Four  Quantities  is  the  result  ob- 
tained by  multiplying  the  product  of  three  of  them  by  the 
fourth ; and  so  on. 

A Continued  Product  is  the  product  of  three  or  more 
quantities. 

15.  The  Signs  of  Multiplication  are  x and  •,  each 
of  which  signifies  that  the  quantity  which  precedes  it  is  to 
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be  multiplied  by  the  one  which  follows  it.  Thus,  in  each 
of  the  expressions  a x b and  cut),  the  sign  of  multiplication 
signifies  that  a is  to  be  multiplied  by  b,  and  each  is  read, 
“a  into  b,”  or  r a multiplied  by  b.” 

The  sign  of  multiplication  is  often  omitted.  Thus,  dab 
is  equivalent  to  3 x a xb. 

Division. 

16.  To  Divide  one  quantity  by  another  is  to  find  a third 
quantity,  such  that  if  it  be  multiplied  by  the  second,  the 
product  will  be  equal  to  the  first. 

The  Divisor  is  the  quantity  by  which  some  other  quan- 
tity is  to  be  divided;  the  Dividend  is  that  which  is  to  be 
divided;  and  the  Quotient  is  the  result  obtained  by  divi- 
sion. Thus,  if  it  be  required  to  divide  20  by  4,  20  is  the 
dividend,  4 is  the  divisor,  and  5 is  the  quotient. 


17.  The  Sign  of  Division,  -f-,  signifies  that  the  quan- 
tity which  precedes  it  is  to  be  divided  by  the  one  which 
follows  it.  Thus,  in  a-^-b,  which  is  read,  “a  by  b,”  or 
“ a divided  by  b,”  the  sign  -f-  signifies  that  a is  to  be  divided 
by  b. 


The  expression  ^ is  equivalent  to  a ~b. 


SYMBOLS  OF  AGGREGATION. 

18.  The  Symbols  of  Aggregation  are  the  Parenthesis, 

( );  the  Vinculum, ; the  Brackets,  [ ];  and  the 

Braces,  [ \ . 

When  an  expression  is  embraced  by  a symbol  of  aggrega- 
tion, each  operation  indicated  in  that  expression  is  to  be 
regarded  as  performed,  and  the  symbol  is  to  be  regarded  as 
expressing  the  result. 

Thus,  ( a — b)  c,  which  is  read  t(  parenthesis  a — b into 
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c”  signifies  that  the  result  obtained  by  subtracting  b from 
a is  to  be  multiplied  by  c. 

The  expressions  (a  — b)  c,  a — b x c,  [a  — b]  c , and 
\a  — b\o  are  equivalent. 

The  vinculum  is  sometimes  placed  in  a vertical  position. 

Thus,  a\c  is  equivalent  to  a — b x c. 

— b | 

SYMBOLS  OF  RELATION. 

19.  The  Sign  of  Equality,  =,  signifies  that  the  quan- 
tities between  which  it  is  placed  are  equal.  Thus,  in 
xy  = a + b,  which  is  read  “x  into  y equals  a plus  b ” or 
“x  into  y is  equal  to  a plus  b,”  the  sign  = signifies  that 
the  product  of  x and  y is  equal  to  the  sum  of  a and  b. 

20.  The  Signs  of  Inequality  are  > and  <,  each  of 
which  signifies  that  the  quantities  between  which  it  is  placed 
are  unequal,  the  opening  being  turned  toward  the  greater. 
Thus,  in  x -f-  y > x — y,  which  is  read  “x  plus  y is  greater 
than  x minus  y,”  the  sign  > signifies  that  the  sum  of  x 
and  y is  greater  than  their  difference  ; and  in  x—y  <Cx  + y, 
which  is  read  “x  minus  y is  less  than  x plus  y”  the  sign  < 
signifies  that  the  difference  between  x and  y is  less  than 
their  sum. 

EQUATION  AND  INEQUALITY. 

21.  An  Equation  consists  of  two  expressions  connected 
by  the  sign  of  equality.  Thus,  x — y — a -f  b is  an  equa- 
tion. 

The  First  Member  of  an  equation  is  the  expression  on 
the  left  of  the  sign  of  equality,  and 

The  Second  Member  is  the  expression  on  the  right  of 
the  sign. 
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Thus,  in  the  equation  x — y = a b,  x — y is  the  first 
member,  and  a -f  b,  the  second  member. 

22.  An  Inequality  consists  of  two  expressions  connected 
by  a sign  of  inequality,  and  its  members  are  named  as  those 
of  an  equation. 

FACTORS. 

23 . When  one  quantity  is  the  product  of  two  or  more 
other  quantities,  each  of  the  latter  is  called  a Factor  of 
that  product.  Thus,  5,  a,  b,  and  c are  factors  of  babe. 

24.  A Numerical  Factor  is  a factor  which  is  expressed 
by  a figure  or  figures.  Thus,  in  12 abc,  12  is  a numerical 
factor. 

25.  A Literal  Factor  is  a factor  which  is  expressed  by 
a letter  or  letters.  Thus,  in  12 abc,  a,  b,  and  c are  literal 
factors. 

26.  When  a product  contains  one  factor  which  is  nu- 
merical, and  another  which  is  literal,  the  former  factor  is 
called  the  Coefficient  of  the  latter.  Thus,  in  12 abc,  12  is 
the  coefficient  of  abc\  and  in  — 7a,  — 7 is  the  coefficient 
of  a. 

The  term  coefficient  is  sometimes  applied  to  any  factor. 
Thus,  in  IZabc,  12 a is  the  coefficient  of  bc\  and  in  abc,  a is 
the  coefficient  of  be,  and  ab  is  the  coefficient  of  c. 

If  no  numerical  coefficient  is  expressed,  1 is  understood. 
Thus,  abc  is  equivalent  to  1 abc. 

Powers  and  Roots. 

21.  A Power  of  a quantity  is  either  the  quantity  itself 
or  the  product  of  factors,  each  of  which  is  identical  with  it. 
Thus,  5,  5x5  or  25,  and  5x5x5  or  125,  are  powers  of  5. 

A quantity  is  said  to  be  involved,  or  raised  to  a power, 
when  any  power  of  it  is  found. 
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28.  The  Root,  or  Base,  of  a quantity,  regarded  as  a 
power,  is  either  the  quantity  itself,  or  a factor  which  being 
involved  will  produce  that  quantity.  Thus,  5 is  a root  of 
5,  25,  and  125,  for  5 =5,  5x5  = 25,  and  5x5x5  = 125. 

29.  The  Degree  of  a power  is  determined  by  the  num- 
ber of  times  the  quantity  regarded  as  its  base  must  be  used 
to  produce  the  power.  Thus,  5 is  the  first  power  of  5,  25  is 
its  second  power,  and  125  is  its  third  power. 

The  second  power  of  a quantity  is  sometimes  called  its 
square,  because  the  area  of  a square  is  equal  to  the  second 
power  of  one  of  its  sides  ; and  the  third  power  of  a quantity 
is  sometimes  called  its  cube,  because  the  volume  of  a cube  is 
equal  to  the  third  power  of  one  of  its  edges. 

30.  An  Exponent  is  a number  placed  at  the  right  of, 
and  a little  above,  the  base  of  a power ; and  when  it  is  an 
integer,  it  denotes  the  degree  of  the  power.  Thus,  a 2,  b3, 
c 4 indicate  respectively  the  square  of  a,  the  cube  of  b,  and 
th e fourth  power  of  c. 

If  no  exponent  is  expressed,  1 is  understood.  Thus,  a is 
equivalent  to  a1. 

The  expression  a 3 may  be  read  in  any  of  the  following 
ways : “ The  second  power  of  a,”  “ a second  power,”  “ a sec- 
ond,” “the  square  of  a,”  or  “a  squared”;  a3 may  be  read 
in  a similar  way;  a1  may  be  read,  “the  fourth  power  of  a,” 
“ a fourth  power,”  or  “ a fourth”;  and  so  on. 

31.  The  Degree  of  a root  is  the  same  as  that  of  the 
power  of  which  it  is  considered  as  the  base.  Thus,  5 is  the 
first  root  of  5 ; 3 is  the  second,  or  square  root  of  9,  for 
32  = 9 ; and  5 is  the  third,  or  cube  root  of  125,  for  53  = 125. 

32.  The  Radical  Sign,  a/  , is  the  character  used  to 
indicate  that  a root  is  to  be  extracted. 

33.  The  Index  of  a root  is  the  number  placed  over  the 
radical  sign  to  denote  the  degree  of  the  root.  Thus,  $21, 
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4,  %/32  indicate  respectively  the  cube  root  of  27,  the 
fourth  root  of  64,  and  the  fifth  root  of  32. 

The  square  root  is  usually  indicated  by  the  radical  sign 
without  the  index. 

ALGEBRAIC  EXPRESSIONS. 

34.  A Monomial  is  an  expression  which  does  not  con- 
tain parts  connected  by  the  sign  or  the  sign  — . Thus, 
hab  is  a monomial. 

A monomial  is  sometimes  called  a Simple  Expression,  or 
a Term. 

35.  A Polynomial  is  an  expression  which  contains 
parts  connected  by  the  sign  -f  or  the  sign  — , and  each  of 
these  parts  with  its  sign  is  called  a Term.  Thus,  a 3 — 2 ab 
+ b2  is  a polynomial,  and  a 2,  — 2 ab,  and  + b 2 are  its 
terms. 

When  a term  has  no  sign  expressed,  the  sign  -f  is  un- 
derstood. 

A polynomial  is  sometimes  called  a Compound  Expression. 

36.  A Binomial  is  a polynomial  containing  only  two 
terms.  Thus,  a 2 — b2  is  a binomial. 

37.  A Trinomial  is  a polynomial  containing  only  three 
terms.  Thus,  a 2 + 2 ab  + b2  is  a trinomial. 

38.  A polynomial  may  be  formed,  when  its  terms  are 
given,  by  simply  writing  them  one  after  the  other,  and 
giving  to  each  its  own  sign.  Thus,  if  a,  — b,  c,  and  — d 
are  the  terms,  the  polynomial  is  a — b + c — d. 

39.  A term  is  simple  or  compound.  Thus,  in  the  ex- 
pression a 2 — 2 ab  + b2  — {c  — d),  a2,  — 2 ab,  and  + b2  are 
simple  terms,  and  — (c  — d)  is  a compound  term. 

40.  A Positive  Term  is  a term  whose  sign  is  +. 

41.  A Negative  Term  is  a term  whose  sign  is  — 
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42.  A Dimension  of  a term  is  one  factor  of  it  expressed 
by  a single  letter. 

411.  The  Degree  of  a term  is  equal  to  the  number  of  its 
dimensions.  Hence,  the  degree  of  a term  is  equal  to  the 
sum  of  the  exponents  of  its  letters.  Thus,  5a3b4c  is  of  the 
eighth  degree. 

44.  Similar  Terms  are  those  whose  literal  parts  are 
identical . Thus,  5a2b  and  10 a2b  are  similar. 

45.  Dissimilar  Terms  are  those  whose  literal  parts  are 
different.  Thus,  3 a2b  and  5 ab2  are  dissimilar. 

An  exception  must  be  made  in  cases  where  literal  factors  are  con- 
sidered as  coefficients.  Thus,  ax 2 and  bx 2 are  similar,  if  a and  b are 
considered  as  coefficients. 

46.  A Homogeneous  Polynomial  is  a polynomial 
whose  terms  are  all  of  the  same  degree.  Thus,  a3  + 3 a2b 
4-  babe  is  homogeneous. 

47.  The  Numerical  Value  of  an  algebraic  expression 
is  the  number  obtained  by  substituting  for  each  letter  the 
number  which  it  represents,  and  then  performing  the  indi- 
cated operations.  Thus,  if  a = 3 and  b = 4,  the  numeri- 
cal value  of  a2  -j-  %ab  + IP  is  49. 

EXERCISES  IN  READING  THE  ALGEBRAIC  LANGUAGE. 

48.  Read: 

1.  5a  + 9c  — 3 d. 

A ns.  Five  a plus  nine  c minus  three  d. 

2.  3a2  -f-  4 ab  — Q>b4. 

A ns.  Three  a square  plus  four  ab  minus  six  b fourth. 

3.  a (c  -f-  d — e'). 

Ans.  a into  the  parenthesis  c plus  d minus  e. 

4.  a 3 (c4  — d5  -f  e6)8. 

Ans.  a cube  into  the  eighth  power  of  c fourth 
minus  d fifth  plus  e sixth. 
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5. 

Yix  — 

3 = 45  -f  lieu. 

6. 

3a  + x — 5b  + 2 ==  75 

— a + c + k 

7. 

2 (x  — 

^7 

1 

CO 

II 

CO 

8. 

3 a + a 

5 5 = 1 

X 

X 

99  , 2 

= - + A 

9. 

(3  + x)  (5  + x)  — 48  = 

10. 

a -4-  5 
cd 

> p (m  + n — x 

- yf- 

11. 

Vx  — 

Vy  <.  n V a + Vb. 

12. 

's/x  — 

y < n V a + 5. 

EXERCISES  IX  WRITING  THE  ALGEBRAIC  LANGE  AGE. 

49.  Write  in  the  algebraic  language : 

1.  Fifteen  c minus  seventeen  d pins  eighteen  c. 

A ns.  15 c — 17rf  + 18c. 

2.  Eighty-one  5 minus  thirteen  c pins  fourteen  c minus 

nineteen/.  Ans.  815  — 13c  -f-  14c  — 19 f. 

3.  Five  a square  plus  six  ab  minus  seven  b cube. 

Ans.  5 a2  + 6 ab  — 753. 

4.  Five  a square  b minus  eight  ab  square  plus  six  b fifth. 

Ans.  5a2b  — 8 ab2  + 6b5. 

5.  Nine  a fourth  b cube  plus  four  a cube  b fourth  minus 
three  a square  b plus  seven  ab  cube  minus  five  b fourth. 

Ans.  9 a453  + 4 a2W  — 3 a2b  + 7a53  — 554. 

6.  a square  plus  twice  be  minus  c square  plus  d is  equal 

to  mx.  Ans.  a2  + 2 be  — c2  + d — mx. 

7.  a plus  b divided  by  cd  is  less  than  p into  the  paren- 
thesis m plus  n plus  x minus  y. 

Ans.  ~~j~~  < jt?  (m  - 1-  n + x — y). 

8.  The  square  root  of  a plus  b is  greater  than  the  cube 

root  of  x minus  y.  Ans.  V(7±T  > tyx~^y. 
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9.  The  square  root  of  a,  plus  b is  greater  than  the  cube 

root  of  x,  minus  y.  jns.  Va  + b > fyx  — y. 

10.  The  square  root  of  a square  minus  b cube  equals  x 
minus  the  cube  root  of  x plus  a. 

Ans.  V a2  — 53  = x — %/ x + a. 

EXERCISES  IN  FINDING  NUMERICAL  VALUES. 

50.  If  a = 8,  b = 6,  c = 4L,  d = 2,  m = 3,  n = 1,  find 
the  numerical  value  of  each  of  the  following  expressions : 


1. 

a2  + 2 ab  + b2. 

Ans. 

196. 

2. 

a2  + b2  + c2  + d2. 

Ans. 

120. 

3. 

a + bx  c — d. 

Ans. 

30. 

4. 

(a  4 - b)(c  — d). 

Ans. 

28. 

5. 

a2  + b2  -f  & + d2 
3 ( a -j-  b -(-  c + d ) 

Ans. 

2. 

6. 

"C5 

l 

Ans. 

112. 

mn 

7. 

a (ban  + 45  + d) 

Ans. 

22. 

a + 5 + c-+rf  + m + fa 

8. 

(bad2  — 3c2\ 

a\  cd2  y 

Ans. 

56. 

9.  ! 

am  t d*  — n 

c +3(m2  — b) 

Ans. 

n- 

10. 

(a  + b—2d)  (a—b-\-2d) 

( m—d ).  Ans. 

30. 

3m-2d(l-\-n)  + n 

11. 

V c ( jm  + n 

Ans. 

2. 

tyb+~d  ' V c 

12. 

%/  a + V ad 
Vm  — d 

Ans. 

6. 
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LOGICAL  TERMS. 

51.  A Problem  is  the  statement  of  something  to  he 
done. 

The  Solution  of  a problem  consists  in  doing  what  the 
problem  requires. 

52.  An  Hypothesis  is  a supposition. 

53.  A Proposition  is  the  statement  of  a real  or  sup- 
posed truth. 

54.  Propositions  are  distinguished  by  the  following 
names : Definition,  Axiom,  Theorem,  Corollary,  Scholium, 
Postulate. 

55.  A Definition  is  such  a description  of  an  object  as 
distinguishes  it  from  all  other  objects. 

A definition  should  be  both  inclusive  and  exclusive  ; that 
is,  it  should  include  the  thing  defined,  and  exclude  every 
thing  else. 

56.  An  Axiom  is  a self-evident  proposition. 

57.  A Theorem  is  a proposition,  the  truth  of  which  is 
made  to  appear  by  a course  of  reasoning  called  a Demon- 
stration, or  Proof. 

58.  A Formula  is  a theorem  expressed  in  algebraic  lan- 
guage. 

59.  A Lemma  is  an  auxiliary  theorem  used  in  the 
demonstration  of  another  theorem,  or  in  the  solution  of  a 
problem. 

GO.  A Corollary  is  an  obvious  consequence  of  one  or 
more  of  the  preceding  principles. 

61.  A Scholium  is  a remark. 

62.  A Postulate  assumes  the  possibility  of  solving 
some  problem. 
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63. 

Prop. 

is  an 

Abbreviations. 
abbreviation  for  Proposition. 

Th. 

66 

“ “ Theorem. 

Cor. 

66 

“ “ Corollary. 

Sch. 

66 

“ “ Scholium. 

g.  a.  d. 

“ 

“ “ Greatest  Common  Divisor. 

L.  C.M. 

“ “ Least  Common  Multiple. 

A.  P. 

66 

“ “ Arithmetical  Progression. 

G.P. 

6 6 

“ “ Geometrical  Progression. 

Log. 

66 

“ “ Logarithm. 

66 

“ “ Hence,  Therefore,  or  Con - 

64.  1. 

sequently. 

AXIOMS. 

The  ivhole  is  equal  to  the  sum  of  all  its  parts. 

2.  If  each  of  two  quantities  is  equal  to  a third  quantity, 
they  are  equal  to  each  other. 

3.  If  two  equal  quantities  he  increased,  diminished,  mul- 
tiplied, or  divided  by  the  same  quantity,  or  by  equal  quanti- 
ties, the  results  will  be  equal. 

4.  Like  powers  of  two  equal  quantities  are  equal. 

5.  Like  roots  of  two  equal  quantities  are  equal. 

6.  If  the  members  of  an  equation  be  made  to  exchange 
places,  the  equality  will  not  be  destroyed.  Thus,  if  A = B, 
then  B = A. 


CHAPTER  II. 

FUNDAMENTAL  OPERATIONS. 


ADDITION. 

65.  The  sum  of  two  or  more  quantities  has  been  defined 
to  be  the  simplest  expression  for  their  aggregate,  or  total  value. 
This  definition  is  complete;  but  it  may  not  convey  to  the 
mind  of  the  beginner  the  full  meaning  of  the  word  sum. 
Its  full  meaning  may  be  learned  from  the  following  defi- 
nition : 

The  Sum  of  two  or  more  quantities  is  the  expression 
obtained  by  connecting  them  in  the  same  manner  as  terms 
are  connected  to  form  a polynomial  (38),  and  reducing  the 
result  to  its  simplest  form.  Thus,  the  sum  of  5 a and  2 a is 
7 a,  for  5a  + 2a  = 7a  ; and  the  sum  of  5 a and  — 2 a is  da, 
for  5a  — 2a  = 3a. 

66.  The  Absolute  Value  of  a quantity  is  the  number 
represented  by  that  quantity  taken  independently  of  its 
sign.  Thus,  the  absolute  value  of  — 8 is  8.  Two  quanti- 
ties are  equal  when  they  have  the  same  absolute  value  and 
like  signs.  Two  quantities  may  have  the  same  absolute 
value  and  be  unequal.  Thus,  +5  and  — 5 have  the  same 
absolute  value,  but  they  are  not  equal.  Such  quantities  as 
+ 5 and  — 5 are  sometimes  said  to  be  numerically  equal. 

67.  In  Algebra,  addition  does  not  necessarily  imply  aug- 
mentation in  an  arithmetical  sense  ; nevertheless,  for  the 
sake  of  uniformity,  the  word  sum  is  used  to  denote  the  re- 
sult. Sometimes,  when  there  might  be  an  uncertainty  on 
the  point,  the  phrase  algebraic  sum  is  used  to  distinguish 
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such  a result  from  the  arithmetical  sum , which  would  be 
obtained  by  the  addition  of  the  absolute  values  of  the  terms 
considered. 

G8.  To  find  tlie  sum  of  two  similar  monomials. 

> 1.  Let  it  be  required  to  find  the  sum  of  2a  and  3 a. 

It  is  evident  that  2a  + 3a  = 5a. 

2.  Let  it  be  required  to  find  the  sum  of  —2a  and  — 3a. 

Connecting  the  terms,  the  result  is 

— 2a  — 3a. 

When  negative  terms  occur  in  an  expression,  their  abso- 
lute values  are  to  be  taken,  in  succession,  from  some  other 
quantity,  either  in  the  expression  before  us,  or  when  the 
occasion  arises.  But  to  take  away  2a  and  3a,  in  succession, 
is  the  same  in  effect  as  to  take  away,  by  one  subtraction, 
their  aggregate  5a  ; 

.•.  —2a  — 3a  = — 5a. 

3.  Let  it  he  required  to  find  the  sum  of  5 a and  — 2a. 

5 a — 2a  = 3a. 

4.  Let  it  be  required  to  find  the  sum  of  2 a and  — 5a. 

2a  — 5a  = 2 a — 2a  — 3a  = 0 — 3a  = — 3a. 

Here  it  is  required  to  subtract  5 a from  2a.  Taking  2a 
from  2a,  the  remainder  is  0,  and  there  still  remains  3a  to 
he  subtracted,  as  the  sign  — in  the  result  indicates. 

RULES. 

I.  To  find  the  sum  of  two  similar  terms  with  like  signs, 
add  their  absolute  values  and  prefix  the  common  sign  to  the 
result. 

II.  To  find  the  sum  of  two  similar  terms  with  unlike 
signs,  subtract  the  less  absolute  value  from  the  greater,  and 
prefix  to  the  result  the  sign  of  that  term  which  has  the  greater 
absolute  value. 
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Coe.  To  add  a negative  quantity  is  the  same  in  effect 
as  to  subtract  a positive  quantity  of  the  same  absolute  value. 
Thus,  the  sum  of  5 and  — 2 is  3,  and  if  +2  be  subtracted 
from  5 the  result  will  be  3. 

Sch.  1.  The  signs  + and  — have  been  defined  as  indi- 
cating addition  and  subtraction  respectively;  but  they 
have  a wider  meaning.  Sometimes  they  are  used  to  indi- 
cate the  character,  or  quality,  of  the  things  under  considera- 
tion. In  business  transactions,  a sum  of  money  may  be 
gained  or  it  may  be  lost ; in  a question  of  chronology,  a 
date  before  a given  epoch  may  have  to  be  distinguished  from 
a date  after  that  epoch  ; in  a question  of  position,  a distance 
measured  to  the  north  of  a certain  point  may  have  to  be 
distinguished  from  a distance  measured  to  the  south  of  it ; 
and  so  on.  These  pairs  of  related  magnitudes  the  algebraist 
distinguishes  by  means  of  the  signs  + and  — . Thus,  he 
may  denote  by  +a  a gain  of  a dollars,  and  then  he  will  de- 
note by  — a a loss  of  the  same  extent. 

Sch.  2.  The  relation  between  positive  and  negative 
quantities  is  exhibited  to  the  eye  in  the  following  diagram, 
where  the  distance  from  the  zero  point  A to  any  point  in 
the  indefinite  line  BC  is  considered  positive  or  negative, 
according  as  that  point  is  on  the  right  or  on  the  left  of  A : 

B NEGATIVE.  A POSITIVE.  C 

I I I i I I I I 1 I I I i I I I I I I 

—9  — 8 — 7 — 6 — 5 — 4 — 3 —2  —1  0 +1  +2  +3  +4  +5  +6  + 7 +8  +9 

Sch.  3.  The  following  illustrations  show  how  the  results 
obtained  by  the  two  preceding  rules  may  be  interpreted : 

1.  Suppose  a man  starts  from  A in  the  line  BC,  and 
travels  3 miles  toward  the  right,  and  then  5 miles  further 
in  the  same  direction  ; his  final  distance  from  A will  be  8 
miles  in  the  positive  direction.  This  may  be  considered  as 
an  interpretation  of  the  +8  obtained  by  adding  +3  to  +5. 
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2.  Suppose  a man  starts  from  A,  and  travels  first  3 miles 
toward  the  left,  and  then  5 miles  further  in  the  same  direc- 
tion ; his  final  distance  from  A will  be  8 miles  in  the  nega- 
tive direction.  This  may  be  considered  as  an  interpretation 
of  the  — 8 obtained  by  adding  —3  to  —5. 

3.  Suppose  a man  starts  from  A,  and  travels  first  3 miles 
toward  the  left,  and  then  turns  and  travels  5 miles  toward 
the  right ; his  final  distance  from  A will  be  2 miles  in  the 
positive  direction.  This  may  be  considered  as  an  interpre- 
tation of  the  +2  obtained  by  adding  — 3 to  +5. 

4.  Suppose  a man  starts  from  A,  and  travels  first  3 miles 
toward  the  right,  and  then  turns  and  travels  5 miles  towrard 
the  left ; his  final  distance  from  A will  be  2 miles  in  the 
negative  direction.  This  may  be  considered  as  an  interpre- 
tation of  the  —2  obtained  by  adding  +3  to  — 5. 

69.  To  find  the  sum  of  three  or  more  similar  mono- 
mials. 

1.  Let  it  be  required  to  find  the  sum  of  2a,  3 a,  2 a 

and  5a.  4 . 3 a 

It  is  evident  that  2a  + 3a  + 5a  = 10 a.  5 a 

The  terms  may  be  placed  in  a vertical  column  10a. 
and  added,  as  in  Arithmetic. 

2.  Let  it  be  required  to  find  the  sum  of  6a,  10a,  — 5a, 
and  —2a. 

Connecting  the  terms,  the  result  is 

6a  + 10a  — 5a  — 2a. 

Now  to  take  5 a and  2a,  in  succession,  6a  — 5 a 
from  a quantity  is  the  same  in  effect  as  10a  — 2 a 

to  take  away,  by  one  subtraction,  their  16a  — 7a  = 9a. 
aggregate  7 a ; 

6a  -f-  10a  — 5a  — 2a  — 16a  — 7a  = 9a. 
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3.  Let  it  be  required  to  find  the  sum  of  15 a,  3 a,  6a, 
—12 a,  — 8a,  and  —9 a. 

15  a — 12  a 
3 a — 8 a 
6a  — 8a 

24a  — 29a  = — 5a. 

All  the  terms  may  be  placed  in  one  column, 
as  in  the  margin,  and  it  is  evident  that  the  re- 
sult will  be  the  same  in  whatever  order  they 
may  be  combined.  In  this  case,  if  we  begin  at 
the  top  of  the  column  and  proceed  downward, 
the  steps  in  the  addition  are  as  follows : 15a, 

18a,  24a,  12a,  4a,  — 5a.  The  literal  part  may 
be  omitted  until  the  final  result  is  obtained. 

Thus,  15,  18,  24,  12,  4,  —5a. 

4.  Find  the  sum  of  — 2a,  — 3a,  — 5a,  —6a, 
and  — 7a. 

— 2a — 3a — 5a — 6a — 7a  — — 5a — 11a — 7a 
=#  —16a— 7a 
= -23a  (68). 

RULES. 

1.  1.  Reduce  the  positive  similar  terms  to  one  term  by 
addition. 

2.  In  like  manner  reduce  the  negative  similar  terms  to  one 
term. 

3.  Then  reduce  the  result  to  one  term  bu  the  second  rule  of 

Art.  68. 

II.  Reduce  any  two  terms  to  one  (68) ; then  reduce  the 
resulting  term  and  a third  term  to  one,  and  so  on  until  all 
the  terms  have  been  used.  The  final  result  will  be  the  re- 
quired sum. 


-(-  15a 
+ 3a 
T"  6a 
-12a 

— 8 a 

— 9a 

— 5 a„ 


— 2 a 

— 3a 

— 5a 

— 6a 

— 7 a 

— 23a. 
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EXE  It  C IS  ES. 

Find  the  sum  of 


1. 


2. 

3. 


4. 


5. 

6. 

7. 

8. 


13a,  5a,  — 4 a,  — 17a,  21a. 


Ans.  18a. 


6b,  —18b,  —5b. 


Ans.  — 17  b. 


— 3a,  — 2a,  — 8a;,  6a,  — 3a;,  15a;.  Ans.  5x. 
7 ax,  3 ax,  — 5aa,  — 8aa,  5aa,  — 13aa. 

Ans.  — llaa. 

6ac2,  — Sac2,  7 ac2,  — 3ac2,  12 ac2.  Arcs.  17ac2. 
9a3ay,  — 5a?xy,  13 cPxy,  — Ylcfixy.  Ans.  0. 


5a,  — 7a,  a,  — 3a.  Arcs.  — 4a. 

5a;2,  — 7a:2,  a2,  2a2,  10a2,  — 9a2.  Ans.  2a2. 


TO.  To  find  the  sum  of  expressions,  all  of  whose 
terms  are  dissimilar. 

Let  it  be  required  to  find  the  sum  of  a-\-b  and  c-\-d—e. 

Since  these  expressions  have  no  similar  terms,  their  sum  is 

a + b-\-c-\-d—e  (65). 

The  same  result  may  be  obtained  thus: 

Adding  c-\-d  to  a + b,  the  result  is  a + b + c + d.  But  too 
much  by  e has  been  added  to  a + b ; hence,  in  order  to 
obtain  the  correct  sum,  e must  he  subtracted  from  a-\-b 
+ c + d ; therefore, 

a + b-\-c  + d—e 

is  the  required  sum. 

RULE. 

Write  the  given  expressions  one  after  another,  giving  to 
each  term  its  own  sign. 

Cor.  The  value  of  an  expression  is  the  same,  in  what- 
ever order  its  terms  may  be  written.  Thus, 

a-\-b—c  — a—c  + b = b + a—c  = b-c-\-a  = — c + 5 + a 
= — c-f-a  + 6. 
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Sen. — The  terras  of  an  expression  are  usually  written  in 
alphabetical  order,  unless  there  is  a special  reason  for  writ- 
ing them  in  a different  order. 

EX  E B C IS  E s . 


Find  the  sum  of 

1. 

a and  — b. 

Ans.  a — b. 

2. 

—a  and  b. 

Ans.  — a + b. 

3. 

— a and  — b. 

Ans.  —a—b. 

4. 

a—b,  c-\-d,  and 

e—f.  Ans.  a— b + &'+  d -\-e—f. 

5. 

a—b—c,  -d-\-e- 

-f  and  —g—h. 

Ans.  a—b—'c—d+e—f—g—h. 
6.  —x—a—b,  — y—c—d,  e + f—g, 

Ans.  —a—b—c—d  + e+f—g—x—y. 


71.  To  find  the  sum  ol‘  expressions,  some  of  whose 
terms  are  similar. 

Let  it  be  required  to  find  the  sum  of  2a  + 3b  — c,  3 a 
— 2b  -f-  2c  — 6,  and  cl  -f-  b -)-  c -(-  2c. 

Connecting  these  expressions  thus, 

2a  + 3b  — c + 3«  — 2b  + 2c  — e a + b + c -f-  2e, 

and  reducing  the  result  to  its  simplest  form,  the  sum  is 
found  to  be 

6a  -f-  2b  -(-  2c  -(-  c. 

The  same  result  may  be  obtained  by  placing  the  similar 
terms  in  the  same  column,  and  reducing  each  column  sepa- 
rately, thus: 

2a  + 3b  — c 
3 a — 2b  -f-  2c  — c 
a -\-  b + c + 2e  —f 
6a  + 2b  + 2c  + e — /. 

RULE. 

1.  Write  the  given  expressions  so  that  similar  terms  shall 
fall  in  the  same  column. 
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2.  Reduce  each  column  of  similar  terms  (69),  and  to  the 
result  connect  the  other  terms  by  their  signs. 

EX  EE C IS E S . 

Find  the  sum  of 

1.  2a  + 3b  — c + d and  3 a — 2b  + 2c  — e. 

Ans.  5 a + 5 + c + — e. 

2.  a — 3 5 + c,  2 a — 3 b — 5c,  — 3a  + 5b  — 6c,  7a  — 65 

— 9c.  Ans.  7a  — 7b  — 19c. 

3.  2x  — 5y  + 6,  2x  — 3y  — 9,  — 3x  + 8y  — 7,  5x 

-3y-\-2.  Ans.  Gx  — 3 y — 8. 

4.  7 ab  + 8 be  — 5,  2 ab  — 3 be  + 9,  — 7 ab  + 4,  85c— 17. 

Ans.  2 ab  + 135c  — 9. 

5.  3 — a + 5,  2a  — 5 + 95,  35  — 7 + 5a,  2 — 95,  6a 

+ 5.  Ans.  12  a + 45-2. 

6.  7a52  — cd,  8 cd  — 5a52,  7a52  + 16cc5,  — 8a52  + 15cc?. 

Ans.  a52  + 38 cd. 

7.  30a5  + 155c,  35c  + 2ac,  16ac  + 5a5,  7 ab  — 215c, 
195c  — 3ac,  7 ac  — 155c,  16ac  — 15a5. 

Ans.  27 ab  + be  + 38ac. 

8.  2 a2  + 352  — 5cc?,  — 4a2  — 252  + 6cc,  6a2  + 952  — 5a7c, 
7a2  — 352  + 5de,  8 a2  + 52  + ce. 

Ans.  19a2  + 852  — 5 cd  + 7ce. 

9.  a2  — 2 y2,  3x2  + 5 y2,  4x2  — Gy2  + 22,  8 y2  — 2 z\  — 7x2 

+ 5 y2  — Gz2.  Ans.  x2  + 10 y2  — 7 z2. 

10.  4a5c  — 2 yz2  + 3y3,  5abc  + Gyz2  — 2a3,  — 4a5c  -\-yz2 

— 9 y3,  — 7 abc  — 3 yz2  + y3,  Gabc  + yz2  — 9 y3. 

Ans.  labo  + 3 yz2  — 1 Gy3. 

11.  3a  — 25,  4a  + 75,  2a  + 35,  a — 55. 

Ans.  10^  + 35. 

12.  9a2  + 7b2,  — 3 a2  + 452,  a2  + 52,  4a2  - 1252. 

Ans.  11a2.  • 

a + 5 + c,  3a  + 25  + 3c,  — 4a  + 75  — c,  25  + 5c. 

Ans.  125  + 8 c. 


13. 
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14.  x — y — z,  y — x — z,  z — x — y,  x -f  y -f  z. 

Ans.  0. 

15.  3a2  — 4 ab  -f  6b2,  7 ab  — a2  — b2,  2 a2  — Sab  - 4 b2, 

4 a2  -f  ab  — b2.  Ans.  8 a2  -f  ab. 

16.  2x4  — 7x2  -f  S,  — 4x3  -f  6x2  — 2x  -f  7,  x4— 2x3— 4x, 

6x3  — 9x  — 12.  Ans.  3x4  — x2  — 15x  — 2. 

SYMBOLS  OF  AGGREGATION  PRECEDED 
BY  THE  SIGN  OF  ADDITION. 

72.  Th.  If  a.  symbol  of  aggregation  preceded  by  the 
sign  -f  occurs  in  an  expression , the  value  of  the  expression 
is  not  changed  by  omitting  that  symbol. 

Thus,  a -f  # + (c  — d)  = a + b + c — d (70). 

Cor.  The  value  of  an  expression  is  not  changed  by  intro- 
ducing a symbol  of  aggregation  preceded  by  the  sign  -f . 

Thus,  a-\-b  + c— d — a -f b -f  (c  — d)  — a -f  (b-\-c—d) 
= a — d -f  {b  + c). 


SUBTRACTION. 

73.  The  Negative  of  a quantity  is  the  result  obtained 
by  changing  the  sign  of  each  of  its  terms.  Thus,  the  nega- 
tive of  -fa  is  — a,  the  negative  of  —a  is  -fa,  and  the  nega- 
tive of  — a -f  b — c is  -fa  — 5 + c. 

74.  To  find  the  difference  between  two  quantities. 

1.  Let  it  be  required  to  subtract  b from  a -f  b. 

Taking  -f  b from  a -f  b,  that  is,  removing  a b 
-f  b from  the  expression  a -f  b,  the  result  is  a.  — b 

The  same  result  may  be  obtained  by  adding  a. 

— b to  a -f  b (71). 


RULE  FOR  SUBTRACTION. 
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2.  Let  it  be  required  to  subtract  — b from  a — b. 

Taking  — b from  a — b,  that  is,  removing  a — b 

— b from  the  expression  a — b,  the  result  is  a.  + b 

The  same  result  may  be  obtained  by  adding  a. 

-j-  b to  a — b. 

3.  Let  it  be  required  to  subtract  c — d from  a + b. 

Taking  c from  a -f-  b,  the  result  is 

a + b — c.  This  result  is  too  small 
by  d,  for  c is  greater  by  d than  the 
quantity  to  be  subtracted.  Therefore, 
to  obtain  the  correct  remainder,  d 
must  be  added  to  a + b — c. 

a + b — (c  — d)  = a + b— c-\-d. 

The  same  result  may  be  obtained  by  adding  — c + d to 
a + b. . 

RULE. 

Add  the  negative  of  the  subtrahend  to  the  minuend. 

Cor.  1.  To  subtract  a positive  quantity  is  the  same  in 
effect  as  to  add  a negative  quantity  of  the  same  absolute 
value;  and  to  subtract  a negative  quantity  is  the  same  in 
effect  as  to  add  a positive  quantity  of  the  same  absolute 
value. 

Cor.  2.  Subtraction  may  be  proved  by  adding  the  re- 
mainder to  the  subtrahend;  the  sum  should  be  equal  to  the 
minuend. 

Sch.  1.  The  results  obtained  by  subtraction  are  easily 
explained  by  the  diagram  of  Art.  68.  Thus, 

(1)  By  the  rule,  if  -j-  3 is  the  subtrahend  and  + 8 the 
minuend,  the  remainder  is  + 5.  This  is  as  it  should  be, 
for,  starting  from  the  subtrahend  3,  it  is  necessary  to  travel 
a distance  of  5 in  the  positive  direction,  in  order  to  reach  the 
minuend  8. 


a + b 
c — d 

a -j-  b — c -f-  d. 

a + b 
— c -f-  d 
a ?||  b — c -(—  d. 
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(2)  If  + 8 is  the  subtrahend  and  + 3 the  minuend,  the 
remainder  is  — 5.  Starting  from  the  subtrahend,  it  is 
necessary  to  travel  a distance  of  5 in  the  negative  direction, 
in  order  to  reach  the  minuend  ; hence  the  remainder  ought 
to  be  — 5. 

(3)  If  — 3 is  the  subtrahend  and  — 8 the  minuend,  the 
remainder  is  — 5.  Starting  from  the  subtrahend,  it  is 
necessary  to  travel  a distance  of  5 in  the  negative  direction, 
in  order  to  reach  the  minuend ; hence  the  remainder  ought 
to  be  — 5. 

(4)  If  — 3 is  the  subtrahend  and  + 8 the  minuend,  the 
remainder  is  11.  Starting  from  the  subtrahend,  it  is  neces- 
sary to  travel  a distance  of  11  in  the  positive  direction,  in 
order  to  reach  the  minuend  ; hence  the  remainder  ouqht  to 
be  + 11. 

(5)  If  -f  8 is  the  subtrahend  and  — 3 the  minuend,  the 
remainder  is  — 11.  Starting  from  the  subtrahend,  it  is 
necessary  to  travel  a distance  of  11  in  the  negative  direction , 
in  order  to  reach  the  minuend  ; hence  the  remainder  ought 
to  be  — 11. 

Sch.  2.  The  beginner  may  have  difficulty  in  under- 
standing how  one  number  can  be  subtracted  from  a smaller 
one,  as  in  the  second  case  of  Sch.  1.  In  arithmetic  this 
would  be  impossible ; but  subtraction  in  algebra  has  a wider 
meaning  than  in  arithmetic. 

Suppose  that  it  is  required  to  subtract  10  from  7.  By  the 
rule,  the  remainder  is  — 3.  This  may  be  explained  as 
follows : 

It  is  evident  that 

7 = 10  —3; 

hence,  if  10  be  taken  from  10  — 3,  the  result  will  be  the 
same  as  if  10  had  been  taken  from  7.  Removing  the  10 
from  10  — 3,  the  result  is  — 3. 

The  same  result  may  be  reached  as  follows : 


SUBTRACTION. 
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Suppose  B wishes  to  borrow  $10  from  A,  and  that  A has 
only  17.  To  accommodate  B,  it  will  be  necessary  for  A to 
borrow  $3.  Then,  when  B receives  $10,  A not  only  has  no 
money,  but  is  in  debt  $3,  and  this  debt  of  $3  is  indicated 
by  - $3. 

Sen.  3.  In  applying  the  rule,  the  sign  of  every  term  of 
the  subtrahend  may  be  actually  changed,  but  it  is  more  con- 
venient merely  to  conceive  such  change  to  be  made. 


3.  3a  — 5b  + c from  4a  — 2b  — 3c. 

Ans.  a + 3b  — 4c. 

4.  2a  — 5b  + Gc  from  a — 7b  -f  9c. 

A.ns . — a — 2b  — (—  3c. 

5.  2 ax  — 5 by  -f  Gcz  from  18a#  — 2 by  + 9 cz. 

Ans.  1 Gax  + 3 by  + dcz. 

6.  7 db3  — 3 a2b2  + 2 ab3  from  10 ab3  — 5 a2b2  + 4«Z>3. 

Ans.  dab3  — 2 a2b2  -f-  2 ab3. 

7.  3 ax3  — 4=bx2y  + 5 cxy2  — 7 dy3  from  2 ax3  + 12 bx2y 

— 16  cxy2  + 18c/y3. 

Ans.  — ax 3 + 1 Gbx2y  — 21  cxy2  + 25  dy3. 

8.  5a;3  — 7y3  from  13 y3.  Ans.  — 5a;3  + 20y3. 

9.  lx  — dy  + 5 from  2.  Ans.  — lx  + dy  — 3. 

10.  3a  — 2b  -f  2c  — e from  2a  + db  — c + d. 

Ans.  — a -(—  5 b — 3c  -f-  d ~ f-  e , 

11.  2a2  — 5 b2  — Ixy  — 5 z2  from  3a2  + 2b2  — xy  + z2. 

Ans.  a2  + lb2  + 6xy  + 6^2. 

12.  c + c?-fe—  / — g from  a — b. 

Ans.  a — b — c — d — e + / -p  g. 


EXERCISES. 


Subtract 

1.  a — b from  3a  -f  b. 

2.  2 a — db  from  3a  — 5b. 


Axis.  2 a -f-  2b. 
Ans.  a — 2b. 


32 


FUNDAMENTAL  OPERATIONS. 


SYMBOLS  OF  AGGREGATION  PRECEDED 
BY  THE  SIGN  OF  SUBTRACTION. 

75.  Th.  If  a symbol  of  aggregation  preceded  by  the  sign 
— occurs  in  an  expression,  the  value  of  the  expression  is  not 
changed  by  omitting  that  symbol,  provided  the  sign  of  every 
term  embraced  by  it  be  changed.  Thus, 

a-^  + c-d)  = a-b-c  + d (74). 

Cor.  The  value  of  an  expression  is  not  changed  by  intro- 
ducing a symbol  of  aggregation  preceded  by  the  sign  — , 
provided  the  sign  of  every  term  embraced  by  it  be  changed. 
Thus, 

a — b — c — d = a — b — (c  d)  = a — (b  4-  c -f  d) 
= a — d — {b  + c). 

Sch.  1.  The  most  careful  attention  should  be  given  to 
the  principles  relating  to  the  use  of  symbols  of  aggregation 
preceded  by  the  sign  — ; carelessness  in  regard  to  them  is 
the  most  frequent  cause  of  mistakes  with  beginners  in 
Algebra. 

Sch.  2.  Sometimes  one  symbol  of  aggregation  includes 
another,  the  inner  one  another,  and  so  on,  as  in  the  expres- 

sion  «-  | 

In  removing  the  symbols  of  aggregation  from  such  an 
expression,  any  order  may  be  pursued ; but  the  beginner 
will  be  less  liable  to  make  mistakes,  if  he  removes  first  that 
symbol  which  embraces  simple  terms  only,  then  the  symbol 
which  embraced  the  one  removed,  and  so  on.  For  instance, 
he  should  treat  the  expression  given  above  as  follows : 

a—{b—\c—{d—e—f)~\  \ = a — \b  — [c  — {d  — e + /)]} 
— a — \b—  [c  — d + e—  f]\ 

= a — \b  — c + d — e+f\ 

= a ■ — b + c — d + e — f. 


REMOVING  SYMBOLS  OF  AGGREGATION. 
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EXERCISES. 

Remove  the  symbols  of  aggregation  from  each  of  the  fol- 
lowing expressions,  and  reduce  each  result  to  its  simplest 
form  : 

1.  a — [5  — (c  -f  d)~\.  Ans.  a — 5 -f  c + d. 

2.  a — [—  ( — 5 — c)  + d~\.  Ans.  a — b — c — d. 

3.  2b  — 5a  — [3 b — (6a  — 65)].  Ans.  a — 75. 

4.  lOx  — \5a  — [45  -f  2c  — (65  — 5c  + 2c?)]  ]. 

Ans.  lOx  — 5a  — 25  -f  7 c — 2d. 

5.  8a  — a — 5 — [a  + 5 -B  — (a  + 5 -f  c 4-  df], 

Mws.  2a  — 6 -f-  d. 

6.  2a  — [35  — [4a  — (55  — 6a)] }.  Ans.  12  a — 85. 

7.  a — \a  — [a  — (a  + x)~\ }.  Ans.  — x. 

8.  4a  — \a  — [a  — (a  — 3)  + 3]  — 3] 

— [ — a — [ — a — ( — a + 3)  + 3]  — 3^. 

Ans.  4a  + 12. 

A Short  Method  of  Removing  Symbols  of  Aggrega- 
tion. 

76.  By  considering  the  equation 
a — \b  — \_c  — {d  — e ~ /)]  J — a — 5 + c — d e — /, 
it  will  be  seen  that 

The  effeci  of  an  even  number  of  negative  signs  is  the  same 
as  that  of  one  positive  sign,  and  the  effect  of  an  odd  number 
of  negative  signs  is  the  same  as  that  of  one  negative  sign. 

Thus,  c in  the  first  member  is  affected  by  two  negative 
signs,  and  the  corresponding  term  in  the  second  member  is 
+ c ; and  d in  the  first  member  is  affected  by  three  negative 
signs,  and  the  corresponding  term  in  the  second  member  is 

— d. 

By  observing  this  principle,  the  operation  of  removing 
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symbols  of  aggregation  may  be  very  much  abridged.  Thus, 
in  the  expression 

lOx  — •{  6a  — [35  + 2 c — (65  — 5c  — 2dJ] \, 

6a  is  affected  by  one  negative  sign,  35,  by  two,  2c,  by  two, 
65,  by  three,  he,  by  four,  and  2d,  by  five ; 

lOz  - \ 6a  — [35  + 2c  — (65  — he  — 2d)]  f 

= 10a;  — 6a  -f  35  + 2c  — 65  + 5c  — 2d 
= lOx  _ 6a  — 35  + 7c  — 2d. 

EX  E It  CIS  E S. 

Simplify 

1.  a + [5  — (c  — d)~\.  Ans.  a + 5 — c + d. 

2.  a — [—  (5  + c)  — d\.  Ans.  a + 5 + c + d. 

3.  6a  — 65  — [5a  — (25  — a — 5)].  Ans.  — 35. 

4.  4x  — -j  6a  — [25  — 3c  — (45  — 2c  — a — 5)] \. 

Ans.  4x  — ha  — 35  — c. 

5.  5a  — (a  — 5)  — [—  (a  + 5 + c)  — (a  — 5 + 2c)]. 

Ans.  6a  5 3c. 

6.  7a  — | 45  — [3a  — ( — 6a  — 55)]  | . Ans.  16a  -f-  5. 

7.  — a — { — a — [a  + ( — a — x)~\  Ans. ’ — x. 

8.  hx  — | x — [x  — {x  — 2)  + 2]  — 2^ 

— | — x — \x  — (2  + x)  + 2]  — 2 ^ . 

Ans.  hx  + 8. 


MULTIPLICATION. 

THE  PRODUCT  OF  MONOMIALS. 

77.  Th.  The  product  of  two  monomials  is  positive  or 
negative,  according  as  they  have  like  signs  or  unlike  signs. 

In  the  multiplication  of  one  monomial  by  another  there 
are  four  cases  to  be  considered  : 
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1st.  When  the  multiplicand  and  multiplier  are  positive. 
2d.  When  the  multiplicand  is  negative  and  the  multiplier 
positive. 

3d.  When  the  multiplicand  is  positive  and  the  multiplier 
negative. 

4th.  When  the  multiplicand  and  multiplier  are  negative. 


I.  1.  Let  it  be  required  to  multiply  +8  by  +-3. 

The  multiplier  +3  being  3 times  +1,  the  product  must 
be  3 times  the  multiplicand  (14);  but  +8  + 8 + 8—  +24; 

...  (+8)  X (+3)  = +24. 


3 

2.  Let  it  be  required  to  multiply  + 8 by  + -• 

5 

3 i 

The  multiplier  + - being  3 times  - of  +1,  the  product 
5 5 

must  be  3 times  ^ of  the  multiplicand  ; but 
o 


3.  Let  it  be  required  to  multiply  + a by  +5. 

The  reasoning  used  in  the  first  example  is  applicable  in 
any  case  in  which  the  multiplier  is  a positive  integer,  and 
that  used  in  the  second  example  is  applicable  in  any  case  in 
which  the  multiplier  is  a positive  fraction ; 

( + a)  X ( + b)  = + db, 
whether  b is  an  integer  or  a fraction. 


II.  1.  Let  it  be  required  to  multiply  — 8 by  +3. 

The  multiplier  being  3 times  + 1,  the  product  must  be 
3 times  the  multiplicand ; but  — 8 — 8 — 8 = — 24; 

(-8)  x (+  3)  = -24. 


36 


FUNDAMENTAL  OPERATIONS. 


2.  Let  it  be  required  to  multiply  — 8 by  + - 


The  multiplier  being  3 times  - of  + 1,  the  product  must 

1 5 
be  3 times  - of  the  multiplicand ; but 

O 


24 

5 


- (+!)  = -¥• 


3.  Let  it  be  required  to  multiply  — a by  b. 


From  the  first  and  second  examples  of  this  case,  it  follows 
that 


{—a)  x (+&)  = — ab. 


III.  1.  Let  it  be  required  to  multiply  +8  by  — 3. 

The  multiplier  being  3 times  the  negative  of  +1,  the 
product  must  be  3 times  the  negative  of  the  multiplicand ; 
but  the  negative  of  the  multiplicand  is  — 8,  and 

— 8 — 8 — 8 = — 24; 

...  (-f8)  x (-3)  = -24. 

3 

2.  Let  it  be  required  to  multiply  +8  by  — -• 

o 


The  multiplier  being  3 times  - of  the  negative  of  + 1, 

o 

the  product  must  be  3 times  ^ of  the  negative  of  the  multi- 
0 

1 8 

plicand;  but  - of  the  negative  of  the  multiplicand  is  — 

0 0 


8 8 8_  __24. 

5 5 5 ” 5 ’ 


24 
5 * 


and 
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3.  Let  it  be  required  to  multiply  -f -a  by  — b. 

From  the  first  and  second  examples  of  this  case,  it  follows 
that 

( + a)  x (—  b)  = — ab. 


I V„  1.  Let  it  be  required  to  multiply  — 8 by  —*3. 

The  multiplier  being  3 times  the  negative  of  + 1,  the 
product  must  be  3 times  the  negative  of  the  multiplicand ; 
but  the  negative  of  the  multiplicand  is  -f  8,  and 


4-  g + 8 + 8 = + 24; 
a (-8)  X (-3)  = -f  24. 

2.  Let  it  be  required  to  multiply  — 8 by  — 


The  multiplier  being  3 times  - of  the  negative  of  + 1, 

5 

the  product  must  be  3 times  ^ of  the  negative  of  the  multi- 

D 

1 8 

plicand;  but  - of  the  negative  of  the  multiplicand  is  + 

O 0 


and 


8+?  + 8 

5 ^ 5 ^ 5 


24 

5 


•••  <-8>x  (-1)  = +“ 


3.  Let  it  be  required  to  multiply  — a by  — b. 

From  the  first  and  second  examples  of  this  case,  it  follows 
that 

(—  a)  x (—  b)  =:  + ab. 

Cor.  1.  If  the  multiplier  is  positive,  the  product  has  the 
same  sign  as  the  multiplicand;  but  if  the  multiplier  is  neg- 
ative, the  sign  of  the  product  is  the  opposite  of  that  of  the 
multiplicand.  Thus, 

(+  7)  x (+  5)  = + 35,  (-  7)  x (+  5)  = — 35, 

(+  7)  X (—  5)  = — 35,  (-  7)  X (-  5)  = + 35. 
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Cor.  2.  If  the  number  of  negative  factors  which  enter 
into  a product  is  even,  the  product  is  positive;  hut  if  the 
number  of  negative  factors  is  odd,  the  product  is  negative. 
Thus, 

(-f-  7)  X (+5)  x ( — 3)  X ( — 8)  ==.  + 840, 
and  (+  7)  x (—  5)  x (—  3)  x (-  8)  = - 840. 

Cor.  3.  The  product  of  two  or  more  factors  is  the  same, 
in  whatever  order  they  may  be  taken.  For  a change  in  the 
order  of  the  factors  effects  no  change  in  the  absolute  value 
of  the  product  (National  Arithmetic,  Art.  63)  ? and  since 
the  sign  of  the  product  depends  only  on  the  number  of  neg- 
ative factors,  a change  in  their  order  effects  no  change  in 
the  sign  of  the  product.  Thus, 

(-j-2)x(-(-3)x( — 4)  x ( — 5)  = ( + 2)  x( — 4)  x(-j-3)  x( — 5) 
= ( + 2)  x ( — 4)  x ( — 5)  x ( + 3). 

78.  To  find  tlie  product  of  monomials. 

Let  it  be  required  to  find  the  product  of  — 7a3Z>2,  5 a2b% 
and  3b2d3. 

— 7 a3b2  x 5 a2¥c  x 3 b2d3  — — 7 x 5 x 3 x a3a2¥¥b2cd3 

= — 105 a3a2¥¥b2cd3  (77,  Cor.  3). 

Here  a occurs  as  a factor  5 times,  b,  8 times,  c,  once,  and  d, 
3 times ; hence  the  product  may  be  written  thus,  — 105 a5b8cd3. 

RULE. 

On  the  right  of  the  'product  of  the  given  coefficients  write  all 
the  letters  of  the  given  factors,  and  give  to  each  letter  that  is 
common  to  two  or  more  of  the  given  factors  an  exponent  equal 
to  the  sum  of  its  exponents  in  those  factors. 

Cor.  The  degree  of  the  product  of  monomials  is  equal 
to  the  sum  of  the  degrees  of  the  factors,  since  all  the  factors 
of  each  monomial  appear  in  the  product. 
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Sch.  Literal  factors  are  usually  written  in  alphabetical 
order. 

J EX  EB  CISES. 


Find  the  product  of 


1. 

asb  and  a2b2. 

Ans.  ar°L3. 

2. 

— 3 a and  2 be. 

Ans.  — Gabc. 

3. 

5a2bc  and  — 7 aWc. 

Ans.  —3  5a5b3c2. 

4. 

a2b,  c?d2,  x,  — 2 z. 

Ans.  — 2a2bc3d2xz. 

5. 

3ambn,  5 anbm,  —7 (P'd11. 

Ans.  —105  am+nbm+ncmdn. 

6. 

2ax,  —3 by,  5 cz,  — abc. 

Ans.  30 ax+1  by+l  cz+1. 

THE  PRODUCT  OF  A POLYNOMIAL  AND 
A MONOMIAL. 

79.  To  multiply  a polynomial  by  a monomial. 

Let  it  be  required  to  multiply  a -f-  b — c by  d. 

The  partial  products  are  ad,  + bd,  a -f-  b — c 

and  — cd  (77) ; hence  the  complete  d 

product  is  ad  + Id  — cd.  ad  + bd  — cd. 

RULE. 

Multiply  each  term  of  the  polynomial  by  the  monomial , and 
find  the  sum  of  the  partial  products. 

Cor.  If  a homogeneous  polynomial  be  multiplied  by  a 
monomial,  the  product  will  be  homogeneous. 

EXE  R Cl  S ES. 

Multiply 

1.  3 ax  — 2ay  + z by  4 a.  Ans.  12a2x  — 8a2y  -f  4 az. 

2.  5X8  — 2x2  + x — 4 by  — 15 ax. 

Ans.  — 7 5axl  + SOax3  — 15 ax2  -f-  60 ax. 

3.  — ax  + by  — 3 cz2  by  — 2&X1. 

Ans.  2ae2xz  — 2be2x2y  -f  6ce2x2z2. 
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4.  x 2 — px  + q by  px.  Ans.  px3  — fix2  4-  pqx. 

5.  7a;2  — 2a;  4-  4a  by  3a2.  Ans.  21  a2x2 — 6a2a;  + 12a3. 

6.  4:X2y  + 3a;  — 2y  by  — 3 xy. 

Ans.  — 12  x3y2  — 9 x2y  + C xy2. 

7.  (fib  + cd  — ef  by  ax.  Ans.  a3bx  + acdx  — aefx. 

8.  a2  + 2 ah  + b2  by  — be. 

Ans.  — (fibc  — 2alfic  — b3c. 

9.  — ab  — cd  — ef  by  — g.  Ans.  abg-\-  edg-fiefg. 

10.  (fix  + b2y  — c2z  by  — m2n. 

Ans.  — cfivfinx  — Jfinfiny  -f  c2m2nz, 

11.  a4  + (fix  — (fix 2 4 -ax3  — a;4  by  — (—  x2). 

Ans.  a4x2  4-  (fix3  — efifi  4-  aa;5  — 

10  1 , 1 1 , 2 . 1 , 2 _ 1 2 

12.  - x2  — - x 4-  j by  -a:2.  Ans.  -x4  — - x3  4-  -x2. 

/&  O 4:  O O y o 

THE  PRODUCT  OF  POLYNOMIALS. 

80.  To  multiply  one  polynomial  by  another. 

Let  it  be  required  to  multiply  a — b 
a — b by  c — d.  c — d 

(a  — b)c  = ac  — be,  ac  — be  — ad  4-  bd. 

and  (a-b)  (-d)  = -ad+bd  (79)  ; 
hence  the  complete  product  is  ac  — be  — ad  4-  bd. 

RULE. 

Midtiply  the  multiplicand  by  each  term  of  the  multiplier 
in  succession,  and  find  the  sum  of  the  partial  products. 

Cor.  L The  product  of  three  polynomials  may  be  found 
by  multiplying  the  product  of  two  of  them  by  the  third ; 
the  product  of  four  polynomials  may  be  found  by  multiply- 
ing the  product  of  three  of  them  by  the  fourth,  or  by  mul- 
tiplying the  product  of  two  of  them  by  the  product  of  the 
other  two ; and  so  on. 
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Cor.  2.  If  two  polynomials  are  homogeneous,  their 
product  will  he  homogeneous. 


EXERCISES. 


1.  Multiply 

by 


Product, 


4a2  — 5ab  + Gb2 
2a 2 + 3 ah  — 4b2 
8a4  — 10  a3b  + 12  aW 

+ 12  a3b  — 15  a2b2  + 18  ab3 

— IGaW  + 2 Gab3  — 24  ¥ 

8a4  + %a3b  — 19  a2b2  + 38  ab3  — 24  b4. 


2.  Multiply  2 a2  + da  + 4 

by  2 a2  — 3a  + 4 

4a4  -r  Go?  + 8a3 

_ 6«3  _ 9«2  _ i2a 

+ 8 a2  + 12  a + 16 


Product, 

4a4  +7  a2  . + 16. 

3. 

Multiply 

a2  — 5 b2  + 2c2 

by 

a2  — b3 

Product, 

a4  — 5 a2b2  + 2 a2&  — a2b3  + 5 b5  — 

2 b3c*. 

4. 

Multiply 

2x3  -f-  4a;2  + 8a;  + 16 

by 

3a;  — 6 

Gx4  + 12a;3  + 24a;3  + 48a; 

— 12a;3  — 24a;2  — 48a;  - 96 

Product, 

6a:4  — 96. 

5. 

Multiply 

5a;  4-  4 y by  2 a + 3 b. 

Ans.  lOffa;  + 8 ay  -f  155a;  + 

12  by. 

6. 

Multiply 

x + y by  x — y.  Ans.  x2 

-y2. 

7. 

Multiply 

3x2  + 2a;  by  4a;  — 7. 

Ans.  12a;3  — 13a;2  — 

- 14x. 

8. 

Multiply 

a2  + ab  + b2  by  a — b.  Ans.  a3 

-b3. 
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9.  Multiply  3a;2  — 2x  + 5 by  2a;2  — Gx  4-7. 

Ans.  Gxi  — 22a:3  4-  43a:2  — 44a;  + 35. 

10.  Multiply  14 ac  — 3a b + 2 by  ac  — ab  + 1. 

Ans.  14a2c2  — 17  a2bc  + 16ac:  + 3a2#2  — 5 ab  + 2. 

11.  Multiply  8 ab  — 3b  4-  c by  2 ab  -j-  b — 5c. 

^4^5.  16&2Z>2  + 2a&2  — 38  ale  — 3b2  + 16bc  — 5c2. 

12.  Multiply  7 a2b  — 5 a¥  + Gb3  by  2a3  — 3 a2b  — 5b3. 
Ans.  14  a5b  — 31  a*b2  + 27  a3b3  — 53  a2¥  + 25ab5  — 30  b6. 

13.  Multiply  at1  + x3  + x2  + x + 1 by  x — 1. 

Ans.  x5  — 1. 

14.  Multiply  x6  + x4  + x2  + 1 by  x6  — x4  + x2  — 1. 

Ans.  xX2  + xs  — a;4  — 1. 

15.  Multiply  a2  + ab  + b2  by  a2  — ab  + b2. 

Ans.  ax  + a2b2  + bx. 

16.  Multiply  x3  — 3a:2  + 2a;  + 1 by  2a;2  — 5a;  4-  4. 

Ans.  2x5  — 11a;4  4-  23a:3  — 20a;2  4-  3a:  4-  4. 

17.  Multiply  5a2  — 3 ab  4-  7 b2  by  3a  — b. 

Ans.  15«3  — 14 a2b  4-  24 aV2  — W. 

18.  Multiply  a 2 4-  2 ab  4 - b2  — c2  by  a 2 4-  2 ab  — b2  4-  c2. 

Ans.  a4  4-  4 a3b  4-  4 a2b2  4-  2b2c2  — ¥ — c4. 

19.  Multiply  (i a — 2)2  by  ( a 4-  2)2. 

Ans.  ax  — 8 a2  4-  16. 

20.  Multiply  (a2  4-  ab  4-  b2)2  by  (a  — b)2. 

Ans.  a6  — 2a3b3  4-  b6. 

21.  Find  the  product  of  x — 1,  x 4-  2,  and  x 4-  3. 

A ns.  x3  4-  4a;2  4-  x — 6. 

22.  Find  the  product  of  x 4-  a,  x 4-  b,  and  x 4-  c. 

Ans.  x3  4-  (a  4-  b -f  c)  x2  4-  (ab  4-  ac  4-  be)  x 4-  abc. 

23.  Find  the  product  of  x 4-  a,  x — b,  and  x — c. 

Ans.  x3  4-  (a  — b — c)  x2  4-  (be  — ab  — ac)x  4-  abc. 

24.  Show  that  (x  4-  2)3  = x3  4-  Gx2  4-  12a:  4-  8. 

25.  Show  that  (a  4-  b 4-  c)3  = a3  4-  b3  4-  e3  4-  3ab2-\-3a2b 
4-  3a<?  4-  3 a2c  4-  3 be2  4-  3 b2c  4-  Gabc. 


MUL  TIP  LIC A TION. 
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26.  Show  that  (a  -f  b)2  — (a  — l)2  = 4 ab. 

27.  Show  that  4 ab(al  + b2)— (a2  -\-ab-\-  b2)2—(a2—ab  + b2)2. 

28.  Show  that  (m— n){ni^n){m2-\-n2){mi-\-ni)  = m8— n8. 

29.  Simplify 

(a  + b)  (b  + c)  — [(c  + d)  (a  + d)  + (a  + c)  ( b — d)] 

Ans.  V2  — d2. 

30.  Simplify  (a  + b + c)2  — [a  (b  + c — a)  + b (a  + c—b) 

+ c (a  + b — c)].  Ans.  2 ( a 2 + b2  + c 2). 

31.  Simplify  (a  + b -f  c + d)2  + (u  — b — c + d)2 

+ (a  — b + c — d)2  -\-  {a  + b — c — rf)2. 

4 (a2  + 52  + c2  + d2). 

81.  Th.  The  square  of  the  sum  of  two  quantities  is  equal 
to  the  square  of  the  first , phis  twice  the  product  of  the  first 
and  second,  plus  the  square  of  the  second. 

Let  a and  b represent  any  two  quan-  a + b 

tities ; then  a-\-b  will  represent  their  a -\-  b 

sum.  It  is  required  to  show  that  ~ 7 

^ a2  + ab 

(a  + b)2  = a2  + 2 ab  + b2.  -f  ab  + b2 

The  product  obtained  by  multiply-  a2  + 2 ab  + b2. 
ing  a-\-b  by  a-\-b  is  a2  + %ab-\-b2 

:.  {a  + b)2  = a2  + 2 ab  + b2. 

Sch.  By  means  of  this  theorem,  the  process  of  squaring 
the  sum  of  two  quantities  may  be  very  much  abridged.  For 
example, 

Let  it  be  required  to  square  2m  + 3 n. 

The  square  of  2 m is  4m2 ; 
twice  the  product  of  2m  and  3 n is  \2mn  ; 
and  the  square  of  3 n is  9 n2 ; 
hence,  by  the  theorem, 

(2  m + 3 n)2  = Am2  + 12  mn  + 9 n2. 
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EXERCISES. 

Write,  by  means  of  the  theorem,  the  squares  of 

1.  5 + 2.  4.  c2  + 2 cl  7.  4a  + 3b. 

2.  ax  + by.  5.  a:3  + 2.  8.  a + 5). 

3.  2a2bx 3c2d.  6.  (a  + b)  -\-(c-\-d).  9.  (a  + Z>)  + (— c). 

82.  Th.  The  square  of  the  difference  of  two  quantities 
is  equal  to  the  square  of  the  first,  m inus  twice  the  product  of 
the  first  and  second,  plus  the  square  of  the  second. 


Let  a and  b represent  any  two  quan-  a — b 

tities  ; then  a— b will  represent  their  a ^ 

difference.  It  is  required  to  show  that  ~ 

{a  — bf  — a2  — 2ab  + b2.  — ab  + b2 

The  product  obtained  by  multiply-  a2  — 2 ab  + b2. 
ing  a— b by  a—b  is  a2 — 2 ab-\-b2\ 


:.  ( a - b)2  = a2-  2ab  + b2. 


EX  E R C IS  E S. 

Write,  by  means  of  the  theorem,  the  squares  of 

1.  5 — 2.  3.  c2  — 2d.  5.  4a  — 3b. 

2.  ax  — by.  4 — 2.  6.  a — (—  b). 


83.  Th.  The  product  of  the  sum  and  the  difference  >f 
two  quantities  is  equal  to  the  difference  of  their  squares. 


Let  a and  b represent  any  two  quan- 
tities ; then  a + b wil]  represent  their 
sum,  and  a—b,  their  difference.  It 
is  required  to  show  that 

(a  -f  b)  (a  — b)  = a2  — b2. 


a + b 
a — b 
a2  + ab 
-ab  - V 
a2  - b\ 


The  product  obtained  by  multiply- 
ing a + b by  a — b is  a2  — b2\ 

(a  + b)  (a  — b)  — a2  — b2. 


DIVISION. 
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EX  EXCISES. 

Write,  by  means  of  the  theorem,  the  products  of 

1.  5 + 2 and  5 — 2.  4.  ax1  + bx  and  ax 2 — bx. 

2.  3 a + 2b  and  3 a — 2b.  5.  a1  + b 2 and  a 2 — b 2. 

3.  x + 1 and  x — 1.  6.  (a  + b)-\-c  and  {a  + b)~ c. 


DIVISION. 

THE  QUOTIENT  OF  TWO  MONOMIALS. 

84.  Th.  The  quotient  obtained  by  dividing  one  monomial 
by  another  is  positive  or  negative , according  as  they  have  Wee 
signs  or  unlike  signs. 

The  quotient  obtained  by  dividing  one  monomial  by 
another  must  have  such  a sign  as  will  make  the  sign  of  the 
product  of  the  divisor  and  quotient  like  that  of  the  dividend 
(18).  Hence,  if  the  dividend  and  divisor  have  like  signs, 
the  sign  of  the  quotient  must  be  + ; and,  if  the  dividend 
and  divisor  have  unlike  signs,  the  sign  of  the  quotient  must 
be  — . Thus, 

Ht—  = + b,  for  + a x ( + b)  — -f  ab, 

— — = + b,  for  — a x ( + b)  = — ab, 

— a 

— ~ = — b,  for  — a x (—  b)  =.  + ab, 

— — — — b,  for  + a x (—  b)  = — ab. 

Cor.  If  the  dividend  is  positive,  the  quotient  has  the 
same  sign  as  the  divisor;  but  if  the  dividend  is  negative, 
the  sign  of  the  quotient  is  the  opposite  of  that  of  the  divisor. 
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85.  To  find  the  quotient  of  two  monomials. 


Let  it  be  required  to  divide  35a5¥csd2e  by  — laWc. 

(1.)  Since  the  product  of  the  divisor  and  quotient  must 
be  35a5h4c3d2e  (16),  the  coefficient  of  the  quotient  must  be 
such  a number  that,  if  it  be  multiplied  by  — 7,  the  coeffi- 
cient of  the  divisor,  the  product  will  be  35  ; hence  the 
coefficient  of  the  quotient  is  —5,  which  is  obtained  by 
dividing  35  by  —7. 


(2.)  If  a letter  is  common  to  the  divisor  and  quotient, 
the  exponent  of  that  letter  in  the  divisor  added  to  its  expo- 
nent in  the  quotient  will  give  its  exponent  in  the  dividend 
(78) ; hence,  if  a letter  is  common  to  the  dividend  and  di- 
visor, its  exponent  in  the  quotient  is  found  by  subtracting 
its  exponent  in  the  divisor  from  that  in  the  dividend. 

(3.)  The  letters  d and  e occur  in  the  dividend,  but  not  in 
the  divisor,  and  as  the  product  of  the  divisor  and  quotient 
is  equal  to  the  dividend,  these  letters  must  occur  in  the 
quotient  with  the  same  exponents  as  in  the  dividend. 


35  aWchPe 

*’■  — 7 aWc 


— 5 oWc2d2e. 


RULE. 

1.  Divide  the  coefficient  of  the  dividend  hy  that  of  the  divi- 
sor. The  result  will  he  the  coefficient  of  the  required  quotient . 

2.  On  the  right  of  the  coefficient  of  the  quotient  write  all 
the  letters  of  the  dividend. 

3.  Give  to  each  letter  that  is  common  to  the  dividend  and 
divisor  an  exponent  which  is  found  hy  subtracting  its  expo- 
nent in  the  divisor  from  that  in  the  dividend,  and  to  each 
letter  that  is  not  common  the  exponent  which  it  has  in  the 
dividend. 


DIVISION. 
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r<m  am 

Coe.  — = am~m  = a°,  and  — = 1 ; 
am  am 

- a°  = 1. 

Hence,  if  the  exponent  of  a letter  is  the  same  in  the  divi- 
fdend  as  in  the  divisor,  that  letter  may  be  dropped  from  the 
quotient ; and  any  letter  with  0 for  its  exponent  may  be  in- 
troduced as  a factor  into  any  expression.  Thus, 

5a2b°c2d  = 5a2c2d  = 5a2c2de°. 


Divide 


EXERCISES. 


1.  24 a?bzc2  by  %a2b. 

2.  Qa2xy  by  — 3 ax. 

3.  — 1 2a3b2&mn  by  3 bc2n. 

4.  — 15 (fix*  by  — 3a4a:3. 

5.  —81am+nx^in  by  —3 anxm. 

6.  — 27 amxn  by  — 3 anxm. 


A ns.  4a3b2c2. 
Ans.  — 2 ay. 
A ns.  — 4a3bcm. 
Ans.  5 a2x. 
Ans.  27 amxn. 
Ans.  9 am~nxn~m. 


86.  Exact  Division.  The  quotient  of  two  monomials 
is  said  to  be  entire,  or  integral,  when  its  coefficient  is  inte- 
gral, and  when  the  exponent  of  each  letter  in  it  is  positive. 
If  the  quotient  is  entire,  the  division  is  said  to  be  exact. 


Hence,  in  order  that  the  division  may  be  exact. 


1st.  The  coefficient  of  the  dividend  must  be  exactly  divis- 
ible by  that  of  the  divisor. 

2d.  The  dividend  must  contain  all  the  letters  that  occur 
in  the  divisor. 

3d.  The  exponent  of  each  letter  in  the  dividend  must  be 
equal  to,  or  greater  than,  the  exponent  of  that  letter  in  the 
divisor. 
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FUNDAMENTAL  OFERATIONS. 


THE  QUOTIENT  OF  A POLYNOMIAL  BY  A 
MONOMIAL. 

% 

87.  To  find  the  quotient  of  a polynomial  by  a 
monomial. 


Let  it  be  required  to  divide 
ab  — be  + bd  by  b. 


for 


ab  — be  + bd 
(a 


b 

c -f-  (V)  b 


ab 


b)  ab  — be  + b(l 
a — c -(-  d . 

c + d ; 

-be  A-  bd. 


The  same  result  may  be  obtained  by  dividing  each  term 
of  the  dividend  by  the  divisor,  and  finding  the  sum  of  the 
partial  quotients  a,  —c,  and  + d. 


RULE. 


Divide  each  term  of  the  polynomial  by  the  monomial , and 
find  the  sum  of  the  partial  quotients. 


EX  ED  Cl  S ES. 

Divide 

1.  Gab  — 9 ax  -f  3 a2  by  3 a.  Ans.  2 b — 3x  + a. 

2.  — 25 a2b  + 15 ab2  + 10 ab  by  — 5 ab. 

Ans.  ha  — 3b  — 2. 

3.  — 3 bed  — 12 bex  + 9 b2c  by  3 be. 

Ans.  — d — 4a;  + 3b. 


4.  3 ax2  + 6x2  + 3 ax  — 15a;  by  3a;. 

Ans.  ax2  + 2a;  + a — 5. 

5.  — 2ha2bx  + 1 ha2cx2  — ha2bcx2  by  ha2x. 

Ans.  —5  b + 3 ex  — abex. 

6.  - 12 aW  + 1 6a5b5  — 20 aG¥  + 28 aW  by  — 4a4i3. 

Ans.  2b2  — & + ha2b  — la2. 


DIVISION. 
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THE  QUOTIENT  OF  TWO  POLYNOMIALS. 

88.  To  find  the  quotient  of  two  polynomials. 

Let  it  be  required  to  divide  2Ga2#2  + 24 abz  — 4 8a3£  -f  10a4 
by  2a2  — 8 ab. 

The  operation  may  be  conveniently  arranged  as  follows : 


Dividend. 

10a4  — 48a3£  + 26a2#2  + 24  a#3 

10a4  — 40  a3b 

1st  Rem.  = — 8 a3b  + 26a2#2  + 24 a#3 

— 8 a3b  + 32a2#2  , 

2d  Rem.  J — Ga2#2  + 24 ab3 

— GaW  + 24a#3 


Divisor. 

2a2  — 8 ab 
bar  — kab  — 3 #2. 


The  term  of  the  dividend  which  contains  the  highest 
power  of  a must  be  equal  to  the  product  obtained  by  multi- 
plying the  term  of  the  divisor  which  contains  the  highest 
power  of  a by  the  term  of  the  quotient  which  contains  the 
highest  power  of  the  same  letter  (16).  Therefore,  if  the 
dividend  and  divisor  are  arranged  according  to  the  descend- 
ing powers  of  a,  the  first  term  of  the  quotient  may  be  found 
by  dividing  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor.  Hence,  the  first  term  of  the  quotient  is  5a2. 

Again,  the  dividend  is  equal  to  the  sum  of  the  partial 
products  obtained  by  multiplying  the  divisor  by  each  term 
of  the  quotient  in  succession  ; therefore,  if  the  product  ob- 
tained by  multiplying  the  divisor  by  5a2  be  subtracted  from 
the  dividend,  the  remainder,  — 8 a3b  2 6a2#2  + 24a#3,  will 

be  equal  to  the  sum  of  the  partial  products  obtained  by 
multiplying  the  divisor  by  the  remaining  terms  of  the  quo- 
tient; hence  this  remainder  may  be  used  as  a new  dividend 
to  obtain  the  second  term  of  the  quotient.  Proceeding  in 
3 
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this  manner,  the  complete  quotient  is  found  to  be  ha 2 
— 4 ab  — 3b2. 

A similar  course  of  reasoning  is  applicable  when  the  divi- 
dend and  divisor  are  arranged  according  to  the  ascending 
powers  of  a common  letter. 

RULE. 

1.  Arrange  the  dividend  and  divisor  according  to  the 
powers  of  some  common  letter. 

2.  Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor.  The  result  will  be  the  first  term  of  the  quo- 
tient. 

3.  Multiply  the  divisor  by  this  term,  and  subtract  the 
product  from  the  dividend. 

4.  Divide  the  first  term  of  the  remainder  by  the  first  term 
of  the  divisor.  The  result  will  be  the  second  term  of  the  quo- 
tient. 

5.  Multiply  the  divisor  by  this  term  and  subtract  the 
product  from  the  remainder. 

6.  Continue  this  operation  until  a remainder  is  found 
equal  to  0,  or  whose  first  term  is  not  exactly  divisible  by  the 
divisor. 

Cor.  In  order  that  the  division  of  one  polynomial  by 
another  may  be  exact : 

1st.  The  first  term  of  the  arranged  dividend  must  be  ex- 
actly divisible  by  the  first  term  of  the  arranged  divisor. 

2d.  The  last  term  of  the  arranged  dividend  must  be 
exactly  divisible  by  the  last  term  of  the  arranged  divisor. 

3d.  The  first  term  of  any  arranged  remainder  must  be 
exactly  divisible  by  the  first  term  of  the  arranged  divisor. 

Sch.  The  situation  of  the  divisor  in  regard  to  the  divi- 
dend is  a matter  of  arbitrary  arrangement ; but  by  placing 
it  on  the  right,  it  is  more  easily  multiplied  by  the  several 
terms  of  the  quotient  as  they  are  found. 
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EXE  B CIS  ES. 

1.  Divide  2x2  — x — 1 by  2x  + 1. 


2x2  — x — 1 
2x 2 + x 


— 2x  — 1 

— 2x  — 1 


2x  + 1 


x — 1. 


2.  Divide  2x2  — xy  — y2  by  2x  + y. 

2x  + y 


2x2  — xy  — y2 
2x2  + xy 

— 2 xy  — y2 

— 2xy  — y2 


x — y. 


3.  Divide  1 — x3  by  1 — x. 

1 — x3 
1 — x 


x — x3 

X — X2 


1 — X 


1 + X + X2. 


X 2 — X 3 
X2  — X3 


4»  Divide  z1  — y*  by  x -f  y. 


& — r 

x4  + xhj 


— x3y  — y4 

— x3y  — x2y 


x + y 


x3  — x2y  + xy2  — y{ 


xhf  — y4 
x2y2  + xy3 
— xy3  — , 

— XI/3  — 
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5.  Divide  12a2 -f  llab— Sac— 15b2-\-6bc  bj  3a  +55  — 2c. 


12a2  + llab  — Sac  — 15  b2  + 6bc 
1 2a2  + 20  ab  — Sac 

— 9 ab  — 1552  + 6bc 

— 9 ab  — 1562  + 6bc 


3a  + 5b  — 2c 
4 a - 3b. 


6.  Divide  x3  + y3  by  x — y. 

x ■ 


xs  + y3 
x3  — x2y 


x*y  + y 3 
x2y  — xy2 


y 


z2  + ^y  + y2  + 


2y3 


xy2  + y3 
xy 2 — y3 
Ren*.  2 y3 

In  this  example,  the  third  remainder,  2 y3,  is  not  exactly 
divisible  by  x — y.  The  division  may  be  indicated  thus, 
2y3 

and  the  quotient  of  x3  + y3  divided  by  x — y must 


x — y 
include  the  expression 


Divide 


2f_ 

- y 


, to  be  complete. 


7.  16a2#2  + 2 ab2  — 3 Sabc  — 3 b2  + 16bc  — 5c2  by  2 ab 

+ b — 5c.  Ans..  Sab  — 3b  + c. 

8.  14 a5b  - 31a4b2  + 27 aW  — 53 a2b4  +25 a&  — 30 b3  by 

2a3  — 3 a2b  — 5b3.  Ans.  7a2b  — 5 ab2  + 6b3. 

9.  x5  — 1 by  x — 1.  Ans.  xl  + x3  + x2  + x + 1. 

10.  x12  + x8  — x4  — 1 by  x6  — x4  + x2  — 1. 

Ans.  x3  + x4  + x2  + 1. 

11.  a4  + a2b2  + b4  by  a2  — ab  + b2. 

Ans.  a2  + ab  + b2. 

12.  2x?  — llx4  + 23a?3  — 20a?2  + 3x  + 4 by  2a?2 — 5a; +4. 

Ans.  x3  — 3a?2  + 2a?  + 1. 
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13.  15a3  — 14 a2#  + 24a#2  — 7#3  by  3a  — #. 

Ans.  5a2  — 3a#  + W. 

14.  a4  + 4a3#  + 4a2#2  + 2#2c2— #4— 64  by  a2  4- 2a#— #2-fc2. 

A ns.  a2  + 2a#  + #2  — c2. 

15.  a4  — 8a2  + 16  by  (a  + 2)2.  Ans.  a2  — 4a  + 4. 

16.  a6  — 2 a3#3  + #6  by  (a2  -f  a#  + #2)2* 

^4ws.  a2  — 2a#  + #2. 

17.  x3  + 4a;2  + x — 6 by  {x  4-  2)  (x  + 3). 

Ans.  x — 1. 

18.  x3  4-  (a  + # + c)  x2  + (a#  + ac  + be)  x -f  abc  by 

( x 4-  #)  (x  + c ).  Ans.  x + a. 

19.  re3  + (a  — # — c)  x2  + {be  — a#  — ac;)  a;  + abc  by 

(a;  — #)  (x  — c).  Ans.  x 4-  a. 

20.  a8  — 3a7  — 9a6— 5a3  + 13a2  + 51a  + 18  by  a2— 3a— 9. 

Ans.  a6  — 5a  — 2. 

21.  x3  -f  a4  — a;  — 1 by  x3  + x2  -f  x + 1. 

Ans.  x2  — 1. 

22.  a6  + 4a5  + 4a4— 16a2— 64a— 64  by  a3— 2a2  + 4a— 8. 

Ans.  a3  + 6a2  4-  12a  + 8. 

23.  1 — 5a;  4-  10a;2  — 10a;3  + 5x*  — a;5  by  1 — 2x  -f  x2. 

Ans.  1 — 3a;  + 3a;2  — x3. 

24.  xs  + x*  + 1 by  (x2  + x 4-  1)  (x2  — x + 1). 

Ans.  a;4  — x2  1. 

25.  (a  — 2)  (a  — 1)  a (a  + 1)  (a  -f  2)  by  a2  — a — 2. 

a3  4-  a2  — 2a. 

26.  (a3  — 3a  4-  2)  (a3  — 3a2  + 2)  by  a2  — 2a  + 1. 

Ans.  a4  — a3  — 6a2  4-  2a  4-  4. 

27.  a;4  4-  3a^  4-  2a-*  4-  15  by  a;  — 3. 

1 83 

ylws.  a;3  4-  6a;2  4-  18a;  4-  56  + — ~ 

x — 3 

28.  3a:6  4-  2a:4  — 7 by  x - 5. 

48118 

aiws.  3a:5  4-  15a^  + 77a;3  4-  385a:2  4-  1935a;  + 9625  + — ~ 

x — 5 
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89.  Th.  The  difference  between  the  like  powers  of  any 
two  quantities  is  exactly  divisible  by  the  difference  between 
the  quantities. 

Let  x and  a represent  any  two  quantities,  and  let  n be 
any  positive  integer;  then  xn  — an  is  exactly  divisible  by 
x — a. 


If  x 2 — a?,  x 3 — a3,  and  x4  — a4  be  divided  by  x — a,  it 
will  be  found  that 


x 2 — a2 
x — a 

x3  — a3 
x — a 

x4-a4 
x — a 


= x -f-  a = a°x  + aoft  (85,  Cor.) ; 

= x2  + ax  + a2  = a°x2  + ax  + a2x° ; 

= x3  -f-  ax 2 + a2x  + a3  = a°x3  -f  ax2  -f  a2x  -f  a3x°. 


The  division  in  each  of  these  cases  is  exact,  and  it  will  be 
observed,  that  all  the  terms  of  the  quotient  are  positive ; 
that  the  number  of  terms  in  the  quotient  is  equal  to  the 
exponent  of  x or  of  a in  the  dividend  ; that  the  first  term  of 
the  quotient  is  x with  an  exponent  one  less  than  the  expo- 
nent of  x in  the  dividend,  and  in  each  of  the  other  terms 
the  exponent  of  x is  one  less  than  in  the  preceding  term ; 
that  the  last  term  is  a with  an  exponent  one  less  than  the 
exponent  of  a in  the  dividend,  and  in  each  of  the  other 
terms  the  exponent  of  a is  one  less  than  in  the  following 
term. 

Now,  if  these  principles  are  general,  the  quotient  obtained 
by  dividing  xn  — an  by  x — a ought  to  be 

xn~ 1 + axn~2  + a2xn~3  + ....+  an~3x2  + an~2x  + an~\ 

That  this  is  the  quotient  may  be  proved  by  multiplying 
it  by  x — a,  thus  : 
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xn~4  + axn~2  -}-  a2xn'3  + + an~3x2  + an~2x  + an~l 

x — a 

xn-\-  axn~4  -f-  a2xn~2  + ....+  an~3x3  an~2x2  + an~lx 

— axn~4  — a2xn  “2  — a3xn~3  — an~2x2  — an~4x  — an 

xn  — an. 

The  product  is  xn  — an , which  is  equal  to  the  dividend ; 

fill qTI 

. \ ' = xn~ 1 -f  axn~2  + a2xn~3  + ....+  an~3x2  + an~2x  4-  an~\ 

x — a 

The  principles  deduced  from  the  division  of  x2  — a2, 
x3  — a3,  and  x 4 — a4,  by  x — a are,  therefore,  universally 
true. 


EXE  It  CISES. 

Write  the  quotients  of 


x 6 — a 6 

4. 

x 9 - 

— a9 

7. 

x42  — a 12 

J 

§5 

X ■ 

— a 

x — a 

x7  — a7 

5. 

X 10 

- a 10 

8. 

a 1 - (-  b)‘ 

x — a 

X 

— a 

a — b 

x*  — as 

6. 

X 11 

-a11 

9. 

00 

1 

x — a 

X 

— a 

a — 2 

90.  Th.  The  difference  let  ween  the  like  even  powers  of 
two  quantities  is  exactly  divisible  by  the  sum  of  the  quantities. 


Let  x and  a represent  any  two  quantities,  and  let  n be  an 
even  positive  integer ; then  xn  — an  is  exactly  divisible  by 
x + a. 


If  n is  even, 


xn  — (—  g)n 
x — ( — a) 


7 'Tl  _ r/Tl 

= — — - (77,  Cor.  2). 
x + a v ’ 


But  xn  — (—  a)n  is  exactly  divisible  by  x — (—a)  (89); 
hence,  xn  — an,  which  is  equal  to  xP  — (—  a)n,  must  be 
exactly  divisible  by  x -j-  a,  which  is  equal  to  x — (—  a). 
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The  form  of  the  quotient  may  be  learned  by  finding  a few 
of  its  terms  by  actual  division.,  thus : 


xn  — an  x + a 

xn  + axn^ xn-\  _ atfi- 2 _|_  (fan- 3 _ a?xn~^  + etc. 

— axn~x  — an 

— axn~x  — a?xn~~ 

+ a2xn~2  — an 
+ a~xn-2  + asxn's 

— a3zn'~ 3 — cin 

— «3.rw_3  — 


syfl  nU 

- — xn~x  — axn~2  + a2xn~2  — cfixn~i  + . . . . 

J ^ a — dn~sx2  + ctn~2x  — an~x, 

when  n is  even. 


Sch.  The  terms  of  the  quotient  are  alternately  positive 
and  negative. 


EX  E It  C IS  E S. 

Write  the  quotients  of 


x2-a 2 

4. 

x2  — 1 

7. 

a*-  b* 

x + a 

¥TT 

a + b' 

X*  — fl4 

5. 

ot4  — 1 

8. 

a 10  — bw 

x + a 

07  + 1 

a + b 

xe  — a6 

6. 

07«  — 1 

9. 

x12  — y12 

x + a 

07  + 1 

x + y 

91.  Th.  The  sum  of  the  like  odd  powers  of  two  quanti- 
ties is  exactly  divisible  by  the  sum  of  the  quantities. 

Let  x and  a represent  any  two  quantities,  and  let  n be  an 
odd  positive  integer;  then  xn  + an  is  exactly  divisible  by 
x 4-  a. 
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If  n is  odd, 


(—  «)» 
x — a) 


xn  -p  an 
x -j-  a 


(77,  Cor.  2). 


But  xn  — ( — a)n  is  exactly  divisible  by  x — ( — a) ; 
hence,  xn  + an  is  exactly  divisible  by  x + a. 


The  form  of  the  quotient  may  be  learned  by  finding  a few 
of  its  terms  by  actual  division,  thus : 


xn  + an  x -f  a 

xn  -f-  axn  1 xn~l  — axn~%  -j-  a2xn~3  — azxn~i  etc. 

— -f-  an 

— axn~x  — a2xn~2 

+ a2xn~2  -f-  an 

4-  g2xn- 2 q_  a3xn-3 

— a3xn~ 3 -f  an 

— a3xn~3  — a4xw~4 


xn  + an 

• ^72-— 1 _ 

- ax'*-2  + a2xn~3  — 

«V*~4 

+ 

• • xlf 

x 4-  a 

-f-  an 

when  n is  odd. 

EX  Eli  CIS  ES. 

Write  the  quotients  of 

~3x2  — 

an~2x  + d‘ 

^ x3  + a3 

4 *,  + 1. 

x + 1 

7. 

CL 9 -f-  W 

x + a 

a b 

x5  + a5 

5 * + 1. 

8. 

an  + bn 

/i»  • 

5'  X + 1 

a -f  b 

x + a 

3 + a1 

6. 

9. 

x13  -j-  y13 

x + a 

X + 1 

X + y ‘ 

CHAPTER  III. 

FACTORING. 


92.  Factoring  is  the  process  of  resolving  a quantity 
into  its  factors. 

93.  A Composite  Quantity  is  a quantity  which  is 
exactly  divisible  by  two  or  more  integral  quantities  different 
from  itself  and  unity.  Thus,  x2—a2  is  a composite  quantity, 
the  factors  of  which  are  x-\-a  and  x — a. 

94.  A Prime  Quantity  is  a quantity  which  is  exactly 
divisible  only  by  itself  and  by  1.  Thus,  a,  h,  and  x-\-y  are 
prime. 

95.  Two  quantities  are  said  to  be  prime  to  each  other,  or 
relatively  prime,  if  they  have  no  common  factor.  Thus,  2a 
and  35  are  relatively  prime. 

When  two  quantities  are  said  to  have  no  common  factor,  it  is  under- 
stood that  1 is  the  only  integral  factor  common  to  them. 

96.  To  resolve  a monomial  into  its  prime  factors. 

Let  it  be  required  to  resolve  12 a2b  into  its  prime  factors. 

12  a2b  = 2-2-  Saab. 

RULE. 

To  the  prime  factors  of  the  numerical  coefficient  annex  the 
prime  factors  of  the  literal  part. 

EXER  CIS  ES  . 

Resolve  each  of  the  following  monomials  into  its  prime 
factors : 

1.  18  aW.  4.  49  aWy\  7.  -72  aW. 

2.  27  a%2c.  5.  81  m2n2x5y\  8.  ~~2l0ax2yz2. 

3.  21  6.  ~64/&3.  9.  -(-2  6m*a*yz). 
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97.  To  resolve  a polynomial  into  two  factors,  one 
of  which  shall  be  a monomial. 

Let  it  be  required  to  resolve  a 4-  ax  into  two  factors,  one 
of  which  shall  be  a monomial. 


a + ax 
a 


1 + x ) 


.*.  a + ax  — a (1  + x)  (16). 


RULE. 

Divide  the  given  polynomial  by  any  monomial  that  is  a 
factor  of  each  of  its  terms.  The  divisor  will  be  one-  factor 
and  the  quotient  the  other. 


EXERCISES. 

Resolve  each  of  the  following  expressions  into  two  factors, 
one  of  which  shall  be  a monomial : 


1. 

2 a + 2ax.  Ans. 

2 a (1  + x),  or  a (2  4-  2x). 

2. 

axz  + byz. 

Ans.  z (ax  4-  by). 

3. 

2x2y  + 3 xy2. 

Ans.  xy  (2x  4-  3 y). 

4. 

Gab2  + 12  a2bc. 

Ans.  Sab  (2b  4-  4 ac). 

5. 

25a4  — 40 asb  -f  20 a2b2. 

Ans.  5a2  (5a2  — 8 ab  + 4b2). 

6. 

5 a2x  + 10  abx  + 5 b2x. 

Ans.  5x  (a2  4-  2 ab  4-  b2). 

7. 

48  a2b2  — 8abcd  + 1 Gabd. 

Ans.  Sab  (Gab  — cd  4-  2d). 

8. 

2 ab2c  4-  5a¥  + 3 ab2& 

!.  Ans.  ab2  (2c  4-  5b  4-  3c2). 

9. 

Sex  + 9 cxz  — 2 cx2. 

Ans.  cx  (3  4-  92  - 2x). 

10. 

4 c^bx2  — 5c2xi  4-  2c2x^y. 

Ans.  &xh  (4 c2b  — 5cx  4-  2 y). 

11. 

2 abx2  + 4 abx  -f  2 ab. 

Ans.  2 ab  (x2  4-  2x  4-  1). 
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12.  3 ab2ot?  — Ga~b2x2  + 12  a2b3x. 

Ans.  3ab 2 (a3  — 2x 2 ~f-  4ato). 

13.  2x3y  4-  6a;2y2  + 6a;y3  -f-  2y4. 

Ans.  2 y (x3  + 3 x2y  + 3xy 2 -f  ys). 

14.  5 ax3  — 15  ax2y  + 15  axy2  — 5 ax3. 

Ans.  5a  (x3  — 3 x2y  + 3 xy2  — x3). 

15.  3 cx3  -f  18 cx2  -f-  3 6cx  -f  24c. 

Ans.  3c  (x3  + 6x2  + 12a;  -f  8). 

16.  x — 3x2  + 6x3  — 7x*  + 6X5  — 3x6  -f  x7. 

Ans.  x (1  — 3x  -j-  Gx 2 — 7x3  -f-  6a4  — 3a;5  + x6). 

98.  To  resolve  a binomial  into  its  prime  factors. 

EXE  It  CIS  ES. 


1.  Resolve  x2  — a 2 into  its  prime  factors. 
x2  — a2  is  exactly  divisible  by  x — a (89). 


x2  — a2 

— x a \ 

x — a 

whence,  x2  — a2  = (x  — a)  (x  -f  a). 

2.  Resolve  a;4  — a4  into  its  prime  factors. 

Two  of  the  factors  of  a;4  — a4  are  x — a and  x + a (89, 
90);  hence  the  third  factor  may  be  found  by  dividing 
x4  — a 4 by  the  product  of  x — a and  x + a. 

x4  — a4  _x4  — a4  _ 8 2 > 

(x  — a ) (x  + a)  x 2 — a 2 X a ’ 

whence,  x4  — a4  = ( x — a)  (x  + a)  (x2  + a2). 


3.  Resolve  x3  + a3  into  its  prime  factors. 
x3  -f  a3  is  exactly  divisible  by  x + a (91) ; 

/y3 

-A-L  = x2-ax  + a2; 
x + a ’ 

, x3  + a3  — (x  -f  a)  (x2  — ax  -f  a2). 


whence. 
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Resolve  each  of  the  following  expressions  into  its  prime 
factors : 

x 2 — 64.  Ans.  (x  -f  8)  (x  — 8). 

4a:2  — 81.  Ans.  (2x  + 9)  (2x  — 9) 

36  — 25x2.  Ans.  (6  + 5*)  (6  — 5x) 

(i a — b)2  — c2.  Ans.  (a  — b + c)  (a  — b — c) 


9. 

10. 

11. 

12. 

13. 

14. 


x5  4-  y5. 

Ans.  (x  + y)  (: z 4 — xsy  + x2y2  — xy3  + yA) 
a8  — bs.  Ans.  (a4  + ¥)  ( a 2 + b 2)  (a  + b)  (a  — b) 
Ans.  (1  + x2)  (1  + x)  (1  — x) 
Ans.  (3*  + 1)  (9a;2  — 3x  + 1) 
Ans.  (2x  — 1)  (4a;2  + 2a;  + 1) 
Ans . (a£  + a3)  (x2  — a3) 
d)t 


1 — a*. 

27  x3  + 1. 
8a;3  — 1. 
a;4  — a6, 
(a  + b)A  - 


(c 


Ans.  [($  -j-  by  + {c  -(-  d)2 J (a -\-b -f- c d)  (a  4"  b — c — d). 


99.  To  resolve  a trinomial  of  the  form  of 
x2  ± 2 ax  + a 2 
into  its  prime  factors. 

If  two  terms  of  a trinomial  are  positive  squares , and  the 
absolute  value  of  the  other  term  is  twice  the  product  of  the 
square  roots  of  these  two , the  trinomial  is  equal  to  the  square 
of  the  sum,  or  the  square  of  the  difference,  of  these  square 
roots,  according  as  that  other  term  is  positive  or  negative. 

Thus, 

x2  ± 2 ax  + a2  = (x  ± a)2  = (x  ± a)  {x  ± a)  (81,  82). 


EXERCISES. 

Resolve  each  of  the  following  expressions  into  its  prime 
factors : 


1.  x2  + 4a;  + 4. 

2.  x2  + 6x  + 9. 


Ans.  (x  4-  2)  (x  4-  2). 
Ans.  ( x 4-  3)  (x  + 3). 
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3. 

^2  _ loa;  + 25. 

Ans.  (x  — 5)  (x 

-5). 

4. 

x*  _ 14a;  + 49. 

Ans.  (x  — 7)  (x 

-7). 

5. 

4a;2  + 3 6xy  -f  81y2. 

Ans.  (2 x -f  9 y)  (2ai  -f  9 y). 

6. 

49a;3  — 42a;?/  -f  9 y2. 

Ans.  (7x  — 3 y)  (7x  - 

-3*/). 

7. 

16a6  — 8a3  + 1. 

Ans.  (4a3  — 1)  (4a3 

-1). 

8. 

9a^  — 6a;2?/2  + y4. 

Ans.  (3a;2  — y2)  (3a;2  - 

-y2)- 

9. 

a4  + ¥ + 2 a2b2. 

Ans.  (i a 2 -f  b2)  ( a 2 

+ &). 

10. 

x6  + a2  + 2 ax3. 

Ans.  (x3  + a)  (x3 

+ a)- 

11. 

(a  + b)2  — 2 (a  -\-  b) 

(c  + d)  + (c  + d)2. 

Ans.  (a  -f  b 

— c — d)  (a  + b — c 

-d). 

100.  To  resolve  a trinomial  of  the  form  of 
x 2 ± mx  ± n 
into  its  prime  factors. 

The  following  formulas  may  be  verified  by  performing  the 
indicated  multiplication : 

x2  + (a  4-  b)  x + ab  — {x  + a)  (x  + b), 

x2  — (a  -f-  b)  x + ab  = (x  — a ) (x  — b), 

x2  + (a  — b)  x — ab  = (x  + a)  (x  — b), 

x2  — {a  — b)  x — ab  — (x  — a)  (x  + b). 

It  will  be  observed  that,  in  each  of  these  equations,  the  co- 
efficient of  x in  the  second  term  of  the  first  member  is  equal 
to  the  sum  of  two  quantities  whose  product  is  equal  to  the 
third  term.  Thus,  in  the  second  equation,  the  coefficient  of 
x in  the  first  member  is  — a — b,  and  the  product  of  — a 
and  — b is  equal  to  the  third  term.  Hence, 

Any  trinomial  of  the  form  of  x2  ± mx  ± n can  be  resolved 
into  two  binomial  factors,  if  the  coefficient  in  the  second  term 
is  equal  to  the  sum  of  two  quantities  whose  product  is  equal 
to  the  third  term. 
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EXERCISES. 


1.  Kesolve  x2  4-  5x  4-  6 into  its  prime  factors. 

If  two  numbers  whose  sum  is  5 and  product  6 can  be 
found,  this  expression  can  be  factored.  It  is  evident  that  2 
and  3 are  the  numbers  ; 

x2  -|-  5x  + 6 = (x  + 2)  (x  + 3). 

2.  Resolve  x2  — 12x  4-  32  into  its  prime  factors. 

_ 8 — 4 = — 12,  and  — 8 x (—  4)  = 32  ; 

.*.  x2  — 12x  + 32  — (x  — 8)  (x  — 4). 

3.  Resolve  x2  + 2x  — 35  into  its  prime  factors. 

— 5 -f  7 = 2,  and  — 5 x 7 = — 35  ; 

...  a-2  + 2x  — 35  = (x  — 5)  (x  4-  7). 

4.  Resolve  x2  — 3x  — 54  into  its  prime  factors. 

— 9 + 6 = — 3,  and  — 9 x 6 = — 54 ; 

.*.  x2  — 3x  — 54:  = (x  — 9)  (x  + 6). 

Resolve  each  of  the  following  expressions  into  its  prime 


factors : 

5.  x2  + + 15. 

6.  x2  + Kbc  + 21. 

7.  X2  _ 2x  — 24. 

8.  a2  — 20  a — 21. 

9.  a 2 4-  14a  — 51. 

10.  a2  — a - 42. 

11.  a2  — 12  db  — 13b2. 

12.  a 2 + 10  ab  — 1162. 

13.  a2  — a — 2. 

14.  a2  — a — 30.  . 


14. 


30. 


Ans.  ( x 4'  5)  (x  4-  3). 
Ans.  ( x + 7)  ( x 4-  3). 
Ans.  (x  + 4)  (x  — 6). 
Ans.  ( a 4-  1)  (a  — 21). 
Ans.  (a  4-  17)  ( a — 3). 

Ans.  ( a 4-  6)  (a  — 7). 
Ans.  (a  4 - b)  (a  — 135). 
Ans.  (a  — b)  (a  4-  115). 
Ans.  (a  4-  1)  (a  — 2). 
Ajis.  (a  4-  5)  (a  — 6). 


64 


FACTORING. 


lOl.  To  resolve  a trinomial  of  the  form  of 
x2 c ± mxP  ± n 
into  its  prime  factors. 

Since  x2c  + (a  -f  b)  xc  -f  ab  — ( xG  -f-  a)  ( xc  + b), 

x2c  — (a  -j-  b)  xc  + ab  = ( xc  — a)  ( xc  — b), 

x20  + (a  — b)  xc  — ab  = ( xc  -f-  a)  ( xc  — b), 

and  x20  — [a  — b)  xc  — ab  — ( xc  — a)  ( xc  + b), 

such  expressions  as 

x 4 + 8a:2  + 15,  x*  + ^ — 32, 

x6  _ 9x3  + 20,  x 12  — 5a:6  — 66, 

may  he  resolved  into  prime  factors  by  a method  similar  to 
that  of  the  preceding  article.  Thus, 

1.  a;4  + 8a-2  + 15  = ( x 2 + 3)  (a:2  + 5). 

2.  x 6 — 9a:3  + 20  = (a:3  — 4)  ( x 3 — 5). 

3.  a:8  + 6a;4  — 16  = (a:4  + 8)  (a*  — 2). 

4.  a;12  — 5a;6  — 66  = (x6  -f-  6)  (x6  — 11). 

5.  Resolve  x10  — 12a;5  + 27  into  its  prime  factors. 

Arts,  (a;5  — 9)  (a£  — 3). 

6.  Resolve  xw  4-  8a:5  — 20  into  its  prime  factors. 

Ans.  ( x 5 + 10)  (x5  — 2). 


MISCELLANEOUS  EXERCISES. 


102.  1.  Resolve  4#2c2  — (b2  + c2  — a2)2  into  its  prime 
factors. 

4 b2c2 — (b2-\-c2 — a2)2  = (2^>c  + 52  + c2 — a2)  (2 be — b2 — c2-\-a 2) 

(83). 


But  2 be  + b2  + c2  — a2  = (b  + c)2  — a2 

= (b  + c + a)  {b  + c — a), 
and  2 be  — b2  — c2  + a2  = a2  — {b2  — 2 be  + c2) 

= a2  -(b-  c )2 

= (a  -f  b — c)  (a  — b + c). 

W - (b2  + c2  -a2)2 

= (b  + c + a)  (b  + c—a)  ( a + b—c ) ( a—b  + c ). 
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2.  Resolve  x 2 4-  2 xy  4-  y2  — a2  4-  2 ab  — b2  into  its  prime 
factors. 

x2  + %xy  + y2  = (%  + y? , 
and  — a2  4-  2 ab  — b2  = — (a  — b)2; 

x2+2xy  + y2— a2-{-2ab— b2  = {pc  + y)2  — (a  — b)2 

= (x  + y + a — b){x  + y — a + 5). 

3.  Resolve  ac  + ad  + bd  + be  into  its  prime  factors. 

ac  + ad  4-  bd  4-  be  — a (p  -f  d)  4-  b {c  + d) 

= (a  -\-b)(c  + d). 

4.  Resolve  7a;2  — 12x  + 5 into  its  prime  factors. 

7a;2  — 12x  + 5 = lx2  — 5x  — lx  + 5 
= lx2  — 5x  — (7x  — 5) 

:=  x (7x  — 5)  — (7x  — 5) 

•=  (x  — 1)  (7x  — 5). 

5.  Resolve  x4  — 17a;3  4-  16  into  its  prime  factors. 

34  _ 17x2  + 16  _ (:t2  _ 16)  (X2  _ !) 

= (x  + 4:)  (x — 4)  {x  + l)(x— 1). 


Resolve  each  of  the  following  expressions  into  its  prime 
factors : 


6. 

a3  — a. 

A ns.  (a  — 1)  (a  4- 

1)  a. 

7. 

5 ax2  + 10 axy  -f-  5 ay2. 

A ns.  5 a (x  4-  y)  {x  4-  y). 

8. 

3 ax2  — 18aa;  + 27  a. 

Ans.  3 a (x  — 3)  (x  - 

-3). 

9. 

36a  — 24 ax  -f  4aa;2.  A 

ins.  2 • 2a  (3  — x)  (3  - 

- x). 

10. 

3 a%  - 3 ab\ 

Ans.  3 ab  (a  + b)  (a  - 

-b). 

11. 

3x2  + 9x  — 12. 

Ans.  3 (x  4-  4)  (x  - 

-1). 

12. 

5a:3  + 10a;2  — 175a;. 

Ans.  5x  (x  4-  7)  (x  - 

-5). 

13. 

ac  + ad  — bd  — be. 

Ans.  (a  — b)  (e  -j 

- d). 

14. 

ab  4-  1 lx  4-  2 ax  4-  b2. 

Ans.  ( a + b)  (b  4- 

2x). 
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15. 


16. 

17. 


18. 

19. 

20. 

21. 


22. 

23. 

24. 

25. 


26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 


35. 


36. 

37. 

38. 


39. 

40. 


x3  — xy 2.  Ans.  x (x  + y)  (x  — y). 

5x 2 — 7x  -f  2.  Ans.  (x  — 1)  (5a;  — 2). 

a?  — x 2 — 2x.  Ans..x  (x  + 1)  (x  — 2). 

9 + x4  — 10a;2.  Ans.  (x  + 3)(x— 3)(a;-j-l)(a;— 1). 
16  — 17a;2  + a;4.  Ans.  (a;  + 4)(a;— 4)(a; -f  1)  (a;— 1). 
(a  -b)(b-c)  + (a-  d)  (c  - d). 

Ans.  (a  — b + c — d)  (b  — d). 
x4  — xy3.  Ans.  x (x  — y)  (x2  + xy  -j-  y2). 

a8  — ¥.  Ans.  (a4  + b2)  ( a 2 + b)  ( a 2 — b). 

xy 4 + a^z/.  xy  (x  -i-  y)  (x2  — xy  + y2). 

2xzy2z  — 8 xy2zz.  Ans.  %xy2z  ( x + 2 z)  (x  — 2 z). 

a 1 — m Ans.  ( a 2 — 2b2)  ( a 2 + 2b2). 

x4  + x2y2  -f  y4.  Ans.  (x2-\-xy-\-y2)  (x2 — xy  + y2) . 
a 4 — 2 a2b2  + b 4.  (a  + 5)2  (a  — b)2. 

a2  + b2  — c2  + 2ab.  Ans.  (a  + b-f-c)  ( a + b—c ). 
a2  + b2  — c 2 — d2  + 2a5  — 2cz?. 

Ans.  (a  + b + c + d)  (a  + b — c — d). 
a2  — b2  — c2  + d2  + 2 be  + 2 ad. 

Ans.  (a  + b — c -f  d)  {a  — b + c + d). 
a2  — (b  — c )2.  Ans.  {a  + b — c)  {a  — b + c). 
(x  + 7)2  - (x  + 2)2. 
x2  — 3x  — 70. 

2?  + Ha:  + 10. 
a 2 — 15  ab  + 56R 

X2  _ 4X  _ 192. 


Ans.  5 (2a;  + 9). 
Ans.  (x  — 10)  (x  + 7). 
Ans.  (x  + 1)  (x  + 10). 
Ans.  (a  — 7 b)  (a  — 8b). 
Ans.  (x  — 16)  ( x + 12). 


a2x2  + abxy  — 42  b2y2. 

Ans.  (ax  -f-  7 by)  (ax  — Gby). 
3 ax2  — 24 ax  — 60 a.  Ans.  3 a (x  — 10)  (x  + 2). 

— 24 ac  — 5 ac2  + acz.  Ans.  ac  (c  — 8)  (c  + 3). 
6a;2  — 11a;  — 35.  Ans.  (3x  + 5)  (2x  — 7). 
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41. 

8x2  + 6x  — 135. 

Ans.  (2x  + 9)  ( 4tx  — 

15). 

42. 

18x2  - 21x  - 72. 

Ans.  3 (2x  + 3)  (3x  - 

-8). 

43. 

20x2  — llx  — 42. 

Ans.  (4x  — 7)  (5x  + 6). 

44.  3 x3y  + 10 x2y2  -f-  3xy3.  Ans.  xy(3x  + y)  (x+3y). 

45.  20x3  + 12  ax*  + 25  lx1  + 15  abx. 

Alls,  x (5x  -|~  3cl)  (4#  -j-  55). 

46.  m?x2  + ( mq  + my)  x + pq. 

Ans.  ( mx  -f  p)  ( mx  + q). 

47.  a2  (b  — c)  + b2  ( c — a)  + c2  ( a — b). 

Ans.  {a  — b)  (b  — c)  ( a — c). 

48.  x 6 — yG. 

A ns.  (x2  -\-xy-\-  y2)  (x2 — xy  + y2)  (x  -f  y)  (x—y). 

49.  x2y  — y3.  Ans.  (x  -f  y 4)  ( x — y 4)  y. 

50.  x2  — 2 xy  — 3 y2  + 4 yz  — z2. 

Ans.  (x  — 3y  + z)  (x  -\-  y — z). 

51.  ( a + b)2  — 4 b2.  Ans.  ( a + 3b)  ( a — b). 

52.  (2  a + b)2  — (2  a — b + c)2. 

Ans.  (4 a + c)  (2 b — c). 


53. 

m3  — n3  — m (m2  — 

n2)  + n (m  — ?i)2. 

Ans.  mn  (m  — n). 

54. 

2 (a3  + avo  + ab2)  — 

■ (a3  - b3). 

Ans.  ( a + b)  (a2  + ab  + b2). 

55. 

2x3y  -f  5 x2y2  + 2 xy3. 

Ans.  xy  (2 x+y)  (x  + 2y). 

56. 

mx?  — W — 3xi 

Ans.  x2  (2b  — 3x)  (3b  + x). 

CHAPTER  IV. 


GREATEST  COMMON  DIVISOR  AND  LEAST 
COMMON  MULTIPLE. 


GREATEST  COMMON  DIVISOR. 

103.  A Common  Divisor  of  two  or  more  quantities  is 
a quantity  that  will  exactly  divide  them.  Thus,  a,  b,  and 
ab  are  common  divisors  of  a1 2bz  and  abc. 

Any  integral  factor  common  to  two  or  more  quantities  is 
a common  divisor  of  them. 

A common  divisor  is  sometimes  called  a Common  Measure. 

104.  The  Greatest  Common  Divisor  of  two  or  more 
quantities  is  that  common  divisor  of  them  which  contains 
the  greatest  number  of  prime  factors.  Thus,  3 a2x  is  the 
greatest  common  divisor  of  9 a2bx2  and  12 aWxz. 

105.  To  find  the  g.  c.  d.  of  two  or  more  expres- 
sions by  factoring. 

1.  Let  it  be  required  to  find  the  g.  c.  d.  of  4 azb2x,  ftaWc2, 
and  10  aPWcP. 

4 aWx  — 2 2a%2x, 

6«W  = 3-2  flW, 
lOaW  = 5-2«W. 

The  g.  c.  d.  of  two  or  more  expressions  must  contain  all 
the  prime  factors  that  are  common,  and  no  others  ; hence 
the  g.  e.  d.  of  the  given  expressions  is  2 azb2. 
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2.  Let  it  be  required  to  find  the  g.  c.d.  of  4am2  + 4dm2 
and  6amn  -f  6bmn. 

4am2  -f-  4dm2  — 2 2m2  (a  -f  d), 
and  Qamn  + Qdmn  = 3-2mn{a  + d)\ 

hence,  2m  {a  + d)  is  the  g.c.  d. 

RULE. 

Find  the  'product  of  all  the  prime  factors  common  to  the 
given  expressions. 

Cor.  The  exponent  of  any  factor  in  the  g.  c.  d.  of  two 
or  more  expressions  is  equal  to  the  exponent  of  the  same 
factor  in  that  expression  in  which  its  exponent  is  either  less 
or  not  greater  than  in  any  other. 

EX  ER  C I S ES. 

Find  the  g.  c.  d.  of 

1.  6a2d  and  9 ad2. 

2.  10 azdc  and  18 abzc. 

3.  32 a2dzc2  and  48 ab^c. 

4.  51  a2xyz2  and  111 ax*ysz. 

5.  Sab,  5a2d,  15 ad2. 

6.  21  asx,  49 axzy,  9 xyz. 

7.  2x  — 2 a and  3a:2  — 3a3. 

8.  2 (x  + a),  8 (x2  — 2 ax  + x 2),  4 {x2  — a2). 

Ans.  2. 

9.  x2  — d2  and  3 (x2  + 2dx  + d2).  Ans.  x + b. 

10.  x?  — as  and  x2  — a2.  Ans.  x — a. 

11.  x2  + ax  + a2  and  3a:3  — 3a3.  Ans.  x2  + ax  + a2. 

12.  x2  + 9 ax  + 14a2  and  x2  — 4a2.  Ans.  x + 2a. 

13.  4 x2(a  + x)2  and  10  (a2x  — xs)2.  Ans.  2 x2(a  + x)2. 


Ans.  Sad. 
Ans.  2 adc. 
Ans.  1 Sad2c. 
Ans.  3 axyz. 
Ans.  ad. 
Ans.  x. 
Ans.  x — a. 
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14.  x 2 (a2  — x2)2  and  (a2x  + ax2)5.  Ans.  x2  (a  A x)2. 

15.  (a2h  — air)2  and  ah  (a2  — h2)2.  Ans.  ah  (a  — h)2. 

16.  6 (x2  — 1)  and  8 {x2  — 3x  + 2).  Ans.  2 (x  — 1). 

17.  ( x 2 + x)2  and  x 3 (x2  — x — 2).  Ans.  x2  (x  + 1). 

18.  4 (xs  + a 3)  and  6 (x2  — 2 ax  — 3a2). 

Ans.  2 (x  a). 

19.  a 3 (x2  + 12x  + 11)  and  a2x2  — 11  a2x  — 12a2. 

Ans.  a2(x  + 1). 

20.  9 ( a2x 2 — 4)  and  12  ( a2x 2 A 4^ax  + 4). 

Ans.  3 (ax  + 2). 

21.  a3  — hs  and  a 3 + a2h  + ah2.  Ans.  a2  -4-  ah  + h2. 

22.  x2  4-  (p>  + h)x  A-  ah  and  x2  4~  (o>  4~  c)  x 4~  nc. 

Ans.  x A a. 

106.  To  find  the  g-.  c.  d.  of  two  expressions  hy  di- 
vision. 

Let  A and  B represent  two  expressions  whose  g.  c.  d.  is 
to  be  found. 

I.  If  P is  a divisor  of  A,  it  is  a divisor  of  mA,  if  m is  an 
integer. 

A 

Suppose  — = a\  then  A = aP  (64,  3),  and  mA  = maP. 

Now  P is  a divisor  of  maP;  hence  it  is  a divisor  of  mA, 
for  mA  = maP. 

II.  If  P is  a divisor  of  A and  B,  it  is  a divisor  of  mA±nB, 
if  m and  n are  integers. 

A B 

Suppose  — — a,  and  -p  = h ; then  A = aP,  and  B = hP\ 

:.  mA  ± nB  = maP  ± nhP  = (ma  ± nh)  P. 
Therefore  P is  a divisor  of  mA  ± nB. 
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A 

pB 


III.  Suppose  A and  B to  be  arranged  according  to  the 
powers  of  some  common  letter,  and  the  greatest  exponent 
of  that  letter  in  A to  be  not  less  than 
the  greatest  exponent  of  the  same 
letter  in  B.  Divide  A by  B;  let  p 
denote  the  quotient,  and  C,  the  re- 
mainder : divide  B by  C;  let  q denote 
the  quotient,  and  D,  the  remainder:  C 

divide  C by  D ; let  r denote  the  quo-  rD 
tient,  and  suppose  there  is  no  remain- 
der. The  last  divisor,  D,  is  the  g c.  d.  required.  This  may 
be  proved  as  follows : 

If  the  remainder  be  added  to  the  product  of  divisor  and 
quotient,  the  sum  will  be  equal  to  the  dividend ; 


D 


.*.  A = pB  + C, 
and  B = qC  -f-  D. 

Now,  because  D is  a divisor  of  C,  it  is  a divisor  of  qC  (I) ; 
therefore,  D is  a divisor  of  qC-\-D  (II) ; that  is,  D is  a divi- 
sor of  B.  Again,  since  D is  a divisor  of  B and  C,  it  is  a 
divisor  of  pB-\-  C;  that  is,  D is  a divisor  of  A.  Hence,  D 
is  a common  divisor  of  A and  B. 

If  the  product  of  divisor  and  quotient  be  subtracted  from 
the  dividend,  the  result  will  be  the  remainder; 

A — pB  = C,  and  B — qC  = D. 

Now,  every  common  divisor  of  A and  B is  a divisor  of 
A —pB,  or  C (II) ; hence,  every  common  divisor  of  A and 
B is  a common  divisor  of  B and  C.  Again,  every  common 
divisor  of  B and  C is  a divisor  of  B — qC,  or  D.  It  has 
thus  been  proved  (1)  that  D is  a common  divisor  of  A and 
B,  and  (2)  that  every  common  divisor  of  A and  B is  a divi- 
sor of  D.  Then,  since  no  expression  of  a higher  degree 
than  D is  a divisor  of  JD,  it  follows  that  D is  the  g.c.  d. 
required. 
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Illustration-.  Let  it  be  required  to  find  the  g.  c.  d.  of 
4a:3  — 21x2  + 15a;  + 20  and  x2  — 6a;  + 8. 

4x 3 — 21a;2  + 15a;  + 20  I a;2  — 6ar  -f-  8 
4a;3  — 24a;2  -j-  82a; 4a  + 3 


3a3  — 17a  + 20 
3a2  — 18a  + 24 


a:3  — 6a;  + 8 

x — 

4 

a:2  — 4a; 

* — 

2 

— 2a  + 8 

— 2a  -f  8. 


Dividing  4a3  — 21a2  -f  15a  -f  20  by  a2  — 6a  + 8,  tlie 
quotient  is  found  to  be  4a  -f  3,  and  the  remainder  a — 4. 
Dividing  a2  — Ga  + 8 by  a — 4,  the  quotient  is  found  to 
be  a — 2,  and  the  remainder  0.  Hence,  a— 4 is  the  g.  c.  d. 

IY.  Suppose  one  of  the  given  expressions,  whose  g.  c.  d. 
is  to  be  found,  and  one  factor  of  the  other  to  be  relatively 
prime ; then  that  factor  may  be  rejected.  Thus,  suppose 
B = mS,  and  that  m has  no  factor  that  A has  ; then  m may 
be  rejected;  that  is,  the  g.  c. d.  of  A and  B is  tKe  same  as 
that  of  A and  S.  For  no  factor  common  to  A and  B is  re- 
moved by  the  rejection  of  m,  since  m contains  no  factor 
common  to  them.  In  like  manner  it  may  be  shown  that, 
if  at  any  stage  of  the  process  a dividend  or  divisor  contains 
a factor  which  has  no  factor  common  to  them,  that  factor 
may  be  rejected. 

Illustration.  Let  it  be  required  to  find  the  g.  c.  d.  of 
x4  + 7a;3  — 9a2  — 7a;  -f  8 and  6#—  54a?3  + 42a2 + 54a; — 48. 

6^  — 54a;3  + 42a;2  + 54a;  — 48  = (a^1— 9a;3 +7# -f  9a;— 8)6. 

x4  + 7a;3  — 9a;2  — 7x  8 ia;4  — 9a;3  + 7a;2  + 9a;  — 8 

a;4  — 9x3  + 7x2  + 9a;  — 8 | 1 

~ 16#  — 16#  — 16*  + 16  = (x3  — x2  — x + l)  16. 
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x*  — 9a:3  4-  7a;2  + 9a:  — 8 
xi  — x3  — x2  4-  x 


x 2 — x + 1 


a — 8 


— 8x?  + 8a:2  + 8a: 

— 8a:3  + 8a:2  4-  8a: 


Rejecting  the  factor  6 from  the  second  expression,  and 
dividing  the  first  by  the  result,  the  quotient  is  found  to  be 
1,  and  the  remainder,  16a:3  — 16a;2  — 16a;  -f  16.  Rejecting 
the  factor  16  from  the  remainder,  and  dividing  the  first 
divisor  by  the  result,  the  quotient  is  found  to  be  x — 8,  and 
. the  remainder,  0.  Hence,  x3  — x2  — x + 1 is  the  g.  c.  d. 

V.  Suppose  m has  no  factor  that  B has,  and  n no  factor 
that  A has ; then  the  g.  c.  d.  of  A and  B is  the  same  as  that 
of  mA  and  B or  of  A and  nB.  For  A and  B have  the 
same  common  factors  that  mA  and  B have,  and  the  same 
that  A and  nB  have,  since  m has  no  factor  that  B has,  and 
n no  factor  that  A has.  In  like  manner  it  may  be  shown 
that,  at  any  stage  of  the  process,  a factor  may  be  introduced 
into  one  of  the  expressions,  used  as  dividend  and  divisor, 
provided  that  factor  and  the  other  expression  are  relatively 
prime. 

Illustbatiok.  Let  it  be  required  to  find  the  g.  c.  d.  of 
x3  — x2  — %x  + 2 and  2a;2  — 5x  + 3. 

2a;3  — 2a;2  — 4a:  + 4 j 2a:2  — 5a:  4-  3 
2a;3  — 5a:2  4-  3a;  \x,  4-3 


3a:2 


7a;  4-  4. 


6x 2 — 14a:  4-  8 
6a; 2 — 15a:  + 9 


2a;2  — 5a;  4-  3 
2a:2  — 2a: 


2a;  — 3 


4 


— 3a:  4-  3 

— 3a;  + 3. 
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Multiplying  the  first  expression  by  2,  and  dividing  the 
product  by  the  second,  the  quotient  is  found  to  be  x and  the 
remainder,  3x 2 — 7z  + 4.  Multiplying  this  remainder  by  2, 
and  dividing  the  product  by  the  divisor,  the  quotient  is 
found  to  be  3,  and  the  remainder,  x — 1.  Dividing  2a;2  — bx 
-f  3 by  x — 1,  the  quotient  is  found  to  be  2x  — 3,  and  the 
remainder,  0.  Hence,  x — 1 is  the  g.  c.  d. 

RULE. 

1.  Arrange  the  given  expression  according  to  the  powers 
of  a common  letter,  and  reject  any  monomial  factor  in  either 
that  is  prime  to  the  other. 

2.  Apply  the  process  of  division  to  the  results,  using  that 
expression  which  is  not  of  a lower  degree  than  the  other  as  a 
dividend  and  the  other  as  a divisor ; continue  the  division 
until  a remainder  of  a lower  degree  than  the  divisor  is  found  ; 
then  divide  the  divisor  by  this  remainder  in  the  same  way : 
again,  divide  the  second  divisor  by  the  second  remainder: 
proceed  in  this  way  until  there  is  no  remainder ; then  the 
last  divisor  will  be  the  g.c.d.  required:  provided  the  first 
term  of  each  dividend  is  exactly  divisible  by  the  first  term  of 
each  divisor. 

3.  But,  if  the  first  term  of  any  dividend  is  not  exactly 
divisible  by  the  first  term  of  the  corresponding  divisor,  avoid 
fractional  terms  in  the  quotient  by  rejecting  or  introducing 
suitable  factors  (IV,  Y),  or  by  both  operations,  if  necessary. 

Cor.  1.  If  at  any  stage  of  the  process  of  finding  the 
g.  c.  d.  of  two  expressions,  a factor  is  seen  to  be  common  to 
a dividend  and  its  corresponding  divisor,  that  factor  may  be 
set  aside  as  one  factor  of  the  g.  c.  d.  Thus,  suppose  A = aF, 
and  B = bF\  then  the  g.  c.  d.  of  A and  B may  be  found  by 
finding  the  g.  c.  d.  of  a and  b,  and  multiplying  the  result 
by  F. 
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Cor.  2.  Every  common  divisor  of  A and  B is  a divisor 
of  their  g.  c.  d. ; and  every  divisor  of  their  g.  c.  d.  is  a com- 
mon divisor  of  A and  B. 

EX  E R C IS  E S . 

Find  the  g.  c.  d.  of 

1.  2a:2  — x — 10  and  3a:2  4-  13x  + 14.  A ns.  x + 2. 

2.  21x2  -f-  8a;  — 45  and  12a:3  -f-  5a:  — 25. 

Ans.  3x  -f-  5. 

3.  12a3  — 2 ab  — 70S3  and  8a3  — 2 ab  — 45 b2. 

Ans.  2a  — 5b. 

4.  3a:3  — 9 xy  — 30 y2  and  a.3  — 3 xy  — 10 y2. 

Ans.  x2  — 3 xy  — 10y3. 

5.  18a:3  + 12 xy  — 70 y2  and  21a:3  — 41  xy  -f  10y2. 

Ans.  3x  — 5y. 

6.  18a:3  — 63a:3  — 30a:  + 105  and  9a:3  + 15a:3—  15.r— 25. 

Ans.  3x2  — 5. 

7.  x2  + 12a:  -f  35  and  x2  + 13a:  -f  42.  Ans.  x + 7. 

8.  xs  + 3a:3  + 4a:  + 4 and  xs  + 4a:3  + 5a:  + 6. 

Ans.  x2  + x -f  2. 

9.  2a:3  -f  18a;  + 36  and  2a:3  + 20a:3  48a:. 

Ans.  2 (x  -f  6). 

10.  36a^  + 30a:3  — 5a;  — 1 and  6a:3  + 17a;3  + 11a:  + 2. 

Ans.  6x2  + 5a:  + 1. 

11.  6a;3  — 5a:3  — 13a:  -f  12  and  12a:3  — 8a:3  — 35a:  -f  6. 

Ans.  2x  + 3. 

12.  2a:3  + 3a:3  — 11a:  + 3 and  3a^  -f-  9a:3 —7a:3— 12a: + 4. 

Ans.  x2  3x  — 1. 

13.  3a:5  + 2a:4  -\-  x2  and  3a^  + 2a:3  — 3a;3  + 2a:  — 1. 

Ans.  3x2  — x -f  1. 

a3  — b3  + c3  + 3 abc  and  a2  — b2  + c 2 + 2 ac. 

Ans.  a — b + c. 


14. 
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107.  To  find  tlie  g.  c.  d.  of  three  or  more  expres- 
sions by  division. 

Let  A,  B,  C,  D,  etc.,  represent  the  given  expressions. 

Find  the  g.  c.  d.  of  two  of  these,  as  A and  B.  Let  d rep- 
resent this  g.  c.  d. ; then  the  g.  c.  d.  of  C and  d will  be  the 
g.  c.  d.  of  A,  B,  and  C.  For  every  common  divisor  of  G 
and  d is  a common  divisor  of  A,  B,  and  G (106,  Cor.  2) ; 
and  every  common  divisor  of  A,  B,  and  C is  a common 
divisor  of  G and  d.  Hence,  the  g.  c.  d.  of  C and  d is  the 
g.  c.  d.  of  A,  B,  and  C. 

Let  e represent  the  g.  c.  d.  of  A,  B , and  C\  then  it  may 
be  shown,  in  the  same  manner,  that  the  g.  c.  d.  of  e and  D 
is  the  g.  c.  d.  of  A,  B,  G,  and  D ; and  so  on. 

RULE. 

Find  the  g.c.  d.  of  any  two  of  the  given  expressions  ; then 
find  the  g.  c.  d.  of  the  result  and  a third  expression  ; and  so 
on.  The  final  result  ivill  he  the  g.  c.  d.  required. 

EXERCISES. 

Find  the  g.  c.  d.  of 

1.  x3  + 5x2  -f  2x  — 12,  2x3  — x 2 — lSx  + 20,  x*  + 8^3 

+ Ylx2  — 3x  — 36.  Ans.  x3  + 2x  — 4. 

2.  2x3  + x — 3,  3x3  - 2x  — 1,  x3  — x2  — x + 1. 

Ans.  x — 1. 

3.  4X2  _ 2x  — 6,  2x3  — 5x  + 3,  6x2  — 13x  + 6. 

Ans.  2x  — 3. 

4.  9x2  — 9x  — 10,  6x 2 + 2x  — 20,  3x 2 — 26x+35. 

Ans.  3x  — 5. 

5.  z2  — 9,  x2  — 6x  + 9,  3x3  + 9x2  — 27x  — 81. 

Ans.  x — 3. 

x2  — 3xy  — 10 y2,  x2  -f-  2 xy  — 35 y2,  3a;2 — 24^  + 45y2 

Ans.  x — 5 y. 
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7.  2x 2 + 5x  — 7,  3x2  — 2x  — 1,  and  x3  — x2  — x + 1. 

Ans.  x — 1. 

8.  2x2  — x — 3,  2x2  — bx  + 3,  and  6x 2 — 13x  + G. 

Ans.  2x  — 3. 

9.  9x2  — 18x  + 5,  3x2  + x — 10,  and  3x2  — 26x  + 35. 

Ans.  3x  — 5. 


LEAST  COMMON  MULTIPLE. 

108.  If  one  expression  is  exactly  divisible  by  another, 
the  first  is  called  a Multiple  of  the  other.  Thus,  12  is  a 
multiple  of  3,  and  5 a2b  is  a multiple  of  a. 

109.  A Common  Multiple  of  two  or  more  expressions 
is  an  expression  which  is  exactly  divisible  by  each  of  them. 
Thus,  27  is  a common  multiple  of  3 and  9,  and  10 ab  is  a 
common  multiple  of  5 a aud  2b. 

110.  The  Least  Common  Multiple  of  two  or  more 
expressions  is  that  common  multiple  of  them  which  contains 
the  least  number  of  prime  factors.  Thus,  12  is  the  least 
common  multiple  of  4 and  3,  and  19a2b2  is  the  least  common 
multiple  of  5 a2  and  2b2. 

111.  To  find  the  1.  c.  m.  of  two  or  more  expressions 
by  factoring-. 

Let  it  be  required  to  find  the  1.  c.  m.  of  4 a2bx3,  21  abx3y, 
and  12  ab2xy3. 

ka2bx3  = 2 2a2bx3, 

21  abx3y  — 7 • 3abx3y, 
and  12  ab2xy3  = 22-3  ab2xy3. 

Multiplying  4a2^3  by  21  y,  which  is  the  product  of  the 
prime  factors  of  2 \abx3y  that  are  not  found  in  4 a2br?,  the 
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result  is  84 a2bx3y.  This  is  the  1.  c.  m.  of  4 a2bx3  and  2 \abxzy ; 
for  it  contains  all  the  prime  factors  of  each  of  them,  and  no 
other  prime  factors.  Again,  multiplying  8^a2bx3y  by  by2, 
which  is  the  product  of  the  prime  factors  of  12 ab2xy3  that 
are  not  found  in  84 d2bx3y,  the  result  is  84 a2b2x3y3.  This  is 
the  1.  c.  m.  of  the  three  given  expressions ; for  it  contains  all 
the  prime  factors  of  each  of  them,  and  no  other  prime 
factors. 

RULE. 

Find  the  product  of  one  of  the  given  expressions-  and  all 
the  prime  factors  of  another  that  are  not  already  in  that  ex- 
pression ; then  find  the  product  of  the  result  and  all  the 
prime  factors  of  a third  that  are  not  already  in  that  result ; 
and  so  on.  The  final  result  ivill  be  the  l.  c.  in.  required. 

Cor.  1.  If  no  two  of  the  given  expressions  have  a com- 
mon factor,  their  1.  c.  m.  is  equal  to  their  product. 

Cor.  2.  The  exponent  of  any  factor  in  the  1.  c.  m.  of 
two  or  more  expressions  is  equal  to  the  exponent  of  the 
same  factor  in  that  expression  in  which  its  exponent  is  either 
greater  or  not  less  than  in  any  other. 

Cor.  3.  Every  multiple  of  the  1.  c m.  of  two  or  more 
expressions  is  a common  multiple  of  them. 

Cor.  4.  Every  common  multiple  of  two  or  more  expres- 
sions is  a multiple  of  their  1.  c.  m. 


EXEB  C IS  ES. 

Find  the  1.  c.  m.  of 


1. 

6a2b  and  dab2. 

Ans.  18  a2b2. 

2. 

10 x3yz  and  18 xy3z. 

Ans.  90 x3y3z. 

3. 

Sab,  5a2b,  and  15 ab3. 

Ans.  15  a2b3. 

4. 

2 (x  — a)  and  3 (x2  — a2). 

Ans.  6 ( x 2 — a2). 
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5.  2 (x  -f  a),  8 (x  — a)2,  4 ( x 2 — a 2). 

Ans.  8 (x  — a)2  (x  + a). 

6.  a ( b 2 — c2),  cl  {b  + c),  e(b  — c ). 

Ans.  ade  (b2  — c2). 

7.  x2  + ax  -f-  a2,  3 (: x 3 — a3),  x — a. 

Ans.  3 (x3  — a3). 

8.  x2  + ax  + a2,  5 (x  — a),  6 (x3  -f  a3). 

Ans.  30  (. x 6 — a6). 

9.  21  (x4  — a4),  14  (x2  + a2),  18  (x3  — a2). 

Ans.  126  (x4  — a4). 

10.  x2  — 6ax  + 9a2,  x2  -f-  ax  — 12a2,  x + 4a. 

Ans.  (x  — 3a)2  (x  + 4a). 

11.  x2  + 9ax  + 14a2  and  x2  — 4a2. 

Ans.  (x2  — 4a2)  (x  + 7a). 

12.  a3  — ax  + x2,  a2  -f  ax  -f  x2,  a3  + x3,  a3  — x3. 

Ans.  a6  — x6. 

13.  a (x  + 1),  5 (x2  — 1),  c(x2+2x— 3),  d (x2-f-4x  + 3). 

Ans.  abed  (x2  — 1)  (x  -f-  3). 

112.  To  find  the  1.  c.  m.  of  two  expressions  by  means 
of  their  g.  c.  d. 

Let  it  be  required  to  find  the  l.c.m.  of  4a2£x3  and  24 abx3y. 

The  g.  c.  d.  of  these  expressions  is  4 abx3.  Dividing 

24 abx3y  by  4a£x3,  the  quotient  is  found  to  be  8y.  Now, 
since  4a5x3  contains  all  the  prime  factors  common  to  the 
given  expressions,  it  follows  that  Qy  contains  all  the  prime 
factors  of  24 abx3y  that  are  not  found  in  4a25x3.  Multiply- 
ing 4 a2bx3  by  6y,  the  product  is  found  to  be  24a2#x3y,  which 
is  the  1.  c.  m.  required  (111). 

RULES. 

I.  Divide  one  of  the  given  expressions  by  their  g.  c.d.,  and 
multiply  the  quotient  thus  obtained  by  the  other.  Or, 

II.  Divide  the  product  of  the  two  expressions  by  their  g.  c.  d. 
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EX  ER  C IS  ES. 

Find  the  1.  c.  m.  of 

1.  2a;2  — x — 10  and  3x 2 -f-  13a;  + 14. 

Ans.  (fix  — 5)  (3a:2  -f  13a;  + 14). 

2.  5 ( 6x 2 — x — 1)  and  2a;2  + 3x  — 2. 

Ans.  5 (3a;  + 1)  (2a;2  + 3a;  — 2). 

3.  3 (x3  — 1)  and  5 (x2  + x — 2). 

Ans.  15  (x  + 2)  (a;3  — 1). 

4.  2x?  — 18a;2  + 46a;  — 30  and  3a;2  — 24a;  + 21. 

Ans.  6 ( x 3 — 9a;2  + 23a;  — 15)  (x  — 7). 

5.  6a;2  — 10a;  + 4 and  12a;3  — 12a;2  — 3a;  + 3. 

Ans.  6 (4a;3  — 4a;2  — x + 1)  (3a;  — 2). 

6.  x3  + 2 ax2  — a2x  — 2 a3  and  x3  — 2ax 2 — a2x  + 2a3. 

Ans.  (x2  — a2)  (x2  — 4a2). 

113.  To  find  the  1.  c.  m.  of  three  or  more  expres- 
sions. 

Let  A,  B,  C,  D , etc.,  represent  the  given  expressions. 
Find  the  1.  c.  m.  of  two  of  these,  as  A and  B.  Let  m rep- 
resent this  1.  c.  m.  ; then  the  1.  c.  m.  of  m and  C will  be  the 
1.  c.  m.  of  A,  B,  and  G.  For  every  common  multiple  of  m 
and  C is  a common  multiple  of  A,  B,  and  G (111,  Cor.  3); 
and  every  common  multiple  of  A,  B,  and  C is  a multiple  of 
m and  C (111,  Cor.  4).  Hence,  the  1.  c.  m.  of  m and  C is 
the  1.  c.  m.  of  A,  B,  and  G. 

Let  n represent  the  1.  c.  m.  of  A,  B,  and  G ; then  it  may 
he  shown,  in  the  same  manner,  that  the  1.  c.  m.  of  n and  D 
is  the  1.  c.  m.  of  A,  B,  C,  and  D ; and  so  on. 

RULE. 

Find  the  l.  c.  m.  of  any  tivo  of  the  given  expressions  ; then 
find  the  l.  c.  m.  of  the  result  and  a third  expression  ; and  so 
on.  The  final  result  will  he  the  l.  c.  m.  required. 


LEAST  COMMON  MULTIPLE. 
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E X E R C I S ES. 

Find  the  1.  c.  m.  of 

1.  2a  — 1,  4a2  — 1,  4 a2  + 1.  Ans.  16a4  — 1. 

2.  a*  — 1,  2x3—2x,  3x3  + 3.  Ans.  6x  ( x6  — 1). 

3.  X2  + + 10,  X2  _ 2x  — 8,  2x 2 + 2x  — 40. 

Ans.  2 a3  + Gx2  — 3 Gx  — 80. 

4.  x2  — 3 xy  + 2 y2,  x 2 — xy  — 2 y2,  x 2 — y2. 

Ans.  x3  — 2 x2y  — xy 2 + 2y3. 

5.  2x2  + x — 3,  3x2  — 2x  — l^x3 — x2  — x + 1. 

Ans.  (x  — l)2  (x  + 1)  (2x  -f  3)  (3x  + 1). 

6.  2x2  — x — 3,  2x2  — 5x  + 3,  Gx2  — 13x  + 6. 

Ans.  (x  — 1)  (x  + 1)  (2x  — 3)  (3x  — 2). 

7.  ax  (x  + a),  a 2 (x  — a),  x2  — a2. 

Ans.  a2x  ( x 2 — a2). 

8.  x2  + 3x  + 2,  x2  + 4a;  + 3,  x2  + 5x  + 0. 

Ans.  (x  + 1)  (x  + 2)  (x  + 3). 

9.  x2  — x — 30,  x2  — 11#  -4-  30,  x2  — 25. 

Ans.  (x  — 6)  (x  + 5)  (x  — 5). 

10.  Gx2  + 37a;  + 56,  8a;2  + 38a;  -f  35,  12a;2  + 47a;  +40. 

Ans.  (2x  + 7)  (3a;  + 8)  (4a;  + 5). 

11.  5 (x2  — x + 1),  6 {x2  + 1),  7 (x3  + 1). 

Ans.  210  (a;2  + 1)  (x3  + 1). 

12.  a;4  + a2x2  + a4,  a2x2  + a3x  + a4,  ax?  — a?x  + a3. 

Ans.  a2  (a;4  + a2x2  + a4). 

13.  x2  + {a  + b)  x + ab,  x2  + (a  + c)  x + ac, 

a;2  + (&  + c)  x + be.  Ans.  {x  + a)  (x  + b)  ( x+c ). 

14.  1 — x,  1 + x,  1 + x2,  1 + x*,  1 + a£ 

Ans.  1 — x16. 


CHAPTER  V. 


FRACTIONS. 

114.  A Fraction  is  a quotient  expressed  by  placing  the 
dividend  over  the  divisor,  with  a line  between  them.  Thus, 

^ and  % are  fractions. 

3 b 

115.  The  Numerator  of  a fraction  is  the  expression 
above  the  line. 

116.  The  Denominator  of  a fraction  is  the  expression 
below  the  line. 

117.  The  Terms  of  a fraction  are  its  numerator  and 
denominator. 

118.  A fraction  is  in  its  Lowest  Terms  when  its  terms 
have  no  common  factor. 

119.  An  Entire  Quantity  is  a quantity,  no  part  of 
which  is  expressed  under  a fractional  form.  Thus,  a-\-l>—c 
is  an  entire  quantity. 

An  entire  quantity  may  be  considered  as  a fraction  having 
1 for  its  denominator.  Thus,  a = ^j 

120.  A Mixed  Quantity  is  a quantity  which  contains 
an  entire  part  and  a part  expressed  under  a fractional  form. 

Thus,  a + - is  a mixed  quantity. 
c 

121.  A Simple  Fraction  is  a fraction  whose  terms  are 

entire.  Thus,  \ is  a simple  fraction. 

c + a r 


FRACTIONS. 
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122.  A Complex  Fraction  is  a fraction  which  has  a 
fraction  in  one  or  both  of  its  terms.  Thus, 


b 

a 

c 

d -(-  6 


and 


a + l 


d + 


/ 


are  complex  fractions. 


123.  The  Reciprocal  of  a quantity  is  the  quotient  ob- 
tained by  dividing  1 by  that  quantity.  Thus,  the  reciprocal 

of  a is  - • 
a 


124.  Each  sign  in  the  numerator  and  denominator  of  a 

fraction  affects  only  the  quantity  to  which  it  is  prefixed ; 

but  the  sign  prefixed  to  the  dividing  line  affects  the  fraction 

a — b , . . . 

the  sign  of  a 


as  a whole.  Thus,  in  the  fraction 


is  -f , that  of  b is  — , that  of  c is  +,  and  that  of  d is  — ; 
but  the  sign  — prefixed  to  the  dividing  line  is  the  sign  of 
the  fraction. 


125.  The  Apparent  Sign  of  a fraction  is  the  sign  pre- 
fixed to  the  dividing  line  of  that  fraction.  Thus,  the 

apparent  sign  of  is  + . 


126.  The  Real  Sign  of  a fraction  is  the  sign  of  its 

numerical  value.  Thus,  the  real  sign  of  is  — , if 

am  6,  b — 8,  and  c = 5. 

127.  Th.  If  the  apparent  sign  of  a fraction,  or  the 
sign  of  each  term  of  the  numerator,  or  the  sign  of  each  term 
of  the  denominator,  be  changed,  the  real  sign  of  the  fraction 
will  be  changed. 


Thus, 


but 
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ab  — be  , , — ab  + be 

— -=- — — a — c,  but 7 = — a + c; 


and  -r  — a + b,  but 

a — b 


b 

at— b* 
— a -J-  b 


= — a — b. 


Cor.  If  any  two  of  these  changes  be  made  at  the  same 
time,  the  real  sign  of  the  fraction  will  not  be  changed. 

— ab  , — ab 

Ihus,  = a,  and ^ — °‘ 


REDUCTION. 

128.  Th.  The  value  of  a fraction  is  not  changed  by  mul- 
tiplying or  dividing  both  of  its  terms  by  the  same  quantity. 

The  fraction  ^ is  the  quotient  obtained  by  dividing  a by 

*(114); 

f xb  = a; 

for  the  product  of  the  quotient  and  divisor  is  equal  to  the 
dividend. 

Multiplying  both  members  of  this  equation  by  n, 

| x bn  = an  (64,  3). 

Dividing  both  members  of  this  equation  by  bn, 

a an  an  a 

S = Tn’  °r  Vn  = i <64’  6>- 


129.  To  reduce  a fraction  to  its  lowest  terms. 

10  acy? 

1.  Let  it  be  required  to  reduce  ^ to  its  lowest  terms. 
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The  g.  c.  d.  of  the  terms  of  this  fraction  is  5cx2.  Dividing 

^tci 

both  terms  of  the  fraction  by  this,  the  result  is  ; 

J 3 bx  ’ 


10 acx2  _ 2 a 
15  bcx3  3 bx 


(128). 


2.  Let  it  be  required  to  reduce 
terms. 


6a2  — 3 ab 
3 a2  + 3 ab 


'6a2  — 3 ab  _ 3 a(a  — b)  _ a — b 
6a 2 -j-  3 ab  6a  (a  -j-  b^  a -)-  b 


to  its  lowest 


RULES. 

I.  Divide  both  terms  of  the  given  f raction  by  their  g.  c.  d. 

Or,  II.  Resolve  both  terms  of  the  given  fraction  into  their 
prime  factors,  and  then  cancel  those  factors  that  are  common. 


EXERCISES. 


Reduce  each  of  the  following  fractions  to  its  lowest  terms : 


a2  + 2a  — 3 
' a2  + 6a  — Y 
0 2 ci2  — 6a  — 8 

• 2«2  — 8a  — 10* 

a2  — 6a2  + 11a  — 6 

a2 -6a  + 2 

14«2  _ 7^ 

4,  • 

10  ac  — 5 be 

x2  + llx  + 30 

9a;3  + 53a;2  — 9#  — 18 

6>  («  -# 
a3  — xs 

x4  — 4x3  -f  4a:2  — 9 
x4-\-  2a;2  +~9 


A ns. 
A ns. 


a -\-  6 
a + f 
a — 4 
a — 5 


Ans.  a — 6. 


A ns. 
Ans. 


Ans.  — • 
5 c 

x + 5 

9x2  — x — 6 
a — x 

a2  + ax  -f  x2 


Ans. 


x2  — 2x  — 6 
x2  + 2a;  + 3 


7. 
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8. 


9. 


a2  + b2  -f  c2  + 2ab  + 2 ac  + 2 be 
a2  — b2  — c2  — 2 be 
21  a3b2c  — 9 ab3c2 
lha2b2c  — 3 cPWc2  — 12  ab2c 


Ans. 


a -j-  b -f-  c 
a — b — c 


Ans. 


7a 2 - 3 be 
5 a — a*b2c  — 4 


10. 


11. 

12. 


13. 


14. 


15. 


16. 

17. 


18. 


19. 


20. 


21. 


22. 


23. 


12a3o^  + 2a2x5 
18  ab2x  + 3 b2x2 
a3  — x 3 
(i a — x )2 

a*  + (1  + a)  ay  + y 2 
a 4 — y2 

Sac  + 10 be  4-  9 ad  4-  15 bd 
6c2  4-  §cd  — 2c  — 3 cl 
x2  4-  2x  — 3 
x2  4-  5x  — 6 
9:t3  4-  53a:2  — 9a;  — 18 
5x2  4-  55a;  4-  150 
2o?  4-  x2  — 8x  4-  5 
x3  4-  x2  — 2a; 

a2  — 3 aJ)  4 ac  4 %b2  — 2 be 
a2  — b2  4-  2bc  — c 2 
xi  — 8a;3  4-  6a;2  4-  8a;  — 7 
a4  4“  6a;3  — 8a;2  — 6aT+7  * 
x3  — 2a;2  4-  x — 12 
x2  4-  2a;  — 15 
x2  — 5a;  + 4 
x2  4-  2a;  — 24 
x3  — 3x  4-  2 
x3  4-  4a:2  — 5 
6a;2  4-  29a;  4-  35 
14a;2  4-  39a;  4-  10* 

2a; 3 + 7a;  — 9 
5a;3  — 3a;2  — 4a;  4-  2 


d 2 4- 


. 2«2o;3 

Ans.  -jjf 

ax  4-  x2 


a 
Ans. 


x 

a 4- 


y 


a 2 ^ 

3 a 4~  5 b 

"■  W=T 

Ans.  x +-3 


x 4- 


• x 


; 4-  25 
3a:  — 5 


2x 

-2b 


: — 7 
•4-7 
4-  4 
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130.  To  reduce  a fraction  to  an  entire  or  mixed 
quantity. 

1.  Let  it  be  required  to  reduce  — — — to  an  entire 

quantity. 


a 2 — ab  -f-  ac 


= a -b  + c (87). 


2.  Let  it  be  required  to  reduce  - — — — — to  a mixed 


quantity. 


a2  — ab  -f  be  , be 

— a — b -\ 

a a 


RULE. 

Divide  the  numerator  of  the  given  fraction  by  its  denomi- 
nator, expressing  any  term  of  the  quotient  under  a fractional 
form,  if  necessary. 

EX EE CIS ES  . 


Reduce  each  of  the  following  fractions  to  a mixed  quan- 
tity: 


3 x + a 
3 


Ans.  x + -• 

O 


2. 

3. 

4. 

5. 


6. 


7. 


3 ax  + 2by  + c 
2b 

bx  — 3 a 
b 

(g  ~ W 

a 

(a  — b)3 
b 

7«3  - 3 a2b  + 2b3 
-b 

Wx  — 3a2  -f  2 ab 
x 


. 3 ax  c 

Ans.^  + y + w 


Ans.  x — 
Ans.  a — 2b  + 


Ans.  — 3a2  + 3 ab  — b2. 

7 n% 

Ans.  Dt-Sa2  + 2b2. 
b 


Ans.  8 b2  — 


3 a2  — 2 ab 
x 
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131.  To  reduce  ail  entire  quantity  to  a fraction 
which  shall  hav  e a given  denominator. 

Let  it  be  required  to  reduce  a — b to  a fraction  whose 
denominator  shall  be  a + b. 

7 a — b (a  — b)  (a  -j-  b)  a2  — IP 

a — b = — - — = — — - = 

1 a + b a + b 


RULE. 

Consider  the  given  entire  quantity  as  a fraction  ivhose  de- 
nominator is  unity  ; then  multiply  both  terms  of  this  fraction 
by  the  given  denominator. 


EX  EH  C IS  E s. 


1.  Reduce  x — 3 to  a fraction  whose  denominator  shall 

be  x2  — 3a:  + 2.  . x3  — 6x2  + 11a:  — 6 

A ns.  5 77 j: 

x 2 — 3a:  + 2 

2.  Reduce  a -f  b to  a fraction  whose  denominator  shall 

be  a 2 + 2 ab  + b2.  . a3  4-  3 a2b  + dab2  -j-  b3 

AnS.  7 r~; 

a2  + 2 ab  b2 


3.  Reduce  x + 1 to  a fraction  whose  denominator  shall 

be  x3  + 9a:2  + 26a:  + 24.  _ a:4  + 10a:3  + 35a:2  + 50a: + 24 

AUS‘  ^ + 9a:2  + 2 6a:  + 24 

4.  Reduce  x2  — ax  + a2  to  a fraction  whose  denominator 

shall  be  x + a.  . x3  + «3 

A ns.  — — — m 
x + a 

5.  Reduce  x2  + x + 1 to  a fraction  whose  denominator 

shall  be  x — 1.  A x3  — 1 

Ans.  — • 

x — 1 


be 


6.  Reduce  xn  + an  to  a fraction  whose  denominator  shall 

xn  — an.  A x2n  — a2n 

Ans  — — 
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132.  To  reduce  one  fraction  to  another  which 
shall  have  a given  denominator. 

Let  it  be  required  to  reduce  (~~j)  to  an  equivalent  frac- 
tion whose  denominator  shall  be  a2  — b2. 


Dividing  a2  — b2  by  a + b,  the  quotient  is  found  to  be 

— b.  Multiplying  both  terms  of  \ by  this  quotient, 

(a  - b)2  aJrb 


the  result  is 


b 2 


a — b _ (a  — b)2 
a -f  b ~ a2  — b2 


RULE, 

Divide  the  denominator  of  the  required  fraction  by  that  of 
the  given  fraction ; then  multiply  both  terms  of  the  given 
fraction  by  the  quotient. 


JEXJER  CIS  ES. 


cc  3 

1.  Reduce  — — to  a fraction  whose  denominator  shall 


x + 7 
be  x2  -f  6x  — 7. 


2.  Reduce 
be  x2 


Aiis. 


x2  + 2x  — 3 


x — 5 
Ax  — 5. 


3.  Reduce 


3x  — 1 


2x  — 1 
be  2x3-llx2  + 17x-6. 


x2  + 6x  — 7 

to  a fraction  whose  denominator  shall 

, x2  — 3x  — 4 

A ns.  -= T -• 

x2  — Ax  — 5 

to  a fraction  whose  denominator  shall 
3x3  — 16tf2  + 23z  — 6 


A ns. 


2x3  — llx2  + 17a;  — 6 


ft  I Cl 

A Reduce  r to  a fraction  whose  denominator  shall 

x + b 


be  x2  -f-  (b  -f  c)  x + be. 


Ans. 


x2  + (a  + c)  x + ac 
x2  + (b  + c)  x + bo 
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133.  To  reduce  a mixed  quantity  to  a fraction. 

be 

Let  it  be  required  to  reduce  a — b + — to  a fraction. 


, . be 

a — b -\ 

a 


a 2 — ab  + be 


for,  if 


—-^r--G-  be  reduced  to  a mixed  quantity,  the 
hr 

result  will  be  a — b + T (130). 


RULE. 

Multiply  the  entire  part  of  the  given  expression  by  the  de- 
nominator of  the  fractional  part ; add  the  numerator  to  the 
product,  or  subtract  it  from  the  product,  according  as  the 
apparent  sign  of  the  fractional  part  is  + or  — ; then  under 
the  result  draw  a line,  and  under  the  line  write  the  given 
denominator . 

EXE  It  C IS  ES. 

Reduce  each  of  the  following  expressions  to  a fraction : 


1. 

X 

3 a 

Ans. 

bx  — 3 a 

~~b' 

b 

2. 

5 

53  ! 

<T? 

1 

Ans. 

17a -7 

3 a 

3 a 

3. 

b-a  — 1 

A %a 

A ryj  q 

-b  + 1 

a 

a 

Ans . 


Ans. 


10a;2  + 4x  + 3 
5x 

a 3a;2 
x2  — 1 
abx  + 5 x + Qb 
x -(-  b 
2x?  + a3 


x + a 


Ans 


x + a 
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134.  To  reduce  fractions  having’  unequal  denomi- 
nators to  others  which  shall  have  a common  denom- 
inator. 


1.  Let  it  be  required  to  reduce  ^ and  ^ to  other  frac- 
tions which  shall  have  a common  denominator. 


If  both  terms  of  each  of  these  fractions  be  multiplied  by 
the  denominator  of  the  other,  the  values  of  the  fractions 
will  not  be  changed  (128),  and  the  denominators  of  the 
new  fractions  will  be  equal,  because  each  will  be  the  product 
of  the  given  denominators.  Thus, 

a _ ad  , c _ be 
b ~ bcV  d ~ bd 


2.  Let  it  be  required  to  reduce  and  j.  to  other 

fractions  which  shall  have  a common  denominator. 

If  both  terms  of  each  of  these  fractions  be  multiplied  by 
the  product,  of  all  the  denominators  except  its  own,  the 
values  of  the  fractions  will  not  be  changed,  and  the  denom- 
inators of  the  new  fractions  will  be  equal,  because  each  will 
be  equal  to  the  product  of  all  the  given  denominators. 
Thus, 

a adf  c _ bef  , e bde 

b ~ bdf'  d ~ bdf’  f ~ bdf' 

RULES. 

I.  If  there  are  only  two  given  fractions , multiply  both  terms 
of  each  by  the  denominator  of  the  other. 

II.  If  the  number  of  given  fractions  is  greater  than  tivo, 
multiply  both  terms  of  each  by  the  product  of  the  denomina- 
tors of  the  other  f ractions. 
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EXERCISES. 


Reduce  each  of  the  following  groups  of  fractions  to  another 
which  shall  have  a common  denominator : 


2 3 
a9  b 
12  3 

a9  b’  c 
a b c 

x 9 x — 1 9 x -f-  1 


Ans. 


. 2b  3 a 
Ans ■ W ab 
be  2 ac  3 ab 
abc  9 abc  9 abc 


Ans. 


a (x2  — 1 ) b (x2  -f-  x)  c (x2  — x) 


x3  — x 


4.  - 


1 a 
3’  2’ 


Ans. 


a — x 

2 (a  — x)  3 a (a  — x) 


6 (a  — x)  9 6 {a  — x) 

a — b ax  b 
a 9 a — b9  c 

c (a  — bY  a?cx 


Ans. 


x3  — x 


6x2 

6 (a  — x) 


ab  ( a — b) 


ac  (a  — b)9  ac  (a  — b) 9 ac  (a  — b) 


a — x9  a + x 

x y z 
a9  b9  c 
x2  y2  z2 
2 ab  9 3 ac  9 4 be 


Ans. 


a + x a — x 


a2  — x2  9 a 2 — x2 


bex  acy  abz 
abc 9 Wc9  abc 


. 12  abc2x2  8cib2cy 2 6a2bcz2 

US'  UaW  9 24aW’  24«W' 
b c — 1 


1 — x9  1 + x9  x 

Ans.  a(<X  + (c  - 1)  (1  - # 

X — X3  9 X — x3  9 X — Xs 


9. 
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135.  To  reduce  fractions  having1  unequal  denomi- 
nators to  others  which  shall  have  the  least  common 
denominator. 

Let  it  be  required  to  reduce  ~ , ~Tti,  and  zTcrr^  to  other 
^ 4:bc  Sbd  lZbcf 

fractions  which  shall  have  the  least  common  denominator. 

The  1.  c.  m.  of  the  denominators  is  24fizc2f.  Dividing 

this  by  each  denominator,  the  quotients  are  found  to  be 


0>b2cf,  3 c2/,  and  2b2. 

Multiplying  both  terms  of  by  6b2cf,  both  terms  of 
d s 

g^-3  by  3c2/,  and  both  terms  of  2£2,  the  resulting 

fractions  are 


6ab2cf  3c2df  , 2b2e 
24 VWf’  2463c2/  ’ and  24^c/‘ 


These  have  the  least  common  denominator,  for  24 bzcf  is 
the  1.  c.  m.  of  the  given  denominators. 


RULE. 

Divide  the  I.  c.  m.  of  all  the  given  denominators  by  each 
denominator  separately ; then  multiply  both  terms  of  each 
fraction  by  the  corresponding  quotient. 

Sch.  1.  Before  commencing  the  operation,  each  fraction 
must  be  in  its  lowest  terms. 

Sch.  2.  The  word  least  here  has  no  reference  to  numer- 
ical value.  It  refers  simply  to  the  number  of  prime  factors 
in  the  common  denominator. 


EXERCISES. 

Beduce  each  of  the  following  groups  of  fractions  to  another 
which  shall  have  the  least  common  denominator : 

a b c ayz  bxz  cxu 

mx’  my ’ mz  t’  mxyz ’ mxyz’  mxyz 


1. 
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2. 


a b c 

a — x’  a + x ’ a 2 — x2 


a (a  + x)  b (a  — x)  c 
AnS'  3 ' a2  — x2~  ’ a2  — x2 

O a \ £ 

x — 1 ’ x2  — 1 ’ x2  — 2x  + 1 
^ a(x2 — 1)  b(x— 1)  c(x+ 1) 

AUS‘  (^ijJ^T)2’  ’ («:+!)  (aflTIp* 


^ a:  — 1 x2  -f  1 xz 

* x + 1 ’ a;3  — a;  -J-  1 ’ + 1 

drr„  (x  ~ !)  (x2  ~ x + !)  + 1)  (®  + 1) 

“AWS*  ^3  l 1 » ^v-3  i 1 


X3 

’ a^+T 


ADDITION. 

136.  To  find  tlie  sum  of  given  fractions. 

1.  Let  it  be  required  to  find  the  sum  of  and  y 

Since  the  product  of  the  quotient  and  divisor  is  equal  to 

the  dividend, 

a c , d , 

7xH  7 x 0 + y x b = a + c + d. 
b b 0 

Dividing  both  members  of  this  equation  by  b, 

i a t c ( d _ a c -\-  d 

b+b  + b~  b. 

2.  Let  it  be  required  to  find  the  sum  of  and 

a _ c e _ adf  | bcf  | Me adf  + 6c/"  + Me 

b+d+f~Mf+bdf+Mf~  ~~  ~bdf 


'HI  <S> 


ADDITION. 
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RULES. 


I.  If  the  given  fractions  have  a common  denominator, 
form,  a fraction  whose  numerator  is  the  sum  of  the  given 
numerators , and  whose  denominator  is  the  given  common  de- 
nominator. The  result  will  he  the  sum  of  the  given  fractions. 

II.  If  the  given  fractions  have  not  a common  denominator , 
reduce  them  to  others  ivhich  shall  have  a common  denomina- 
tor ; then  'proceed  ivith  the  results  as  directed  in  I. 


EX  Elt  CISES. 


Find  the  sum  of 

1.  - and  -• 
x y 

'ah  , c 

2.  and  — — ■ 

X X — 1 X -f  1 


. 2y  -f-  3x 

A ns.  — 

xy 


^ a (x2  — 1)  + h (x2  4-  x)  + c (x2  — x) 


la  , x2 

3.  7T,  jr,  and 

3 2 x — a 


. 2 (x  — a)  + 3a  (x  — a)  + 6x2 

A ns.  — ^ —NT"  ' x — — 

6 (x  — a) 


. a — h ax  , h 

4. , 7,  and  -• 

a a — h c 


„ ah  j c 
5.  — , — , and  — 

mx  my  mz 


. c (a  — h)2  + a2cx  -f  ah  (a  — h) 

. 7~\  * 

ac  (a  — o) 

Ans.  ayZ  + hXZ  + CXy> 
mxyz 


2 — x , _ 3 — 2x 

6.  x — and  5x : 


Ans.  6x  + 


10a?  — 17 
12 


.JL and  <*±&.  Ans  * (^  + ^ ■ 

a + h’  a-  h’  a2-b2  a2  - h2 


7. 
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FRACTIONS. 


8. 

9. 


10. 


a 3 a 

a — x’  a + x 
1 + x 


and 


1 -f  x + x2 
a?  + b2 


2, 


W 


and 

and 


2 ax 

x 2 — a 2 
1 — x 

1 — X -f  X2 

a — b 
a -\-b 


A ns. 


A ns. 
A ns. 


4a 

a -f-  x 
2 


1 + %2  + z4 

2a2  + 2ab—2b2 

W^b2 


SUBTRACTION. 

137.  To  find  the  difference  between  two  fractions. 

1.  Let  it  be  required  to  subtract  ^ from 

a , c i 

Txb  — Txb  = a — c. 

b b 

Dividing  both  members  of  this  equation  by  b, 

a c a — c 

b~b~  ~T~' 

2.  Let  it  be  required  to  subtract  ^ from  |- 

a c ad  be  ad  — be 

b d bd  bd  bd 

RULES. 

I.  If  the  given  fractions  have  a common  denominator, 
form  a fraction  whose  numerator  is  the  remainder  obtained 
.by  subtracting  the  numerator  of  the  subtrahend  from  that  of 
the  minuend,  and  whose  denominator  is  the  given  common 
denominator.  The  result  will  be  the  difference  required. 

II.  If  the  given  fractions  have  not  a common  denominator , 
reduce  them  to  others  which  shall  have  a common  denomina- 
tor ; then  proceed  ivith  the  results  as  directed  in  I. 
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EX  Eli  < 

Subtract 

a „ a 

1,  7 from  7- 

a + 5 a — 5 

„ 5 „ a 

2.  3 37  ±rom  3 37' 

2 a — 25  2a  — 2b 


3. 

a — 

X+  0 

4. 

a f 

a2  + 52 
a -f  5 

5. 

m 

A 2 ab 

Ans.  -7 

a 2 — 52 

, 1 
Ans.  j. 

ab 


7. 


a 


» 


x , 5a:+ca:- 

T-  2a:  q =— 

i from  *<»  + S)  + 


1 5 

+ b + a2  - 52 


mn 


2 ab* 

4 _ 

m (a  + 5) 


, 2aW 

AnS.  — : 77* 

a4  — 54 


7 4- 

If  2a:  + 4a;2 


4 — 20a:  „ 3 

-j-s r from  — • 

4a2  — 1 1 — 2a: 


A %a 

Ans.  — 
n 

Ans.  0. 


2 a 


■ b — c „ 3 a — 45  15a  — 4c 

from  - + — jj 


. 25a  — 20b 

AnS ' “I — ' 


MULTIPLICATION. 
138.  To  find  tlie  product  of  given  fractions. 

Let  it  be  required  to  find  the  product  of  | and 


and 


x 5 = a, 
x d — c; 


| x 2 X id  = ac  (64,  3). 


7 
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FRACTIONS. 


Dividing  both  members  of  this  equation  by  bd, 


a c ac 

bXd~bd' 


RULE. 

Divide  the  product  of  the  numerators  of  the  given  fractions 
by  the  product  of  their  denominators. 

Cor.  1.  Since  an  entire  quantity  may  be  considered  as 
a fraction  having  1 for  its  denominator,  and  a mixed  quan- 
tity may  be  reduced  to  a fraction,  it  follows  that  the  rule 
may  be  made  to  embrace  every  case  in  which  a fraction  is  a 


factor. 

Thus, 

c 

a c 

ac 

a x 

d 

= T x -7 
1 d 

— 

~d’ 

and 

/ c\ 

e 

ad  + c 

e 

ade  -f  ce 

(a  + d) 

x7 

— 

— — x 
d 

f 

¥ 

Cor.  2.  The  product  of  a quantity  and  its  reciprocal  is  1. 

rpi  1 a 1 a 

Thus,  a x - — T x - = — = 1. 

a 1 a a 

Sen.  When  any  numerator  and  any  denominator  con- 
tain a common  factor,  the  operation  of  multiplication  may 
be  abridged  by  cancellation. 


JEXJER  CISJES. 


Find  the  product  of 


1. 


2. 


ax  , c 

a T and  -v 

b d 

(a  - by  b 

a + b anC*  x (a  — b) 

2 a 3b  , 4:ac 
? 7 and 


Ans. 


abc  — acx 
bd 


Ans. 


(a  — b)  b 
(a  + b)  x " 


Ans. 


24  d?b 
dx 


3. 
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10. 

11. 

12. 

13. 

14. 

15. 


a2  + ab  , a 3 — b3 

a^a+lj’ 

x{a  — x)  and  a(a  + x) 


Ans. 


a6 


b 3 


(a  + x)2 
ai  - ¥ 
(a  - b)2 


and 


(i a — x)2 
a — b 


Ans. 


b ( a 2 + b2) 
ax 


a* 


a2  + ab 


Ans.  a -f- 


b2 


2 ax  (a  -+•  x)  (a  — x)  be  4-  bx  , c — x 

5T-,  o'— — o -9 , and 

3 by  c2  — x2  a2  -f  ax  a — x 


x + a x — a 

x — a x + a x2  — a2 
a b , x y 

x y b a 


4 a2  . x -f  a 

and 


2a 


A 

Ans.  0— • 
3y 

Ans.  2. 


Ans.  °b  ^ + ^ + ^ + ^ Xy 
abxy 


1 , 1 , 1 1 
- + - and  —■  — 
ax  a2 


x2 


Ans. 


x3  + ax2  — a2x  — a3 


(a  - b)2  c2  and  a -b 


Ans. 


b2  — a2 


be 


ae 2 — be 2 


a2  + b2  , a + b 
and 


a2  — b2  a 
x3  + y3 


■ b 

x — y 


Ans. 


x2  — y2  and  x2  — xy  + y2 


1 + 


i.  (i  -1) 

x \ x! 


- ) , and 


X'  \ Xl  ' X2 

a 3 - 3 a2b  + 3 ab2  — b3 


Ans. 


a2  -+-  b2 

Ans.  1. 
1 


xA 


a* 


b2 


’ 2 ab  - 2b2 


, a2  + ab 

, and — • 

a — b 


Ans. 


2b 


too 


FRACTIONS. 


DIVISION. 

139.  To  divide  an  expression  by  a fraction. 

Let  it  be  required  to  divide  ^ by  -• 

1 = 1x^138). 

Multiplying  both  members  of  this  equation  by 

a c a d 
b d o c 

Dividing  both  members  of  this  equation  by 

a m c a d ad 

b^~d~bXc~bc' 


RULE. 

Multiply  the  dividend  by  the  divisor  inverted. 

Cor.  1.  The  reciprocal  of  a fraction  is  that  fraction  in- 
verted. Thus, 

the  reciprocal  of  % is  -,  for  1-^-^  = -. 
r b a b a 

Hence,  the  rule  for  dividing  an  expression  by  a fraction  may 
be  stated  as  follows : 

Multiply  the  dividend  by  the  reciprocal  of  the  divisor. 

Cor.  2.  Dividing  by  any  quantity  is  the  same  in  effect 
as  multiplying  by  its  reciprocal,  and  multiplying  by  a quan- 
tity is  the  same  in  effect  as  dividing  by  its  reciprocal.  Thus, 

a — - b = a x t , and  a x b = a -i- 
b b 


DIVISION. 
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Divide 
_ 5a;2  , x 

L t by  3 


JEX  Elt  CISJ3S. 


X — 1 . %x 

— 

¥+1  hj  ¥ 
x — a U r 3 cx 
led2'  by  5 cl ' 


x2 


ax  — x2 
(a  + x)2  y a2  — x2 
4 (a:2  — ax)  , 6ax 
a{x  + a)  ^ x2  — a2 
2 a2 


n-  ^+-#by 


x + a 


8. 

9. 

10. 


x + 1 . x + 1 

by  r-T 5 


s + y 

3 


y , x y 


x a . 1 1 

by  - 4 — 

« x J a x 


a -\-b  — c 


Ans. 
A ns. 
Ans. 


15# 

T' 

X — 1 


4a; 

2 


x + 1 


Ans. 


12  c2dx 


Ans.  ia-xf 


x (a  + x) 

Ans. 


Ans. 


3 a2 
2 a 


x2  — ax  -\-  a2 
Ans.  — (x  + 1) 

Ans.  \ 

O 

Ans.  x — a 


H.  a2-{b-  c)2  by  Alls,  (a  + c)2  - b2 

12.  x2  — x + 1 by  - + - + 1.  Ans. 

J x2  x x2  + x -1-  1 


x2  + xy  . . x4  — 


by 


13.  — 
x — 


14-  Wby 


(x  - y)2 
x2  — xy  + y2 


x — y 


(x  + 1)  l1  - 1)2  by 


1 

x 

X 


Ans. 


Ans 


x 


x2  + y‘ 
Ans.  1 
x — 1 


15. 
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16. 


17. 

18. 

19. 


20. 


21. 

22. 


x4-¥ 


b2x 3 x4 — 2bx3  + b2x2  x2jrbx 


x2—2  bx  + b2  x^+b* 


H - ¥ by  P ~ H- 


by 


x2— bx-j-b2  x—b 
x2  + b2 


Ans, 
A ns. 


x — b 
27  — 4x 


~ i (*  - *)  by  i (x  + 1)  - H. 


A ns. 


2 (4x  — 9) 
20  — 3x 


rthbyl-nh‘ 


+ 


by 


1 + X 1 — X ' 1 — X 1 X 


2x  — 25 

Ans.  -• 
x 


Ans.  1. 


a2  A-  b2 
2 a2 
a + x 
a — x 


2 b2  a2  + b2  2 a2  W 

~ a2  + b2  bJ  2b2  ~ a2  + ¥ AnS'  a2 

a — x.  a A- % a — x . a2A-%2 

by Ans.  —= 

a + x J a — x a A-  x 2 ax 


SIMPLIFICATION  OF  COMPLEX 
FRACTIONS. 

140.  The  methods  used  in  the  simplification  of  complex 
fractions  are  illustrated  in  the  following 


EXERCISES. 


1.  Simplify 


This  fraction  may  be  simplified  by  multiplying  both  of 
its  terms  by  c,  the  denominator  of  the  simple  fraction. 
Thus, 


COMPLEX  FRACTIONS. 
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a + 


1 x c 

(a  + *)■ 


ac  + b 


The  same  result  may  be  obtained  as  follows : 

1 1 ac  4-  b c 


a + 'c 


2.  Simplify 


_ ^ # ac  + b _ 
ac  b ~ ' c ~ ac  + b 


aA 

x 


y 


This  fraction  may  be  simplified  by  multiplying  both  of 
its  terms  by  xy,  the  1.  c.  m.  of  the  denominators  of  the  frac- 
tions - and  -•  Thus, 


x 

I 

c 

y 


(nl 

ic~t)xy 


xy 


_ axy  -f  by  _ {ax  -f-  b)  y 
cxy  — dx  ~ x (cy  — d) 


The  same  result  may  be  obtained  as  follows: 

_ ax  -f-  b m cy  — d __  {ax  + b)y 


b ax  -f-  b 
a - 1 — 

x x 


cy 


d 


y 


x {cy  — d) 


y y 

Simplify : 

- -V 

a~i 


Am. 


Am. 


ab 


ax 

cx  — d 
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5. 


(L 


9. 


10. 


11. 


12. 


, & 

a + - 

x 


11 

£ 

1 _ 1 * 

® y 

i _ - 


1 


a 


xy 


a:  -f 


* + 2^ 
s*  — a 


1 -f  03? 


1 — a x 


x — a 
1 + ax 


1 

x 

X 


x — 1 


a + 


1 — 


x + 


A ns. 


ax  + h 


cx 


Ans.  £±* 

y — x 


A ns.  x2  -f  ax  -f  «2. 
Z»c  — 1 


Ans. 


abc  — . a 


Ans.  • 


.4%s.  ir. 


3 (s  + 1) 


c -f 


3 + * 


+ flg  + hz){gy+f) 

' (cyy  4-  <?/  + (*«  + c)  ’ 


f 
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13. 


11, 


i + 


d -f- 


/ 

z & 

fl  + b + f 


A ns. 


adf  + ae 
bdf  + be  + cf 


Ans. 


15. 


16. 


17. 


18. 


19. 


20. 


a + b 


a 

a — b 
x + y 


u 4"  b 

, x-y 

x — y x 4-  y 

x 4-  y x — y 

x—y~x+y 
x 1 — x 


1 4-  x 


1 4-  x 


x 2 1 

— o H — 

y 3 x 


x _ 1 1 
y2~y  + x 

(-3(- 


a 2 4-  £2\ 
a + b ) 


1 — 


Ans.  1. 


Ans.  tpt. 
2 xy 


Ans. 


2x* 


Ans. 


Ans.  x ^ y . 

y 


(2 cfi-W)  ( a-b ) 
2 a 


ci  4"  b 

/ a b\(a  + b a — b\ 

v-i  + a)\Nr  + ~w) 

\ a/\a  4-  b a — b' 


j„9  («s  + y - aaK«  + ») 

2a  i2  (a  — i) 


106 


FRACTIONS. 


NEGATIVE  EXPONENTS. 


and 


141 


Again, 


_ _1 
a~3  ~~  1 


Hence,  (1)  a quantity  with  a negative  exponent  is  equal 
to  the  reciprocal  of  the  same  quantity  with  a positive  expo- 
nent ; (2)  a quantity  with  a positive  exponent  is  equal  to  the 
reciprocal  of  the  same  quantity  with  a negative  exponent ; 
(3)  any  factor  may  he  transferred  from  one  term  of  a frac- 
tion to  the  other,  if  the  sign  of  its  exponent  he  changed. 

These  principles  are  in  accordance  with  that  explained  in 
Art.  68,  Sch.  1 ; for  it  has  been  shown  that  a positive  inte- 
gral exponent  indicates  the  number  of  times  the  quantity 
affected  by  it  is  to  be  used  as  a factor  ; hence  a negative  inte- 
gral exponent  ought  to  indicate  the  number  of  times  the 
quantity  is  to  be  used  as  a divisor.  Thus,  in  the  expression 
a2h3,  a2  is  to  be  multiplied  by  h3\  but  in  the  expression  a2b~3, 
the  exponent  — 3 indicates  that  h is  to  be  used  three  times 

as  a divisor,  for  a2b~3  — T • 
h3 

142.  The  rules  already  established  for  the  fundamental 
operations  are  applicable  to  expressions  containing  negative 
exponents.  Thus, 

3 a~2x~3 +2a~2x~3  — 5 a~2x~3; 


7a  2x  3 — 3 a 2x~3  = 4a  2x~3 ; 


NEGATIVE  EXPONENTS. 
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X arz  = a5-3  = a2,  for  a 5 x cc 


_s  — a5  x -»  = a2 ; 
a3 


a~ 5 x or 3 = a"8  = ~ , for  tr5  x a 3 = ^ x ^ 


— - = a5-(~3>  = a8,  for  — = = az 


= a_5_(~3)  = a~2  — — for  — 3 = 


a5  «d  az 


EXERCISES. 


1.  Find  the  sum  of  \ar2xr*  -f  \b~*y~\  \a~2x~3  + \b'Hy~2, 
\ar2x~3  + \h~xy~2,  and  20 a~2x~3  — b~hy~2. 

A ns.  20ff«~2^3  — f b~4y~2. 

2.  Subtract  }x~3  — 3x~2  + \x~x  — 1 from  \xr3  + 3x~2 

+ \x~x  + 1.  A ns.  -5% x~3  + 6jt2  + 2. 

3.  Multiply  — 3a-5  -f  2a~%~x  by  — 2a-3  — 3 cr%. 

Ans.  — ^a~^lb~x  + 9 ar3b. 

4.  Divide  3ax~3  by  2 ax~x.  Ans.  3x~2. 

5.  Divide  cr 3 — x~3  by  or 1 — x~x. 

Ans.  or2  -f  a~xx~x  + x~2. 

6.  Divide  a4  + a2  — cr2  — a~x  by  a2  — a~2. 

Ans.  a2  + 1 + ar2. 


7.  Show  that 


4:X2Z 

3ax~3 


4 x5z 
~3a 


8.  Show  that 


1 

axyz 


— a~x  x~x  y~x  z~\ 


CHAPTER  VI. 


DEFINITIONS  AND  GENERAL  PRINCIPLES  RE- 
LATING TO  EQUATIONS. 


143.  An  Identity  is  an  equation  whose  members  are 
either  identical,  or  may  be  made  identical  by  performing 
certain  indicated  operations.  Thus,  2 — 3x  — 2 — 3x, 


(a  — x )2  = a2  — 2 ax  + x2,  and  1 — 

identities.  X 


x 

1 + 2: 


are 


It  follows  from  the  definition  that 


The  members  of  an  identity  are  equal  for  all  values  that 
may  be  assigned  to  each  letter  which  it  contains. 

Thus  far,  the  student  has  been  almost  entirely  occupied 
with  identities.  Thus,  the  equations  in  Articles  80,  81, 
82  are  identities. 


144.  An  Equation  of  Condition  is  an  equation  whose 
members  are  equal  only  for  a limited  number  of  values  of 
each  letter  which  it  contains.  Thus,  x -+-  1 — 9 is  an 
equation  of  condition,  because  its  members  are  not  equal, 
unless  x — 8. 

An  equation  of  condition  is  called,  briefly,  an  equation. 

145.  An  Unknown  Quantity  of  an  equation  is  a letter 
to  which  a particular  value  or  values  must  be  given,  in  order 
that  its  members  may  become  identical.  Thus,  in  x2  — 5x 
= — 6,  x is  the  unknown  quantity,  and  the  members  of 
this  equation  will  become  identical,  if  3 or  2 be  substituted 
for  x. 


DEFINITIONS. 


109 


146.  An  Unknown  Term  of  an  equation  is  a term 
containing  an  unknown  quantity.  Thus,  tlie  unknown 
terms  of  x 2 — 5x  = — 6 are  x*  and  — 5x. 

147.  A Root  of  an  Equation  is  a quantity  which, 
when  substituted  for  an  unknown  quantity  in  it,  makes  the 
members  identical.  Such  a quantity  is  said  to  satisfy  the 
equation.  Thus,  the  roots  of  x2  — 5x  = — 6 are  3 and  2, 
for  33  — 5 x 3 = — 6,  and  22  — 5 x 2 = — 6. 

148.  To  Solve  an  Equation  is  to  find  its  root  or  its 
roots. 

149.  A Numerical  Equation  is  an  equation  in  which 
all  the  known  quantities  are  represented  by  numbers.  Thus, 
2x2  — 5x  = lOx  — 15  is  a numerical  equation. 

150.  A Literal  Equation  is  an  equation  in  which  the 
known  quantities  are  represented  entirely  or  in  part  by 
letters.  Thus,  ax  — l = cx  — d and  ax  + b — 3x  + 5 
are  literal  equations. 

151.  The  Degree  of  an  equation,  which  is  of  such  a 
form  that  no  unknown  quantity  occurs  under  the  radical 
sign  or  in  a denominator,  is  denoted  by  the  number  of  un- 
known factors  in  that  term  which  contains  the  greatest 
number  of  such  factors.  Thus, 

3x  — 2x  + 3 = 4 is  of  the  first  degree, 

x2  -f-  5x  = 6 “ “ second  “ , 

x2y  -f-  x2  — 5x  = 10  “ “ third  “ , 

xn  + axn~x  -f  ixn~2  — c “ “ ntJl  “ . 

152.  A Homogeneous  Equation  is  an  equation  whose 
unknown  terms  are  of  the  same  degree.  Thus, 

x2y  + y2x  ■=  25  is  homogeneous. 

15?>.  A Simple  Equation  is  an  equation  of  the  first 
degree. 
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EQUATIONS. 


154.  A Quadratic  Equation  is  an  equation  of  the 
second  degree. 

155.  A Cubic  Equation  is  an  equation  of  the  third 

degree. 

156.  Higher  Equations  are  equations  of  higher  de- 
grees than  the  second. 


TRANSFORMATION  OF  EQUATIONS. 

157.  To  T ransform  an  equation  is  to  change  its  mem- 
bers without  destroying  their  equality. 

Clearing  of  Fractions  and  Transposition  of  Terms  are  the 
principal  transformations. 

Only  two  hinds  of  changes  are  admissible  in  the  treatment 
of  equations : (1)  Such  as  do  not  affect  the  value  of  either 
member ; (2)  Such  as  affect  the  value  of  both  members 
equally. 

158.  To  clear  an  equation  of  fractions. 

Let  it  be  required  to  transform  the  equation 


into  another,  all  of  whose  terms  shall  be  entire. 

Multiplying  both  members  by  abc,  the  1.  c.  m.  of  the  de- 
nominators, 

cx  — ax  + abed  = abce  (64,  3). 

RULE. 

Multiply  both  members  of  the  given  equation  by  the  l.  c.  m. 
of  the  denominators. 


TRANSFORMATION  OF  EQUATIONS. 


Ill 


Cor.  It  is  evident  that  an  equation  may  be  cleared  of 
fractions  by  multiplying  both  of  its  members  by  any  multi- 
ple of  the  denominators.  Thus,  if  both  members  of  the 

equation  ^ ^ -f  cl  = e be  multiplied  by  cfrbc,  the  result 

• will  be  acx  — a2x  + a?bccl  = cdbce. 

Sch-.  If  the  given  equation  contains  a complex  fraction, 
that  fraction  should  be  reduced  to  a simple  one  before 
applying  the  rule. 


EX  ER  C IS  E S. 


Transform  each  of  the  following  equations  into  another, 
all  of  whose  terms  shall  be  entire : 

^ x x x _ . 

L a-3+Ia  + 3-4-  „ . ^ 

Ans.  6x  — 4x  -f-  x -f  24  = 48. 

, f-i 

Ans.  9a;2  — 144  = 10a;2  — 108. 


*'  f+'-s-s- 


Ans.  6a;3  + 4a;2  — 3a;  = 312. 
Ans.  8a;  + 12  = x 16. 


5.  I x + 13f  = 2x  — 9f.  Ans.  2a;  f 55  = 8a;  — 39. 

2a;  — 6 x — 4 3a; 

* 5 9 “ 13* 

Ans.  234a;  — 702  — 65a;  + 260  = 135a;. 
x 2x  — 2 _ 3a;  — 4 x 

7*  8 ~ 15  12* 

Ans.  15x  — 96a;  -j-  96  = 24a;  — 32  — 10a;. 

5„_  10 

x — Iff  2 — 6a;  _ y 4_ 

2 13  ^ 39 

Ans.  78a;  — 153  — 24  -f  72a;  = 15 6y  — 20 y + 10  — ay. 
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159.  To  transpose  a term  from  one  member  of  an 
equation  to  tlie  other. 

Let  it  be  required  to  transform  the  equation 

ax  — b — cx  — d (1) 

into  another  in  which  all  the  unknown  terms  shall  be  in 
the  first  member,  and  all  the  known  terms  in  the  second. 
Subtracting  cx  from  both  members  of  (1), 

ax  — cx  — b = — d (64,  3).  (2) 

Adding  b to  both  members  of  (2), 

ax  — cx  — b — d.  (3) 

This  result  may  be  obtained  by  removing  cx  from  the 
second  member  of  (1)  and  writing  — cx  in  the  other  mem- 
ber, and  by  removing  — b from  the  first  member  and 
writing  -j-  b in  the  other. 


RULE. 

Remove  the  term  which  is  to  be  transposed  from  the  mem- 
ber in  which  it  stands , and  write  its  negative  in  the  other 
member. 

EX  EH  C IS  E s. 

Transform  each  of  the  following  equations  into  another, 
the  first  member  of  which  shall  contain  all  the  unknown 
terms  and  the  second  member  all  the  known  terms: 


1.  2x  — 13  = 17  — x. 

2.  7x  + 6 = 6x  + 4. 

3.  AlX  — 2 = 9 — 3x. 

4.  5x  + 2a  = 3x  -j-  7b. 

5.  x — a = (a  — b)  x. 
0.  7x  — 4 — (3x  + 11) 


Ans.  2x  + x = 17  + 13. 
Ans.  7x  — 6x  = 4 — 6. 
Ans.  Ax  -f-  3x  — 9 + 2. 
Ans.  5x  — 3x  = 7b  — 2a. 
Ans.  x + (b  — a)  x = a. 
= 0. 

Ans.  7x  — 3x  — 11  + 4. 


TRANSFORMATION  OF  EQUATIONS. 
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7. 

8. 

9. 

10. 

11. 


12. 


2x  — 5 (1  — x)  — 8 = 0. 

Ans.  2x  + 5x  = 8 + 5. 
(2x  + 3)2  = — 8x.  Ans.  4a;2  + 12x  + 8x  = — 9. 
(a:2  — 16)  9 = 10a;2  — 108. 

Ans.  9x 2 — 10a;2  = 144  — 108. 

2x  x 4 

y — — 12 — a* 


2x  x 

Ans-  y-i2  = 1- 


3a;2 

by 

6 — 

IT 

6 

Ans. 

X 

a 

(x 

a) 

2 

6 

V3 

13  , „ a2 

y + 3 y-g- 


3z2 
' 4 " 

+1- 

Ans. 


% 

6 

a 

20 


13 

3 


= 0. 


x x _ a a 
3 + 4 — 6 + 20 


160.  Th.  If  the  sign  of  each  term  of  an  equation  be 
changed , the  equality  will  not  be  destroyed. 

Suppose  x — a = b — y; 

then,  by  transposition,  y — b = a — x; 

whence,  a — x = y — b (64,  6). 

This  theorem  may  also  be  proved  by  multiplying  or  di- 

viding both  members  of  an  equation  by  — 1 (64,  3). 


ICO 


CHAPTER  VII. 


SIMPLE  EQUATIONS. 


SIMPLE  EQUATIONS  WITH  ONE 
UNKNOWN  QUANTITY. 


161.  To  solve  a simple  equation  containing  only 
one  unknown  quantity. 


1.  Let  it  be  required  to  solve  the  equation 


4#  -j-  10  = 16  -{-  x. 

By  transposition,  4#  — x = 16  — 10 ; 
that  is,  3#  = 6 ; 

whence,  by  division,  x = | — 2 (64,  3). 

This  result  may  be  verified  by  substituting  2 for  x in  the 
given  equation.  Thus, 

4x2  + 10  = 16  + 2; 

that  is,  18  = 18. 


2.  Let  it  be  required  to  solve  the  equation 
§*  + 8*  - | = 103  + gz. 


Clearing  of  fractions, 

15#  + 144#  — 30  = 1854  + 2# ; 
by  transposition,  15#  + 144#  — 2#  = 1854  + 30; 
that  is,  157#  — 1884  ; 


1884  10 

* = W = 12' 


whence,  by  division. 


ONE  UNKNOWN  QUANTITY, 
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RULE. 

1.  Clear  the  equation  of  fractions , if  it  has  any. 

2.  Transpose  every  unknown  term  of  the  second  member 
to  the  first,  and  every  known  term  of  the  first  member  to  the 
second  ; then  reduce  each  member  to  its  simplest  form. 

3.  Divide  both  members  by  the  coefficient  of  the  unknown 
quantity. 

Sch.  Sometimes  it  is  advantageous  to  combine  similar 
terms  of  the  equation  before  clearing  of  fractions,  or  to 
clear  of  fractions  partially,  and  then  effect  some  reductions 
before  getting  rid  of  the  remaining  fractions. 


EX  E It  CIS  ES. 


1.  Solve 


Clearing  of  fractions, 

4x  + 1 — 42  = 3x ; 

by  transposition,  4x  — 3x  = 42  — 1 ; 
whence,  x = 41. 


Verification.  Putting  41  for  x in  the  given  equation, 
2 x 41  ,1  41  41  41 

-3“  + 6-7  = ¥’  or  prlai 


2.  Solve 


(2x  - 3)  7 
15 


i Clearing  of  fractions, 

[2x  — 3)  28  — 6 = 240  + 45x , 
that  is,  56x  — 84  — 6 = 240  + 45 x ; 

by  transposition,  56x  — 45#  ==  240  + 84  + 6 ; 
that  is,  llx  = 330 ; 


whence, 


116 


SIMPLE  EQUATIONS. 


Verification.  Putting  30  for  * in  the  given  equation, 

53  _ 53 
_ ~ 2 ’ 


(60  — 3)7  1 „ 90 

16 io  = 4 + T’  or  V 


0 q x -f-  7 2*  ■ — 16  2*  5 K1  3*  -j-  7 

O.  Solve  it H 1 — = H + 


11  3 

By  transposition, 

x + 7 2x, — 16  2*  + 5 

~U  3 + 4 

Multiplying  both  members  by  12, 
12*  + 84 


3x  + 7 
12 


12 


— 


11 


— 8*  + 64  + 6x  + 15  — 3x  — 7 = 64 ; 
12*  + 84 


by  transposition  and  reduction 


11 


5x  = 


8; 


multiplying  by  11,  12*  + 84  — 55*  = — 88  ; 

by  transposition  and  reduction,  — 43*  = — 172 

by  changing  signs,  43*  = 172; 

whence. 


172 

* = VS’  = 4' 


. 0 , lx  . a{x  — 2b)  a (a2  — b2)  2 

3a2  4 b2  2 bs  3 

By  transposition  and  reduction, 

bx  ax  __  1 2 ab  a (a2  — ¥) 

Qa2  ~ lb2  ~ 3 ~ fib2  W ; 

multiplying  by  4#3, 

A.Mr  A.T3 

~ 5-  - abx  = ~ — 2 ab2  - 2 a2  + 2 ab2: 
6a2  3 ' 

6a2  3 ’ 


that  is, 


ONE  UNKNOWN  QUANTITY 
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multiplying  by  6a2, 

4&4®  — 6ci3bx  = 8 a2?  — 12a5 ; 
whence,  (4?  — 6a3)  bx  — (4 b3  — 6a3)  2a2; 

dividing  by  4b3  — 6a3,  bx  =.  2 a2 ; 

, 2a2 

whence,  x — 


Solve  each  of  the  following  equations: 


5. 

17®  — 3 = 45  + 11®. 

Ans. 

x = 8. 

6. 

8®  — 5 = 13  — 7®. 

Am. 

® = H- 

7. 

2 (x  — 3)  = 3 (*  — 4). 

Ans. 

x = 6. 

8. 

Ans. 

II 

8 

9. 

13}  - | a*  2a  - 8}. 

Ans. 

® = 9. 

10. 

5a-14  = ^ + 2. 

Ans.  x = 

- IjV- 

11. 

5 ® 5 4® 

r-32-13=8  + ¥- 

Ans. 

® = 12. 

12. 

6a  — 23  = + 7 + 2a. 

/£ 

Ans. 

rH 

II 

13. 

14. 

15. 

16. 


9 -8a;  _ , B a + 3 
i"  3 _ 6 

„ 5®  x 4®  1 

**  + T-3— 6 = 4 


10 


25 


x + 3 


3x 


3a-6-^  = y-12}-5|. 
3x  5x  13  ® 

T“t-c,=Lsr  + te-r 


.4ras.  x — 3. 


_ 105 
“ 664' 


x = 2. 


-4  m*.  ® — 13  9£. 
•dws.  a:  = — 4. 


17. 
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SIMPLE  EQUATIONS. 


18. 


21  — 5x  2x  — 28 


5 


19. 

4 


16  = 


= - — x.  Ans.  x = 161. 

2d  5 

x + 1 x -f  2 


20. 


x x 
3 


x — 19 


7x  3x  3x  7x 

’10  5 4 + 8 


- 20. 

15. 


22.  3x  - | — 282  = | | - 2x. 

90  10  ,36  63a;  _ 33a: 

Z6‘  18  + 125  + "50“  “ ~2~' 


• Ans.  x = 13. 
Ans.  x = 23^. 
Ans.  x — 66f. 
Ans.  x = 72. 
Ans.  x = l-£. 


24. 

x a lx  a\  x a . 8a 

2~6\3  — 12/+4~20~  ' nS'  X ~ 25 


3)  +1  = 0. 
Ans.  x = 12. 


25 


26.  — - 4.  5. 

X X 


27.  3aa;  + 
x 


28. 


3 = bx  — a. 
a 


a a 


a + b 


Ans.  x = 
Ans.  x = 
a; 


3a  — 6 
4 

6 — 3a 
6a  — 25 
a2  (5  - a) 


29. 


1 a; 

5 — aa;  = T 

5 a 


5 (a  + 5) 

a:  = f • 
5 (a2  — 1) 

/y2/> 

30.  (a  -f  a;)  (5  -f-  a;)  — -7-  = a (5  + c)  + x 2. 

6 . ac 

^4ws.  x — 

b 


01  2a;  + a a:— 5 _ 3a;  (a— 5)2 

dl*  ~^-~b+~^b~ 


32. 


5 

52 — aa; 


• a;  = 


- = 5 


a2—bx 

a 


2ab 

a + 5 

. a25 

Ans.  x = -r— 
a2  + 52 


SOLUTION  OF  PROBLEMS. 
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33. 


34. 


® _ ^zi  _ I /?  _ *\  - o 
6 3 3 \5  3/  ~ ' 


9 ^ 16  "r 


4 


= 60* 


Ans.  x = |. 


12 


-2|®. 


Arcs.  a:  = 2L 


SOLUTION  OF  PROBLEMS. 

162.  A Condition  of  a problem  is  the  relation  which 
exists  between  any  two  or  more  of  the  quantities  involved 
in  the  problem. 

An  Explicit  Condition  is  a condition  stated  in  the 
enunciation  of  the  problem. 

An  Implicit  Condition  is  a condition  deduced  from  one 
or  more  of  the  explicit  conditions. 

163.  The  solution  of  a problem  by  Algebra  consists  of 
two  parts  : 

1st.  The  Algebraic  Statement,  which  consists  in  express- 
ing, in  algebraic  language,  the  condition  or  conditions  of 
the  problem.  This  part  of  the  process  is  sometimes  called 
putting  the  problem  into  an  equation  or  into  equations. 

2d.  The  Solution  of  the  Equation  or  Equations. 

EXERCISES  IN  EXPRESSING  QUANTITIES. 

164.  Success  in  putting  problems  into  equations  depends 
largely  upon  facility  in  expressing  quantities  by  means  of 
algebraic  symbols.  Therefore  the  student  should  be  drilled 
in  such  exercises  as  the  following: 

I.  If  x represents  the  number  of  dollars  in  a certain  sum 
of  money,  express 

(1)  Its  double,  less  S3. 

(2)  Half  its  value,  less 


Ans.  — 3. 
A ns.  \x  — £. 
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SIMPLE  EQUATIONS. 


(3) 


The  number  of  dimes  in  one-third  of  it. 


. 10# 
Ans.  -g— 


i 


(4)  The  number  of  dimes  left  after  paying  out  25  cents. 

Ans.  lOx  — 2|-. 

(5)  One  man’s  share,  if  three  times  the  amount,  in- 
creased by  $5,  is  divided  equally  among  9 men. 


Ans. 


3x  + 5 
9 


(6)  A boy’s  share,  if  the  amount,  increased  by  50  cents, 

is  divided  among  3 boys.  . x + | 

& J Ans.  ' 

(7)  The  price  of  one  loaf,  if  the  amount  buys  10  loaves. 


Ans. 


x 

10* 


(8)  The  charge  per  mile,  if  the  amount  buys  a railway 

ticket  for  33  miles.  . x 

Ans.  — • 

33 

(9)  The  charge  for  11  miles,  at  the  same  rate. 

^ I’ 


II.  If  x represents  the  number  of  years  in  a man’s  age, 
express 

(1)  His  age  5 years  ago.  Ans.  x — 5. 

(2)  His  age  5 years  hence.  Ans.  x -}-  5. 

(3)  The  present  age  of  his  wife,  whose  age  was  two-thirds 

of  his  ten  years  ago.  . 2x  + 10 

o 

%x  -j-  40 

(4)  The  age  of  his  wife  10  years  hence.  Ans.  

O 


III.  If  x represents  the  number  of  yards  in  the  length  of  a 
line,  express 

x 1 

(1)  Its  half,  diminished  by  an  inch.  Ans.  — — • 


SOLUTION  OF  PROBLEMS. 
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(2)  111  feet,  diminished  by  three  times  the  length. 

Ans.  37  — 3x  yds. 

(3)  The  result  obtained  by  taking  from  the  length  one- 

half  of  it,  one  inch,  and  one-fifth  of  the  remainder. 

A 2x  1 

Ans.  — — yds. 

) 5 45  J 

1 (4)  The  time  required  to  traverse  it,  at  the  rate  of  a 

yards  per  minute.  . x 

J Ans.  - minutes. 

a 

(5)  The  time  required  to  traverse  it  by  a man  walking 

at  the  rate  of  a miles  in  c hours.  . cx 

Ans.  - hours. 
1760a 

IY.  If  a train  moves  at  the  rate  of  x miles  an  hour, 

(1)  How  far  does  it  go  in  20  minutes?  Ans.  ~ miles. 

O 

(2)  How  far  does  it  go  in  a hours?  Ans.  ax  miles. 

(3)  How  far  does  it  go  in  the  time  that  a man,  who  walks 


a miles  per  hour,  takes  to  walk  a mile  ? 


Ans.  - miles. 
a 


(4)  How  far  does  it  go  in  the  time  the  same  man  takes 


to  walk  i miles  ? 

(5)  How  long  does  it  take  to  go  a mile  ? 


Ans.  — miles. 
a 


Ans.  - of  an  hour. 

x 


(6)  How  long  does  it  take  to  go  b miles? 

Ans.  - hours. 
x 

(7)  How  long  does  it  take  to  go  the  distance  which  a 

man,  who  walks  a miles  an  hour,  goes  in  15  hours  and  20 

minutes?  . 46a. 

Ans.  hours. 

oX 


(8)  What  is  its  rate  per  minute?  Ans.  ^ of  a mile. 
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(9)  What  is  its  rate  per  minute  in  feet  ? Ans.  88a;  feet. 

(10)  If  the  train  is  a yards  long,  how  many  minutes  does 


it  take  to  pass  a given  post  ? 


A 

Ans ■ m 


(11)  How  many  minutes  does  it  take  to  pass  another 


train,  b yards  long,  at  rest  ? 


Ans. 


3 (a  + V) 

88a; 


. ax 

Ans ■ Too' 


V.  (1)  Express  x per  cent,  of  a. 

(2)  If  x per  cent,  of  l is  c,  what  is  x per  cent,  of  a ? 


. ac 
Ans.  -r- 
b 

(3)  What  must  a merchant  charge  for  an  article  which 

cost  him  $x,  in  order  to  make  5 per  cent,  profit  on  it  ? 

. . 21a; 

Ans.  $w 

(4)  If  x gallons  of  wine  be  taken  out  of  a full  cask  that 
holds  a gallons,  and  the  cask  be  then  filled  with  water,  how 
many  gallons  of  wine  will  there  be  in  b gallons  of  the  mix- 

ture?  Am.  (“=*)& 


EXERCISES  IN  SOLVING  PROBLEMS. 

165.  1.  If  13  be  added  to  the  double  of  a certain  num- 
ber, the  sum  will  be  57.  What  is  that  number  ? 

Let  x denote  thh  required  number ; then  2a;  will  be  the 
double  of  that  number,  and  2a;  + 13  will  be  the  sum  ob- 
tained by  adding  13  to  the  double  of  the  number.  By  the 
condition  of  the  problem,  this  sum  is  equal  to  57  ; 


whence, 


2a;  + 13  = 57; 
X r=  22. 


SOLUTION  OF  PROBLEMS. 
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2.  If  one-tliird  of  a certain  number  be  added  to  one-half 
of  it,  the  sum  will  be  30.  What  is  that  number  ? 


the  sum  of  one-half  of  that  number  and  one-third  of  it. 
By  the  problem,  this  sum  is  equal  to  30 ; 


3.  The  sum  of  one-half  of  a number,  one-third  of  it,  and 
5 is  equal  to  twice  the  number, ' diminished  by  30.  What  is 
that  number  ? 


be  the  sum  of  one-half  of  that  number,  one-third  of  it,  and 
5 ; and  2x  — 30  will  be  twice  the  number,  diminished  by  30. 
By  the  problem,  these  expressions  are  equal ; 


4.  A took  from  a purse  $15  and  one-sixth  of  the  remain- 
der ; then  B took  $12  and  one-fourth  of  the  remainder ; 
they  then  found  that  they  had  taken  equal  amounts.  How 
many  dollars  were  in  the  purse  at  first  ? 

Let  x = the  number  of  dollars  in  the  purse  at  first  ;•  then 
15  + £ (x  — 15)  = the  number  of  dollars  A took  ; and  the 
number  of  dollars  remaining  is  x — [15  +•§-(£  — 15)]  = 
£ ( x — 15) ; hence  B took  12  -f  \ [£  (x  — 15)  — 12]. 


...  15  + £ (x  - 15)  = 12  + i [£  (; x - 15)  - 12]  ; 
whence,  15  + £ (x  — 15)  = .12  + ( x — 15)  — 3; 


Let  x denote  the  required  number ; then  | | will  be 


whence, 


x — 36. 


Let  x denote  the  required  number ; then  | f + 5 will 

Z o 


whence, 


/.  | + | + 5 = 2z-30; 
x = 30. 


whence, 


x = 159. 
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5.  Three  persons,  A,  B,  and  C,  owned  a ship’s  cargo. 
A owned  one-fourth,  B,  one-fifth,  and  C’s  share  was  worth 
$1100.  What  were  A’s  and  B’s  shares  worth  ? 

Let  x = the  yalue  of  the  whole  cargo ; 

then  % = the  yalue  of  A’s  share, 

4 ’ 

cc 

and  - = the  yalue  of  B's  share : 

5 

.*.  ^ ^ + 1100  = x (64,  1) ; 


whence,  x = 2000; 

hence,  A’s  share  is  worth  $500,  and  B’s,  $400. 


6.  Divide  the  number  75  into  two  parts,  one  of  which 
shall  be  4 times  the  other. 

Let  x = the  smaller  part ; 

then  4x  = the  greater; 

x + 4x  = 75  ; 

whence,  x = 15,  and  4x  = GO. 

7.  Divide  the  number  a into  two  parts,  one  of  which 
shall  be  m times  the  other. 


Let 

then 


x — the  smaller  part ; 
mx  = the  greater ; 


whence, 


x -f  mx  = a ; 

_ a 
~ 1 -f  m’ 


and 


mx  — 


am 

1-1 - m 


As  a and  m are  general  symbols,  the  solution  of  this 
problem  furnishes  formulas  which  may  be  used  in  solving 
any  similar  problems.  For  example,  to  obtain  the  answer 
to  Prob.  6,  substitute  75  for  a,  and  4 for  m.  Thus, 


75  i k a A 75  x 4 

ryy  = 15’  and  ix  = t*4'  = 60- 


X = 
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A problem  involving  particular  numbers  is  said  to  be 
generalized  when  general  symbols  are  used  instead  of  those 
numbers.  Thus,  Prob.  6 is  generalized  by  putting  a in- 
stead of  75,  and  m instead  of  4. 

8.  A ship  sails  with  a supply  of  biscuit  for  60  days,  at  a 

daily  allowance  of  1 lb.  per  head  ; after  being  at  sea  20  days, 
she  encounters  a storm,  in  which  5 of  her  crew  are  lost,  and 
damage  sustained  which  will  cause  a delay  of  24  days,  and 
it  is  found  that  each  man’s  allowance  must  be  reduced  to. 
-f-  lb.  Find  the  original  number  of  tlie  crew. 

Let  x =.  the  number  of  men  in  the  crew  at  first; 

then  GO#  = the  number  of  lbs.  of  biscuit  on  sailing, 

and  40#  = “ “ “ “ 20  days  later. 

After  the  storm,  the  number  of  men  in  the  crew  was 
# — 5,  and  they  had  to  remain  at  sea  64  days,  at  a daily 
allowance  of  f lb.  per  head. 

In  that  time  they  used  -f  (#  — 5)  64  lbs.  of  biscuit ; then, 
since  they  used  all  that  remained  at  the  end  of  20  days,  it 
follows  that 

40#  = -f  (#  — 5)  64 ; 
whence,  # = 40. 

9.  A ship  sails  with  a supply  of  biscuit  for  a days,  at  a 
daily  allowance  of  m lbs.  per  head;  after  being  at  sea  b days, 
she  encounters  a storm,  in  which  n of  her  crew  are  lost,  and 
damage  sustained  which  will  cause  a delay  of  c days,  and  it 
is  found  that  each  man’s  allowance  must  be  reduced  to  p lbs. 
Find  the  original  number  of  the  crew. 

Let  # = the  number  of  men  in  the  crew  at  first ; 

then  max  = the  number  of  lbs.  of  biscuit  on  sailing, 

and  m (a — b)  x = “ “ “ “ b days  later. 

After  the  storm,  the  number  of  men  in  the  crew  was 
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x — n,  and  they  had  to  remain  at  sea  a — b + c days,  at  a 
daily  allowance  ofy>  lbs.  per  head. 

In  that  time  they  used  p (x  — n)  (a  — b + c ) lbs.  of  bis- 
cuit; then,  since  they  used  all  that  remained  at  the  end  of 
b days,  it  follows  that 


m (a  — b)x  — p {x  — n)  (a  — b + c) ; 

. np  (a  — b + c) 

whence,  x = r— -7 

(p  — m ) (a  — b)  + cp 

If  a — 60,  m — 1,  b — 20,  n = 5,  c = 24,  and  p = -f ; 

5 x 4(60  — 20  + 24)  W x 64 


then  £ 


(4-i)'(60l 

25  x 64 
“ - 80  + 120 


•20)  + 24x4  (-4)40  H 


1- 1$*- 


1600 

40 


= 40. 


10.  If  I add  845  to  the  money  in  my  purse,  it  will  then 

contain  four  times  as  much  as  it  now  does.  What  is  the 
sum  in  my  purse  ? Ans.  815. 

11.  If  one-fourth  of  a certain  number  be  added  to  one- 
seventh  of  it,  the  sum  will  be  176.  What  is  that  number  ? 

A ns.  448. 

12.  A and  B together  gave  850  for  charitable  purposes, 
A contributing  812  more  than  B.  What  did  each  give? 

Ans.  A,  831 ; and  B,  |19. 

13.  One-sixth  of  a certain  number  exceeds  one-tenth  of 

it  by  28.  What  is  that  number  ? Ans.  420. 

14.  A man’s  age  is  three  times  that  of  his  son,  and  the 
sum  of  their  ages  is  48  years.  What  is  the  age  of  each  ? 

Ans.  Man’s,  36  years  ; son’s,  12  years. 

15.  A,  B,  and  0 together  gave  8150  for  charitable  pur- 
poses, A contributing  $10  more  than  B,  and  C,  825  more 
than  A.  What  did  each  give  ? 

Ans.  A,  $45 ; B,  835  ; C,  870. 

16.  Divide  40  into  two  parts,  so  that  one  part  shall  be 

three-fifths  of  the  other.  Ans.  15,  25. 
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17.  Divide  60  into  two  parts,  so  that  one-third  of  one 
part  shall  be  equal  to  one-half  of  the  other.  Ans.  36,  24. 

18.  Divide  192  into  two  parts,  so  that  one-half  of  the 
greater  shall  exceed  one-third  of  the  less  by  21. 

Ans.  102,  90. 

19.  If  36  be  subtracted  from  a certain  number,  the  re- 

mainder will  be  two-fifths  of  that  number.  What  is  the 
number  ? Ans.  60. 

20.  A man’s  age  is  42  years,  and  the  age  of  his  son  is 

6 years ; in  how  many  years  will  the  father  be  three  times 
as  old  as  his  son  ? Ans.  12. 

21.  A’s  age  is  72  years,  and  B’s  age  is  48  years.  How 
many  years  since  A was  five  times  as  old  as  B ? Ans.  42. 

22.  A man  is  four  times  as  old  as  his  son;  but  twelve 
years  ago  he  was  sixteen  times  as  old.  What  are  their  ages  ? 

Ans.  60  years,  and  15  years. 

23.  Bind  a number,  such  that  one  half  of  it  exceeds  100 
as  much  as  one-third  of  it  is  exceeded  by  100.  Ans.  240. 

24.  The  difference  between  two  numbers  is  20,  and  one- 

seventh  of  the  greater  exceeds  one-tenth  of  the  less  by  5. 
What  are  the  numbers  ? Ans.  70  and  50. 

25.  The  difference  between  two  numbers  is  10,  and  half 

of  one  of  them  is  greater  than  twice  the  other  by  2.  What 
are  the  numbers  ? Ans.  12  and  2. 

26.  Divide  70  into  two  parts,  such  that  the  sum  of  the 

quotients  obtained  by  dividing  one  part  by  2 and  the  other 
by  3 shall  be  31.  Ans.  46  and  24. 

27.  A’s  annual  income  is  $450  less  than  B’s ; A lays  by 

half  of  his,  and  thereby  saves  in  two  years  $200  more  than 
B,  who  lays  by  only  one-sixth  of  his  income.  What  was  the 
income  of  each?  Ans.  A’s,  $525;  B’s,  $975. 

28.  A man  sold  180  acres  more  than  one-sixth  of  his  es- 
tate, and  had  remaining  20  acres  less  than  one-third  of  it. 
Of  how  many  acres  did  the  estate  consist?  Ans.  320. 
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29.  A man  bought  a case  of  oranges  at  24  cts.  a dozen  ; 

he  found  50  spoiled,  and  selling  the  remainder  at  the  rate 
of  3 for  8 cts.,  made  $5.16  profit:  how  many  oranges  were 
in  the  case  ? Ans.  974. 

30.  A was  sent  on  an  errand  to  a neighboring  village ; 
when  he  had  been  gone  8 minutes,  B ran  after  him  with  a 
forgotten  parcel,  and,  by  going  twice  as  fast  as  A,  overtook 
him  a mile  from  home : at  what  rate  did  A travel  ? 

Ans.  3£  miles  per  hour. 

31.  If  A can  perform  a piece  of  work  in  9 days,  and  B in 

12  days,  in  what  time  will  they  perform  it,  if  they  work 
together?  Ans.  5 if- days. 

32.  A colonel  on  attempting  to  arrange  his  men  in  the 

form  of  a solid  square  found  that  he  had  31  men  over,  and 
that  he  could  add  one  more  man  to  each  side  of  the  square, 
if  he  had  24  men  more  in  his  regiment : how  many  men  were 
there  in  the  regiment  ? Ans.  760. 

33.  A starts  from  a certain  place,  and  travels  at  the  rate 

of  7 miles  in  5 hours ; B starts  from  the  same  place  8 hours 
after  A,  and  travels  in  the  same  direction  at  the  rate  of  5 
miles  in  3 hours  : how  far  will  A travel  before  he  is  over- 
taken by  B ? Ans.  70  miles. 

34.  If  20  men,  40  women,  and  50  boys  receive  $250  among 

them  for  a week’s  work,  and  2 men  receive  as  much  as  3 
women  or  5 boys,  what  does  each  woman  receive  for  a week’s 
work?  Ans.  $2.50. 

35.  Divide  100  into  two  such  parts  that  the  difference  of 

their  squares  shall  be  1000.  Ans.  55  and  45. 

36.  Two  persons  who  are  154  miles  apart  start  at  the  same 
time  with  a design  to  meet ; one  travels  at  the  rate  of  3 miles 
in  2 hours,  and  the  other  at  the  rate  of  5 miles  in  4 hours : 
when  will  they  meet  ? Ans.  56  hours  after  starting. 

37.  A,  B,  and  0 together  can  perform  a piece  of  work  in 
24  days ; A can  do  half  as  much  work  as  B,  and  B can  do 
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half  as  much  as  C : in  what  time  could  each  alone  perform 
the  work  P 

Ans.  A,  in  168  days;  B,  in  84  days  ; C,  in  42  days. 

38.  A market  woman  bought  a certain  number  of  eggs  at 
the  rate  of  5 for  two  cents;  she  sold  half  of  them  at  the  rate 
of  2 for  a cent,  and  half  at  the  rate  of  3 for  a cent,  and 
gained  4 cts:  how  many  eggs  did  she  buy  ? Ans.  240. 

39.  A man  divided  his  estate  among  his  four  children, 
A,  B,  C,  and  D ; to  A he  gave  $800  less  than  half  of  the 
estate,  to  B $120  more  than  one-fourth  of  it,  to  0 half  as 
much  as  to  A,  and  to  D two-thirds  as  much  as  to  B : how 
much  did  he  give  to  each  ? 

Ans.  To  A $2200,  to  B $1620,  to  C $1100,  to  D $1080. 

40.  A man  walking  at  the  rate  of  4 miles  an  hour  observes 

that  a train  88  yards  long  passes  him  in  5 seconds : at  what 
rate  is  it  moving  ? Ans.  40  miles  an  hour. 

41.  An  estate  of  864  acres  was  divided  among  A,  B,  and 
C,  so  that  A’s  share  was  A of  B’s,  and  C’s  share  was  equal 
to  the  sum  of  the  others.  Find  the  shares. 

Ans.  135  A.,  297  A.,  432  A. 

42.  In  a half-mile  walking  match  between  A and  B,  A 
won  by  155  yards.  B’s  step  was  5 inches  longer  than  A’s, 
but  A made  16  steps  while  B made  11.  Find  A’s  step. 

Ans.  inches. 

43.  A train  66  yards  long,  which  had  come  50  miles  from 
the  terminus  in  one  hour,  met  another  110  yards  long,  which 
it  passed  in  5 seconds  ; at  what  rate  was  the  latter  moving, 
and  where  will  it  meet  a freight  train,  moving  at  the  rate 
of  20  miles  an  hour,  which  left  the  terminus  half-an-hour 
after  the  first  ? 

Ans.  22  miles  per  hour ; 29^  miles  from  terminus. 

44.  A person  walked  to  the  top  of  a mountain  at  the  rate 
of  2^-  miles  an  hour,  and  down  the  same  way  at  3-§-  miles  an 
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hour,  and  was  out  5 hours.  Find  the  distance  to  the 
summit.  Ans.  7 miles. 

45.  A farmer  calculated  that  he  had  sufficient  food  to 
support  p cows  through  the  winter.  After  feeding  them  9 
days,  the  cattle  plague  broke  out  and  carried  off  r of  them 
daily  for  4 days.  In  consequence  also  of  a long  continuance 
of  frost  he  was  obliged  to  feed  the  remaining  stock  three  days 
longer  than  he  had  expected,  when  the  food  was  exhausted. 
How  many  days  would  the  food  have  lasted  had  no  deaths 


occurred  ? 


Ans. 


3 p + 30r 
4r 


46.  If  m women  can  do  the  work  of  n boys,  and  if  p men 
can  do  the  work  of  q women,  what  is  a woman’s  share 
of  $500,  which  is  paid  to  c boys,  b women,  and  a men  for 


doing  a piece  of  work  ? 


Am. 


500 np 


naq  + nbp  + mcp 


dollars. 


SIMPLE  SIMULTANEOUS  EQUA- 
TIONS. 

166.  The  equation 

ax  + by  = c, 

in  which  a,  b,  and  c may  be  either  positive  or  negative, 
integral  or  fractional,  may  be  considered  as  the  standard 
form  for  simple  equations  containing  only  two  unknown 
quantities,  for  all  such  equations  may  be  reduced  to  that 
form  ; the  equation 

ax  + by  + cz  = d 

may  be  considered  as  the  standard  form  for  simple  equations 
containing  only  three  unknown  quantities  ; and  so  on. 

Thus,  by  clearing  of  fractions,  transposing,  and  uniting 
similar,  terms,  the  equation 
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y 


x — 2 10  — x _ 

5^  3 ~ _ 4 

can  be  reduced  to  32#  — 15?/  = 74, 


— 10 


x + z — 2 y 


z — y — 1 
2 

— 3. 


and  the  equation 
can  be  reduced  to  2 x — y — z 

167.  Simultaneous  Equations  are  equations  which 
are  to  be  satisfied  by  the  same  values  of  the  unknown 
quantities. 

168.  Suppose  we  have  an  equation  containing  two  un- 
known quantities ; for  example, 

2x  + 3y  = 13.  (1) 

For  every  value  which  may  be  assigned  to  one  of  the 
unknown  quantities  we  can  determine  the  corresponding 
value  of  the  other,  and  thus  find  as  many  pairs  of  values  as 
we  please.  Thus, 

if  y — 2,  then  x = 3^; 

if  y = 3,  then  x = 2 ; 

if  2/  = 4,  then  x = \ \ and  so  on. 

But  suppose  we  have  a second  equation,  as 

3x  -f  2y  = 12,  (2) 

which  is  also  to  be  satisfied. 

Although  the  equation,  considered  by  itself,  may  be  satis- 
fied by  an  infinite  number  of  pairs  of  values  of  x and  y,  yet 
there  is  only  one  pair  of  these  values  that  will  satisfy  both 
equations  simultaneously  ; for  multiplying  (1)  by  2 and  (2) 
by  3,  we  have 

4x  + Sy  = 26,  (3) 

9x  + 6y  = 36.  (4) 

Subtracting  (3)  from  (4),  5x  — 10  (64,  3); 
whence,  x = 2. 
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The  value  of  y may  now  be  found  by  substituting  3 for  x 
in  either  of  the  given  equations.  Substituting  3 for  x in  (1), 

4 + 3y  = 13 ; 

whence,  y = 3. 

Hence,  if  both  equations  are  to  be  satisfied  at  the  same 
time,  x must  be  equal  to  3,  and  y must  be  equal  to  3. 

169.  It  is  sometimes  impossible  to  satisfy  two  or  more 
equations  involving  two  or  more  unknown  quantities  by  the 
same  values  of  the  unknown  quantities.  Thus, 

2x  + 3y  = 7,  (1) 

and  4z  + 6y  = 13  (3) 

cannot  be  satisfied  by  the  same  values  of  x and  y,  for  the 
first  member  of  (3)  is  double  the  first  member  of  (1),  if  x 
and  y have  the  same  values  in  the  two  equations  ; but  the 
second  member  of  (3)  is  not  double  the  second  member  of  (1). 

Such  equations  are  said  to  be  Contradictory,  or  Incom- 
patible. 

170.  Two  equations  are  said  to  be  Independent,  if 
neither  of  them  can  be  deduced  from  the  other.  Thus, 

x + dy  = 19  and  3#  -f  5 y = 33 
are  independent. 

Independent  equations  express  conditions  essentially 
different. 

171.  Two  equations  are  said  to  be  Dependent,  if  either 
of  them  can  be  deduced  from  the  other.  Thus, 

x + Sy  = 19  and  Sx  + 9y  = 57 
are  dependent,  for  the  second  may  be  deduced  from  the  first 
by  multiplying  both  of  its  members  by  3, 

Dependent  equations  express  the  same  conditions  under 
different  forms. 
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ELIMINATION. 

172.  To  Eliminate  an  unknown  quantity  from  two 
equations  is  to  combine  tbe  two  equations  in  such  a manner 
as  to  obtain  a third  equation  which  shall  not  contain  that 
unknown  quantity. 

ELIMINATION  BY  ADDITION  OR  SUB- 
TRACTION. 

173.  1.  Let  it  be  required  to  eliminate  y from  the  equa- 
tions 

5x  + 4y  — 23,  (1) 

2x  — 3 y = 12.  (2) 

Multiplying  (1)  by  3,  and  (2)  by  4, 

15%  -+-  12 y m 69,  (3) 

8*  — 12  y = 48.  (4) 

Adding  (3)  and  (4),  23*  1 117. 

In  this  example,  y has  been  eliminated  by  addition. 


2.  Let  it  be  required  to  eliminate  y from  the  equations 


6%  + 21  y = 87, 

(1) 

3%  + 5y  = 27. 

(3) 

Dividing  (1)  by  3,  2%  + 7 y — 29. 

(3) 

Multiplying  (3)  by  5,  and  (2)  by  7, 

10*  + 35  y = 145, 

(4) 

21*  35  y = 189. 

(5) 

Subtracting  (4)  from  (5),  11%  — 44. 

In  this  example,  y has  been  eliminated  by  subtraction. 
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3.  Let  it  be  required  to  eliminate  y from  the  equations 

x — 2 10  — x y — 10 

5 3 4 * 

3 + 13  2 x + y 4 + 2 y 

4 1 8 — 3 

(2) 

Reducing  these  equations  to  the  standard  form 
obtain 

(166),  we 

323  — 15 y = 74 

(3) 

123  — 13  y = — 46. 

(4) 

Multiplying  (3)  by  13,  and  (4)  by  15, 


41  Go;  — 195  y = 962, 

1803  — 195  y = — 690. 

Subtracting  (6)  from  (5),  2363  = 1652. 

RULE. 

1.  Reduce  the  given  equations  to  the  standard  form  (166). 

2.  Prepare  them , by  multiplication  or  division,  so  that  the 
coefficients  of  the  quantity  to  he  eliminated  shall  he  numeri- 
cally equal. 

3.  If  these  coefficients  have  like  signs,  subtract  one  of  the 
equations  from  the  other  ; hut  if  they  have  unlike  signs,  add 
the  equations. 

Sch.  1.  In  preparing  the  equations  by  multiplication, 
it  is  best  to  divide  the  1.  c.m.  of  the  coefficients  of  the  quan- 
tity to  be  eliminated  by  each  of  these  coefficients;  the 
quotients  thus  obtained  will  be  the  least  multipliers  that 
can  be  used. 

Sch.  2.  It  is  generally  convenient  to  clear  the  equations 
of  fractions,  if  they  have  any.  This  is  not  necessary,  how- 
ever; for,  if  the  quantity  to  be  eliminated  has  fractional 
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coefficients  in  the  two  equations,  they  may  be  reduced  to 
equivalent  fractions  having  a common  denominator.  These 
equations  may  then  be  prepared  for  elimination  by  multi- 
plication or  division,  according  to  the  second  step  in  the 
rule.  Thus,  if  it  be  required  to  eliminate  y from  the  equa- 
tions 

P + \y  = 16,  (i) 

P-\ y = so,  (2) 

we  may  proceed  as  follows  : 

1 — ~6 h an(l  f — t j 

hence,  (1)  and  (2)  may  be  expressed  thus, 


P + ¥y  = 16, 

(3) 

p — fy  = 20. 

(1) 

Multiplying  (3)  by  4,  and  (4)  by  21, 

-f  14 y = 64, 

(5) 

x — 14  y = 420. 

(6) 

Adding  (5)  and  (6),  3t£-z  = 484. 

ELIMINATION  BY  SUBSTITUTION. 

474.  Let  it  be  required  to  eliminate  y from  the  equations 
5x  + = 23,  (1) 

2x  -f  3y  = 12.  (2) 

23  — 5x 


From  (1), 


y m 


Substituting  --------  for  y in  (2), 

8g8-fa)  = Uj 


In  this  example,  y has  been  eliminated  by  substitution. 
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RULE. 

From  one  of  the  given  equations  find  the  value  of  the 
quantity  to  he  eliminated,  in  terms  of  the  other  quanti- 
ties in  that  equation;  then  substitute  this  value  for  the 
same  quantity  in  the  other  equation. 


ELIMINATION  BY  COMPARISON. 

175.  Let  it  be  required  to  eliminate  y from  the  equations 
12x  — 13y  = 10,  (1) 

9x  + 28  y = 83.  (2) 


From  (1), 
from  (2), 


V = 


y 

12a  — 10 


12a  — 10 
13 

83  —9a 


28 

83  — 9x 


(64,  2). 


13  28 

In  this  example,  y has  been  eliminated  by  comparison. 


RULE. 

From  each  of  the  given  equations  find  the  value  of  the 
quantity  to  be  eliminated,  in  terms  of  the  other  quanti-, 
ties  ; then  equate  the  values  thus  found. 

Sch.  It  is  sometimes  convenient  to  eliminate  by  finding, 
from  each  equation,  the  value  of  some  expression  containing 
the  quantity  to  be  eliminated,  in  terms  of  the  other  quanti- 
ties, and  equating  the  values  thus  found.  For  example,  let 
it  be  required  to  eliminate  y from  the  equations  5x  -f  2 
+ 3 y = 25  and  8a  — (2  + 3 y)  = 18. 

From  the  first  equation,  2 4-  3^  = 25  — 5a,  and  from 
the  second,  2 + ?>y  — Sx  — 18 ; 

25  — 5x  = 8x  — 1G. 


TWO  UNKNOWN  QUANTITIES. 
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PAIRS  OF  SIMPLE  EQUATIONS 

CONTAINING  ONLY  TWO  UNKNOWN  QUAN- 
TITIES. 


176.  To  solve  a pair  of  simple  equations  contain- 
ing- only  two  unknown  quantities. 

1.  Let  it  be  required  to  solve  the  equations 


5x  + 4 y = 23,  (1) 

2x  + 3y  = 12.  (2) 

Multiplying  (1)  by  3,  and  (2)  by  4, 

15x  + 12  y = 69,  (3) 

8x  + 12  y — 48.  (4) 


Subtracting  (4)  from  (3),  lx  = 21  ; 

whence,  x — 3. 

Hence,  by  (2),  6 -f  3y  = 12  ; 

whence,  y — 2. 


2.  Let  it  be  required  to  solve  the  equations 


* + y x~y  o 

2 3 “ 8’ 

(1) 

x + y x — y 

~ 3 4 " r 5' 

(2) 

Clearing  these  equations  of  fractions  and  uniting  similar 
terms, 

x + 5 y = 48,  (3) 

x + 1 y = 60.  (4) 

Subtracting  (3)  from  (4),  2y  = 12 ; 

whence,  y = 6. 

Hence,  by  (4),  x + 42  = 60 ; 

whence,  x = 18. 
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3.  Let  it  be  required  to  solve  the  equations 

12*  — 13  y = 10, 

0) 

9*  + 28  y — 83. 

(«) 

From  (1), 

12*  — 10 
y=  is  • 

(3) 

Substituting  ^ for  y in  (2), 

lo 

9*  -f 

28  (18*  - 10)  eo 
13  =83’ 

whence,  117*  + 336*  — 280  = 1079 ; 

whence, 

453*  = 1359; 

whence, 

* = 3. 

Hence,  by  (3), 

36-10  _ 

y=  18  - - *• 

4.  Let  it  be  required  to  solve  the  equations 

* ,y  _ iq 
5 + 6 “ 18j 

(1) 

x__v_-  2i 

2 4 “ ^ • 

(2) 

From  (1), 

II 

o 

00 

*1$ 

(3) 

from  (2), 

II 

8 

1 

00 

> 

(4) 

hT 

. 2*  — 84  — 108  — ~ ; 

whence, 

& 

II 

05 

O 

Hence,  by  (4), 

CO 

co 

II 

00 

1 

£ 
T” H 

II 

5.  Let  it  be  required  to  solve  the  equations 

*?-“  = 3. 
* y 

(1) 

(2) 

Multiplying  (1)  by  3,  and  (2)  by  2, 
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^ + ^ = 24, 
x y 

— — — = 6. 

* y 

cm 

Adding  (3)  to  (4),  — = 3°; 


whence. 


- = or  x 


3’ 


Substituting  ^ for  - in  (1), 

O X 


8 


whence. 


i+yW; 
1 1 


- H or  y = 2. 
y 2 * 


(3) 

(4) 


If  x and  y are  regarded  as  the  unknown  quantities,  (1) 
and  (2)  do  not  properly  belong  to  the  present  chapter ; for 
clearing  them  of  fractions,  we  obtain 


12y  + 8&  ±=  8 xy. 


27  y — 12x  = 3 xy, 

which  are  equations  of  the  second  degree.  But  if  ^ and  - 

are  regarded  as  the  unknown  quantities,  the  given  equations 
are  of  the  first  degree.  When  such  equations  as  these  occur 

in  the  present  chapter,  let  it  be  understood  that  - and  - 
are  to  be  regarded  as  the  unknown  quantities.  ^ 


RULE. 

1.  Combine  the  given  equations  so  as  to  eliminate  one  of 
the  unknown  quantities. 

2.  Find  the  value  of  the  unknown  quantity  in  the  result- 
ing equation. 

3.  Substitute  this  value  for  this  unknown  quantity  in  any 
one  of  the  equations  containing  both  of  the  unknown  quanti- 
ties, and  solve  the  resulting  equation. 
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EX  E It  C IS  E S. 

Solve  the  following  pairs  of  simultaneous  equations : 

( 3x  4 4?/  = 26 
1*  | x + 3y  ,=  17 
2 ( « + = 19 

| 4a;  + by  = 55 
2x  — by  = 9 


a;  + y = 15 

j a;  -{-  9?/  = 21 

( 3a;  4 = 19 

3a:  4 - 2,y  = 46 

4a:  4-  y = 48 

\2x  — y = 16 

| 3a:  - 7y  = 35 

j 3a:  + 5#  = 37 

( 2x  4 3#  = 23 

j 5a:  4 7 y = 0 
{ 12a:  — y — 89 
15  x-iy=  28) 

' ( 8x  + 3y  = - 21  1 

25  — 5x  = 4 y 
3x  — 7y  — 15  = 0 


Ans.  x = 2,  y — b. 
Ans.  x,=  b,  y = 7. 
Ans.  x = 12,  y = 3. 
Ans.  x = 3,  y = 2. 
Ans.  x = 10,  y = 8. 
Ans.  x = 7,  y = —2. 

Ans.  x = 4,  y = 5. 
Ans.  x = 7,  y — — 5. 
Ans.  x = 0,  y = — 7. 


10. 


Ans.  x = 5,  y = 0. 

11.  = ^*  = 11,  * = 2. 
i 4a:  4-  2y  = 66  — 9?/  ) ^ 


12. 


j 13a:  + lOy  — 103  = 0 
( 9x  — y = 0 

13.  Sty  ~ X = 14:) 

[2y  + 3x  = 13) 

( 7a:  + 3 y x + y 

14.  A 4 . 8 

( 56  — 3a:  — 7y 


= 5 


x = 1,  y = 9. 
Jws.  x = 1,  y = 5. 

a:  = 0,  y = 8. 


T WO  UNKNO  WN  Q UA  NTITIES. 
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r* 


15.  i 


! 2 


o+7  = ? 


I 2 + 5 =4 

l 8 + 3 .1 


16.  ^ 


\ u _ -i 

5 10  — 1 


= 5 


l 3 4 

f %y  + x x _ 


17. 


18. 


19. 


20. 


21. 


9 

4 

y — x 
3 

&iii> 

_L 

X 

a:  — 

5 ' 

7 

3a:  + 5y 
10 

= 

a:  — 2y 

l 

= 0 


x + y 


Ans.  x — 6,  y 


Ans.  x = 20,  y 


A ns.  x = 4,  y 


J-  • Ans.  x = 10,  y 


2 9 v 7 

y = x + 17 

Ans.  x 

f x y 7a;  — 3y  _ 1 

I 4 12  15  ~ TO 

x y _ 3 
4 “ 10  “ 10 


10,  y 


[ 33a;  — y 


21 


+ =4 

f 2*  - »/  x _ 1 

5 + 4 ~ I 

x~%y  i y - o 
8 +7 “ ° J 


x = 0,  y : 
4ws.  a;  = 5,  y = 


= 16. 

= 15. 

= 7. 

= -2. 

= 7. 

= 12. 

— 3. 


22. 


a?  = 6,  y = 7. 
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23. 


oy  — 5x  ^ ^ £ + 2y 


2 ' 5 

o y— -2*  * , y 

o 1 5 + 


24.  2 


x = Q,  y — 12. 

4 /2z  5«/\  2/32:  *A  _ 0 ] 

7 \ 3 12/  23  \ 2 3/ 


4 3 ' 2 

f 4 /22:  5j/\  2 /3x  y\  _ 


l - 1*2-  = 1 
x + y 5 


25. 


( llcc  4-  13«/  = la 
\ 12y  — 6x  = a 


26.  4 


27.  \ 


28. 


— + - = 2 
m n 

y_  _ * _ 1 

m n 

--1=1 
m n 

\ x y _ 2 

(_  3m  6^  — 3 


«2;  — by  ■=  c 
mx  4-  ny  = cl 

Ans.  x = 


Ans.  x =.  18,  y = 12. 

. a 

Ans.  x — y — 


^ 3m 
Jms.  x = y = — — • 

2 ^ 2 


■4%s.  2:  = 3m,  2/  — 2ra. 


cn  4-  bd 
bm  4-  an’  ^ 


ad  — cm 


bm  4-  an 


29.  < 


y 


a 4-  c b 4-  c 
bx  — ay  _ 
t {a -b)c  ~ 


= 2 


Ans.  x = a 4-  c,  y = b 4-  c. 


y _ 


30.  \a  — b a + b 
y — x — lab 


2 a 


Ans.  x — (a  — by,  y'=  (a  4-  b)2. 


TWO  UNKNOWN  QUANTITIES. 
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31. 


32.  4 


x — l_l 

X 1 

~ 6J 

Sx-2y  , 5z  + 2*/_K1 
4 + — 6 “ 5* 

X + 2y  3x  — 2 y_ 

7 2 1 


# = 6 


J 


33. 


34. 


f 4 6 _ ) 

I + y'~  °2  I 


35.  <{ 


36. 


x — 2 

! - — 1 = o | 

L»  * — » J 

9-^  = i 

a?  y 

— + — = 16 

r i i 8 

I “ 4 — TT 

a:  y 15 

1 1 _2_  | 

x y~  15  J 

7 _5  _ i 

x y 6 

5 + ^i* 

x y 


r • 


37. 


38.  4 


m n 

* +y~l 

m n 

h - = a 

y x 

m n 
x~y~° 
x q 

l y~  V 


> • Ans.  x — 


> • 

I 

Ans.  x = 
Ans.  x — 

Ans.  x = 

Ans.  x — 

Ans.  x = 

m 2 — n2 
bm — an’  ^ 


Ans . x = 


mp—nq 
ap  ‘ 


, y = 35. 

4,  y = 5. 
3,  y = 4. 

3?  y — 2. 

3,  y = 5. 

7,  y = 6. 

_ m2 — w2 
am — 

_ mp—nq 
~~  aq 
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GROUPS  OF  SIMPLE  EQUATIONS 

CONTAINING  MORE  THAN  TWO  UNKNOWN 
QUANTITIES. 

177.  To  solve  £i  group  of  simple  equations  con- 


taining- more  than  two  unknown  quantities. 

1.  Let  it  be  required  to  solve  the  equations 

Sx  _ 19 y + I62  — 2,  (1) 

5x  — 8 y + 4z  = 3,  ( 2 ) 

llx-  7 y+  72  — 26.  (3) 

Combining  (1)  and  (2),  also  (2)  and  (3),  eliminating  z in 
each  case,  we  have  the  new  group 

\2x  — 13  y = 10,  (4) 

9x  + 28  y — 83.  (5) 


Combining  (4)  and  (,5),  eliminating  x , 

15  ly  = 302; 
whence,  y = 2,. 

Substituting  2 for  y in  (5), 

9x  + 56  = 83 ; 
whence,  % — 3. 

Substituting  3 for  x and  2 for  y in  (2), 

15  _ 16  + 42  = 3; 
whence,  2 = 1. 

2.  Let  it  be  required  to  solve  the  equations 


4x  — 7 y + 2 z — 6t  — — 24,  (1) 

4x  — 12 y + 142  -f-  §t  = 26,  (2) 

3x  - 5 y + 2z  — 2t  =•  — 7,  (3) 

hx  + 3y  + 32  + 4t  = 40.  (4) 


MORE  THAN  TWO  UNKNOWN  QUANTITIES. 
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Combining  (1)  and  (2),  (2)  and  (3),  and  (3)  and  (4), 
eliminating  t by  each  combination,  we  have  the  new  group 


8a  — 19 y -f  lbs  = 2,  (5) 

13a  — 27  y + 20s  = 5,  (6) 

11a  — 7y  + 7s  = 2G.  (7) 

Combining  (5)  and  (6),  also  (6)  and  (7),  eliminating  s by 
each  combination,  we  have  the  new  group 

12a  — 13#  = 10,  (8) 

129a  + 49#  = 485.  (9) 

Solving  (8)  and  (9),  we  find 

a = 3,  and  y — 2. 


Substituting  3 for  a,  and  2 for  y in  (5),  (6),  or  (7),  and 
solving  the  resulting  equation,  we  find 

s — 1. 

Substituting  3 for  a,  2 for  y , and  1 for  s in  (1),  (2),  (3), 
or  (4),  and  solving  the  resulting  equation,  we  find 

t = 4. 

By  eliminating  t from  the  given  group,  there  results  a 
second  group,  (5),  (6),  (7),  containing  one  equation  less, 
and  by  eliminating  s from  the  second  group,  there  results  a 
third  group,  (8),  (9),  containing  two  equations  less  than  the 
original  group. 

3.  Let  it  be  required  to  solve  the  equations 

a -f-  y 4"  s = 26,  (1) 

x — y = 4,  (2) 

a — s = 6.  (3) 

Adding  (1),  (2),  (3),  3a  = 36  ; 

whence,  a = 12. 

Hence,  by  (2)  and  (3),  y = 8,  and  s = 6. 
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4.  Let  it  be  required  to  solve  the  equations 

3x  — 2 y — 5, 

2x  + 2t  — 8, 

2x  — 3t  — 3, 

U + 3z  = 7. 


(1) 

(2) 

(3) 

<£) 


Combining  (2)  and  (3),  eliminating  x, 

5 1 = 5; 

whence,  t — 1. 

Hence,  by  (2),  2x  -f  2 = 8; 
whence,  x = 3. 

Substituting  3 for  x in  (1),  and  1 for  t in  (4),  and  solving 
the  resulting  equations,  we  find 

y — 2,  and  z = 1. 

5.  Let  it  be  required  to  solve  the  equations 

2x  + 7y  = 29,  (1) 

2t  —3x  = 8,  (2) 

3 1 —2z  — 26,  (3) 

4x  + 3z  =i  22.  (4) 

Equations  (2),  (3),  and  (4)  constitute  a group  of  three 
equations  containing  only  three  unknown  quantities,  t,  x, 
and  z;  hence  the  values  of  these  unknown  quantities  may 
be  found  by  solving  this  group. 

Combining  (2)  and  (3),  eliminating  t, 

9x  — &Z  = 28.  (5) 

Combining  (4)  and  (5),  eliminating  z, 

43x  = 172 ; 
whence,  x = 4. 

Substituting  4 for  x in  (1),  (2),  and  (4),  and  solving  the 
resulting  equations,  we  find 

y — 3,  t = 10,  and  z = 2. 
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RULE. 

1.  By  successive  eliminations  deduce  from  the  given  equa- 
tes a single  equation  containing  only  one  unknown  quantity. 

2.  Find  the  value  of  this  unknown  quantity  (161). 

3.  Having  found  the  value  of  one  of  the  unknown  quanti- 
ties, substitute  it  for  that  unknown  quantity  in  any  one  of 
the  equations  containing  that  unknown  quantity  and  only 
one  other  ; then  find  the  value  of  that  other. 

4.  Having  found  the  values  of  two  unknown  quantities, 
substitute  them  for  those  unknown  quantities  in  any  one  of 
the  equations  containing  them  and  only  one  other  ; then  find 
the  value  of  that  other. 

5.  Continue  this  process  until  the  values  of  all  the  un- 
known quantities  are  found. 

Cor.  1.  If  the  number  of  unknown  quantities  is  less 
than  the  number  of  independent  equations,  it  may  be 
impossible  to  satisfy  all  the  equations  ; that  is,  they  may  be 


incompatible  (169).  Thus,  the  equations 

x + y = 10, 

(1) 

1 

II 

0° 

(2) 

2x  -\ - y — 11 

(3) 

cannot  be  satisfied  by  the  same  values  of  x and  y ; for  solving 
(1)  and  (2),  we  find  x = 9,  and  y = 1,  and  these  values  do 
not  satisfy  (3). 


Cor.  2.  If  the  number  of  unknown  quantities  exceeds 
the  number  of  equations,  there  will  be  an  infinite  number 
of  sets  of  values  for  the  unknown  quantities.  Such  equa- 
tions are  said  to  be  indeterminate.  Thus,  the  equations 
x y + 2z  — 10, 

5x  + 2y  — 2z  — 20 

are  indeterminate,  for  eliminating  z,  we  have 
Ox  -f-  3 y — SO, 
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and  x and  y,  in  this  equation,  may  have  an  infinite  number 
of  values  (168). 

Coe.  3.  Hence  the  number  of  independent  equations 
should  be  equal  to  the  number  of  unknown  quantities 
involved. 


EXERCISES. 

Solve  the  following  groups  of  simultaneous  equations : 

( x + 2y  — z = 2 ) 

1.  -j  2x  I y -f  3z  = 9 > • 

( 3x  + y — 2z  = — 1 ) 

Ans.  x — 1,  y = 2,  z = 3. 
( 3x  — 2y  — 2z  = 2) 

2.  I 5x  — y + 3z  = 23  >■  • 

( x — by  + 6z  = 1 ) 

Ans.  x — 4,  y = 3,  0 = 2. 

(x  + y=  1) 

3.  lx-\-z  = 8 ?-  • 

( y + z .'==  — 3 ) 

Ans.  x = 6,  y = — 5,  z = 2. 
tx+  y + z = 12) 

4.  \x-\-2y  — 2z  = V)>- 
( x + y — z = 4 ) 

Ans.  x = — 2,  y = 10,  z = 4. 

)x  + by  + 6z  = 53  ) 
x + 3y  + 3z  = 30  j-  • 

« + y + « = 12 ) 

Hws.  x = 3,  y = 1,  Z = b. 

( « + y + *=  12  1 

6.  J a;  + 2y  -f-  32  = 20  >-  • 

( -k  + + 2 = 6 ) 

Hws.  a;  = 6,  y = 1,  z = 2. 
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( ¥ + \y  + ¥ = 62 ) 

7.  U x + iy  + }z  = 47>- 

I ix  + ¥ + \z  — 88  ' 

Ans.  x = 24,  y = 60,  z — 120. 

/ x — 2y  = 2 ) 

8.  ) 3x  + 2 = 28  > • 

( 2y  - 3z  = 14  ) 

Ans.  x = 10,  y — 4,  z — —2. 

( 3x  + 5y  = 161  ) 

9.  ] lx  + 2z  = 209  V • 

( 2y  + z — | 89  ) 

Ans.  x — 11,  y — 22,  z — 45. 

( * + y = 9 ) 

10.  J 3 z — y—  3 > • Ans.  x = 6,  y = 3,  z = 2. 
{ 3y  + z = 11  ) 

j » + y + z = 56 

11.  Ix  + y — z'm  4 
( x — y + « = 28 

Ans.  x = 16,  y = 14,  2 = 26. 

( *—  V + z = 0 ) 

12.  \x  — 2y  + 3z  = l\  - 
( a;  — 3y  + 4z  = 0 ; 

Ans.  x = 1,  y — 3,  z = 2. 
j lx  + 9y  — 12 z — 61  ) 

13.  ' ■<  5jj  + 4^  — 15*  = 58  >• 

( 3x  + 10 y — 20z  = 83  ) 

Ans.  x — 1,  y — 2,  z = — 3. 

x -f  y + w — 9 

\y  + * + = 8 1. 

a;  + y + 0 = 12 

a;  + -f  2!  — 10  ^ 

Ans.  x — 3,  y — 4,  z = 5,  w — 2. 


14.  <{ 
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15. 


16. 


iv  + 50  = x 
x + 120  = 3 y 
y + 120  2 z 

z + 195  = 3 w J 

Am.  w = 100,  x = 150,  y — 90,  z 105. 

7w  + 132  = 87  1 
10  y — 3x  = 11  I 
3u  + 14a:  = 57 
2x+  llz  = 50  _ 

Ans.  u = 5,  x = 3,  y = 2,  z = 4. 


17. 


' 7z  + 22!  + 3u  = 17  ' 
4?/  + 2z  + y = 11 
- 5y  — 3x  — 2 u = 8 ► • 
4?/  — 3?i  + 2-y  = 9 
8m  — 3 2i  = 33  ^ 


Ans.  u — 3,  v = 1,  x — 2,  y = 4,  2: 


-3. 


/ x + y = a \ 

18.  )x-\-z  = b\- 
(y  + z = c) 

. a 4-5  — c a + c — b b 4-  c — a 

= — — . y=  2 > * = — — 


Ans.  x = a,  y = b,  z = c. 


( x + 11m  = y 4-  z \ 

j y = 2 (x  + z)  — 11a  l • 

( z = 3 (x  4-  y)  — 11a  ) 

Ans.  x = a,  y = 5a,  z — 7 a. 


20. 


PROBLEMS. 
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21. 


1-4-  ll 


= 24 


5 4 

x y ^ % 

I-!  + Uu 

x y z 


Ans.  x = {,  y = l z = f. 


These  equations  are  of  the  first  degree,  if  - , - , and  - are  regarded 
as  the  unknown  quantities.  X ^ 


PROBLEMS  LEADING  TO  SIMPLE  SIMUL- 
TANEOUS EQUATIONS. 

1*78.  In  order  that  the  unknown  quantities  of  a problem 
may  be  found,  it  must  furnish  as  many  independent  equa- 
tions as  there  are  unknown  quantities  (177,  Cor.  3). 

EX  ER  C IS  ES. 

1.  Find  two  numbers  whose  sum  is  29,  and  difference  9. 

Let  x = the  greater  number, 

and  y = the  less; 

then,  by  the  conditions  of  the  problem, 
x + y — 29, 
and  x — y = 9; 

whence,  x = 19,  and  y — 10. 

2.  Find  two  numbers  whose  sum  is  a,  and  whose  differ- 
ence is  b. 

Let  x ==  the  greater  number, 

and  y = the  less ; 

then,  by  the  conditions  of  the  problem, 
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x + y — a, 

and  x — y = b ; 

, a 4- b , a — b 

whence,  x ==*  and  y = — - — 

4i  a 

Since  a and  b are  general  symbols,  we  have  the  following 
principles,  by  means  of  which  all  similar  problems  may  be 
solved : 

(1)  The  greater  of  two  numbers  is  found  by  adding  half 
their  difference  to  half  their  sum. 

(2)  The  less  of  two  numbers  is  found  by  subtracting  half 
their  difference  f rom  half  their  sum. 

3.  Divide  29  into  two  such  parts  that  three  times  the  less 
shall  exceed  twice  the  greater  by  2. 

Let  x = the  greater  part ; 

and  y — the  less ; 

then,  by  the  conditions  of  the  problem, 
x + y = 29, 
and  3y  — 2x  = 2; 

whence,  x = 17,  and  y = 12. 

4.  If  27  be  added  to  a certain  number  consisting  of  two 
digits,  the  order  of  the  digits  will  be  inverted;  and  one  of 
the  digits  is  two-thirds  of  the  other;  find  the  number. 

Let  x = the  digit  in  tens’  place, 

and  y — the  digit  in  units’  place ; 

then  the  number  will  be  represented  by  10#  + y. 

By  the  first  condition, 

lOz  + y + 27  = lOy  4-  x; 
y — x = 3 ; 
y > x. 


whence, 


(1) 

(2) 


PROBLEMS. 


153 


The  second  condition  requires  one  of  the  digits  to  be 
two-thirds  of  the  other,  and  as-  y > x,  we  must  have 

x = § y.  (3) 

Solving  (2)  and  (3),  we  find 

x — 6,  and  y = 9 ; 

/.  10a;  4-  y = 60  + 9 ==  69,  the  number  required. 


5.  Find  a fraction  such  that,  when  1 is  added  to  its  nu- 
merator, its  value  becomes  £,  and  when  1 is  added  to  its 
denominator,  its  value  becomes 

Let  x — the  numerator, 

and  y = the  denominator  of  the  required  fraction  ; 
then,  by  the  conditions  of  the  problem, 
x + 1 _ 1 

i 

4 ’ 


and 


y + 1 

Clearing  (1)  and  (2)  of  fractions. 


(1) 

(2) 


3a;  -J-  3 y, 

4a;  = y + 1 ; 

4a;  3a;  3 -f-  1 \ 

whence,  x = 4. 

Substituting  4 for  x in  (3),  we  find 

y = 15 ; 

x 4 

the  fraction  required. 

y 15 


(3) 

(4) 


6.  Find  three  numbers,  such  that  their  sums,  taken  two 
and  two,  shall  be  12, 13,  and  15. 

Let  the  numbers  be  represented  by  x,  y,  and  2 ; then,  by 
the  conditions  of  the  problem. 
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x y — 12, 

(1) 

y + z = 13, 

(2) 

x + z = 15. 

(3) 

Adding  (1),  (2),  and  (3), 

2ir  -f-  2 y -j-  40  ^ 

whence,  x + y + z = 20. 

(1) 

Subtracting  (1)  from  (4),  we  find  z — 8. 
Subtracting  (2)  from  (4),  we  find  x = 7. 
Subtracting  (3)  from  (4),  we  find  y = 5. 


7.  If  5 lbs.  of  tea  and  3 lbs.  of  coffee  cost  $3.50,  and 
8 lbs.  of  tea  and  6 lbs.  of  coffee  cost  $6,  what  is  the  price 
per  pound  of  each  ? 

Let  x = the  price  of  1 lb.  of  tea,  in  cents, 

and  y = the  price  of  1 lb.  of  coffee,  in  cents ; 

then,  by  the  conditions  of  the  problem, 

5x  + 3y  = 350, 
tnd  Sx  + 6y  = 600 ; 

whence,  x = 50,  and  y — 33^-. 

8.  Nine  gallons  of  a mixture  of  fresh  and  sea  water  are 
found  to  weigh  91J  lbs.  ; assuming  that  a gallon  of  fresh 
water  weighs  10  lbs.,  and  that  the  specific  gravity  of  sea 
water  is  1.025,  find  the  number  of  gallons  of  each  in  the 
mixture. 

Let  x = the  number  of  gallons  of  fresh  water, 

and  y = the  number  of  gallons  of  sea  water  ; 

then,  since  the  mixture  contains  9 gallons, 
x + y — 9. 
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The  weight  of  x gallons  of  fresh  water  is  lOrz  lbs.,  and  the 
weight  of  y gallons  of  sea  water  is  10 y x 1.025  lbs. ; 

.-.  10z  -t-  lOy  x 1.025  = 911 

Solving  these  equations,  we  find 

x = 4,  and  y — 5. 

9.  Find  two  numbers  such  that,  if  the  first  be  added  to 
three  times  the  second,  the  sum  will  be  23 ; and  if  the  sec- 
ond be  added  to  five  times  the  first,  the  sum  will  be  31. 

Ans.  5 and  6. 

10.  If  A’s  money  were  diminished  by  $5,  he  would  have 

half  as  much  as  B ; but,  if  B’s  money  were  increased  by  $36, 
he  would  have  three  times  as  much  as  A:  how  much  has 
each  ? Ans.  A,  $26 ; B,  $42. 

11.  If  A gives  $20  to  B,  they  will  then  have  equal 
amounts ; but,  if  B gives  $15  to  A,  B will  then  have  two- 
ninths  as  much  as  A:  how  much  money  has  each  ? 

Ans.  A,  $75;  B,  $35. 

12.  For  $3.70,  5 lbs.  of  tea  and  4 lbs.  of  coffee  can  be 

bought;  but,  if  tea  were  to  rise  20  per  cent.,  and  coffee,  10 
per  cent.,  they  would  cost  $4.32 : find  the  price  per  pound 
of  each.  Ans.  Tea,  50  cts. ; coffee,  30  cts. 

13.  Seven  years  ago,  the  age  of  A was  three  times  that  of 
B ; and  seven  years  hence,  the  age  of  A will  be  twice  that 
of  B : find  their  present  ages. 

Ans.  A’s,  49  years  ; B’s,  21  years. 

14.  If  a certain  number  consisting  of  two  digits  be  mul- 

tiplied by  2,  and  the  product  diminished  by  4,  the  order  of 
the  digits  will  be  inverted ; and  if  10  be  subtracted  from 
the  number,  the  remainder  will  be  equal  to  three  times  the 
sum  of  the  digits : find  the  number.  Ans.  49. 

15.  A has  four-ninths  as  much  money  as  B ; but,  if  B 

gives  $10  to  A,  they  will  have  equal  amounts : how  much 
has  each  ? Ans.  A,  $16 ; B,  $36. 
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16.  A bill  of  745  francs  was  paid  in  five-franc  and  two- 
franc  pieces,  and  the  whole  number  of  pieces  was  185  : how 
many  were  there  of  each  ? 

Ans.  125  five-franc  pieces,  and  60  two-franc  pieces. 

17.  Three  men  and  tyvo  boys  working  together  one  day 
dug  195  feet  of  a garden  border  ; on  another  day,  two  men 
and  three  boys  dug  180  feet:  bow  many  feet  did  each  dig 
in  a day  ? Ans.  One  man,  45  feet ; one  boy,  30  feet. 

18.  Find  a fraction  such  that,  if  its  numerator  be  doubled, 
and  its  denominator  be  increased  by  3,  the  result  will  be 
equal  to  ^ ; but,  if  its  denominator  be  doubled,  and  its  nu- 
merator be  increased  by  7,  the  result  will  be  equal  to 

Ans.  §. 

19.  A sum  of  money  was  divided  equally  among  a certain 
number  of  persons;  if  there  had  been  six  more  persons, 
each  would  have  received  $2  less  than  he  did ; and  if  the 
number  of  persons  had  been  three  less,  each  would  have  re- 
ceived $2  more  than  he  did : find  the  number  of  persons, 
and  what  each  received.  Ans.  12,  and  each  received  $6. 

20.  A certain  number  consisting  of  two  digits  is  equal  to 

five  times  the  sum  of  its  digits  ; and  if  9 be  added  to  the 
number,  the  order  of  the  digits  will  be  inverted : find  the 
number.  Ans.  45. 

21.  Two  trains,  one  of  which  is  92  feet  long  and  the  other 
84  feet  long,  are  moving  with  uniform  velocities  on  parallel 
tracks;  when  they  move  in  opposite  directions,  they  pass 
each  other  in  one  second  and  a half;  but  when  they  move 
in  the  same  direction,  the  faster  train  passes  the  other  in 
6 seconds:  find  the  rate  at  which  each  train  moves. 

Ans.  One  30,  the  other  50  miles  per  hour. 

22.  Hiero’s  crown,  which  was  made  of  gold  and  silver, 
is  said  to  have  weighed  20  lbs.,  which  was  16  times  the 
weight  of  an  equal  volume  of  water  ; assuming  the  specific 
gravity  of  gold  to  be  19|-,  and  that  of  silver  to  be  10-|,  find 
the  weight  of  each  metal. 

Ans.  15£  lbs.  of  gold;  4|  lbs.  of  silver. 
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23.  A railway  train,  after  traveling  for  one  hour,  is  de- 

tained 24  minutes,  after  which  it  proceeds  at  six-fifths  of 
its  former  rate,  and  arrives  at  the  terminus  15  minutes  late. 
If  the  detention  had  occurred  5 miles  further  on,  the  train 
would  have  reached  the  terminus  2 minutes  later  than  it 
did.  Find  the  length  of  the  line,  and  the  original  rate  of 
the  train.  ( Length  of  the  line,  4?^  miles ; 

' ( original  rate,  25  miles  per  hour. 

24.  A and  B ran  a race  which  lasted  5 minutes ; B had  a 

start  of  20  rods ; but  A ran  3 yards  while  B ran  2,  and  won 
by  30  rods : find  the  length  of  the  course  and  the  speed  of 
each.  J Length  of  course,  150  rods  ; 

’ \ A ran  30,  and  B 20  rods  per  minute. 

25.  Two  passengers  have  together  300  lbs.  of  baggage, 

and  one  of  them  has  to  pay  $1.60,  and  the  other  $0.40  for 
the  excess  above  the  weight  allowed;  if  all  the  baggage  had 
belonged  to  one  of  them,  he  would  have  had  to  pay  $4 : find 
how  much  baggage  each  passenger  is  allowed  without 
charge.  Ans.  100  lbs. 

26.  A and  B together  can  perform  a piece  of  work  in 
32  days,  B and  C,  in  120  days,  and  A,  B,  and  C,  in  30  days: 
in  what  time  could  each  alone  perform  the  work  ? 

Ans.  A,  in  40  days  ; B,  in  160  days;  C,  in  480  days. 

2?.  A,  B,  and  C together  can  perform  a piece  of  work  in 
15  days ; A and  B together  perform  four-thirds  of  what  O 
does ; and  C does  twice  as  much  work  as  A : in  what  time 
could  each  alone  perform  the  work  ? 

Ans.  A,  in  70  days;  B,  in  42  days;  C,  in  35  days. 

28.  A cistern  holding  1200  gallons  can  be  filled  by  three 
pipes,  A,  B,  and  C together,  in  two-fifths  of  an  hour.  The 
pipe  A requires  half  an  hour  more  than  C to  fill  the  cistern; 
and  10  gallons  less  run  through  C per  minute  than  through 
A and  B together.  Find  the  time  in  which  each  pipe  alone 
could  fill  the  cistern. 

Ans.  A,  in  90  min. ; B,  in  72  min.;  C,  in  60  min. 
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DISCUSSION  OF  PROBLEMS. 

119.  An  Arbitrary  Quantity  is  a quantity  to  which 
any  value  whatever  may  be  assigned.  Thus,  in  the  problem, 
“ To  find  two  numbers  whose  sum  is  a,  and  whose  difference 
is  b,”  a and  b are  the  arbitrary  quantities. 

180.  The  Discussion  of  a problem  consists  in  making 
different  suppositions  with  regard  to  the  arbitrary  quanti- 
ties involved,  and  interpreting  the  results. 

181.  A’s  age  is  a years,  and  B’s  age  is  b years : when 
will  the  age  of  A be  twice  that  of  B ? 

Let  x = the  required  number  of  years; 
then,  by  the  problem, 

a + x = 2 (b  + x) ; 
whence,  x — a — 2b. 

Discussion. 

1.  Suppose  a = 40,  and  b = 16; 

then  x = 40  — 32  = 8 ; 

that  is,  if  A’s  age  is  40  years,  and  B’s  age  is  16  years,  A will 
be  twice  as  old  as  B in  8 years. 

2.  Suppose  a = 40,  and  b — 20; 

then  x = 40  — 40  = 0. 

This  result  is  as  it  ought  to  be ; for,  if  A is  40  years  old, 
and  B is  20  years  old,  A is  twice  as  old  as  B now. 

3.  Suppose  a — 35,  and  b = 20 ; 

then  x = 35  — 40  = — 5. 

This  negative  result  shows  that  A will  never  be  twice  as 
old  as  B,  but  that  he  was  twice  as  old  5 vears  ago  (68* 
Sch.  1). 
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For  these  values  of  a and  b,  therefore,  the  problem  ought 
to  be  stated  as  follows : 

A’s  age  is  35  years,  and  B’s  age  is  20  years:  when  was  the 
age  of  A twice  that  of  B ? 

Let  x — the  required  number  of  years  ; 

then,  by  the  problem, 

35  — x = 2 (20  — x) ; 
whence,  x = 5. 

It  should  be  observed  that  the  equation  corresponding  to 
the  new  enunciation  may  be  obtained  from  the  original 
equation  by  simply  changing  the  sign  of  £. 

4.  Suppose  the  problem  had  been  enunciated  as  follows  : 

A’s  age  is  a years,  and  B’s  age  is  b years : find  the  epoch 
at  which  A’s  age  is  twice  that  of  B. 

From  this  enunciation  it  cannot  be  decided  whether  the 
required  epoch  is  in  the  future  or  in  the  past.  If  we  sup- 
pose it  to  be  x years  after  the  present  date,  we  shall  find,  as 
before, 

x — a B 25 ; 

but  if  we  suppose  it  to  be  x years  before  the  present  date, 
we  shall  find  the  algebraic  statement  to  be 

a — x = 2 (b  — x) ; 
whence,  x = 2b  — a. 

If  2b  < a,  the  first  supposition  is  correct,  since  it  leads  to 
a positive  value  for  x. 

If  2b  > a,  the  second  supposition  is  correct,  since  it  leads 
to  a positive  value  for  x. 

In  this  case,  then,  a negative  result  would  indicate  that 
we  made  the  wrong  choice  out  of  two  possible  suppositions. 

It  should  be  observed,  however,  that,  when  we  find  we 
have  made  the  wrong  choice,  it  is  not  necessary  to  go  through 
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the  whole  investigation  again  ; for  we  can  use  the  result 
obtained  on  the  wrong  supposition.  We  have  simply  to 
take  the  absolute  value  of  the  negative  result  and  place  the 
epoch  in  the  past,  if  we  had  supposed  it  in  the  future,  or  in 
the  future,  if  we  had  supposed  it  in  the  past. 


182.  What  number  must  be  added  to  both  terms  of  the 

fraction  ^ , in  order  that  the  result  shall  be  equal  to  m f 

Let  x = the  required  number ; 

then,  by  the  problem,  ^ ~ ^ = m ; 

. bm  — a 

whence,  x = 

1 — m 


1.  Suppose 


Discussion. 

a 4 , 2 

5 = 7’  aQd  m = V 


then 


1 

3 


2 

3_ 

1 

3 


2. 


This  result  indicates  that,  if  2 be  added  to  both  terms  of 
■f,  the  result  will  be  equal  to  f.  Thus, 

4 + 2 _ 6 _ 2 
~ 9 — 3 


2.  Suppose 


a 

b 


5 a 1 

-,  and  m 


then 


4 — 5 _ — 1 

T ~ ~1 
2 2 
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This  negative  result  shows  that  2 must  be  subtracted  from 
both  terms  of  the  fraction  f,  in  order  that  the  result  shall 
g 2 3 1 

be  equal  to  i.  Thus,  5 = - = --•  For  these  values  of 

~ and  m,  therefore,  the  problem  ought  to  be  stated  as 
follows : 

What  number  must  be  subtracted  from  both  terms  of  the 
fraction  f,  in  order  that  the  result  shall  be  equal  to  £ ? 

The  algebraic  statement  of  this  problem  is 


whence. 


5 — x _ 1 _ 
8~—  x ~ 2’ 
x = 2. 


3.  Suppose  ^ and  m = 1 ; 


then 


4 

o' 


How  is  this  result  to  be  interpreted  ? 

The  value  of  a fraction  whose  numerator  remains  un- 
changed increases , when  its  denominator  decreases.  Thus, 


~ =!  400,  y = 4000000. 

1M  100  0 007 


Therefore,  if  the  denominator  is  infinitely  small,  or  equal 
to  0 (zero),  the  value  of  the  fraction  is  infinitely  great. 
Hence,  in  this  case,  the  value  of  x is  infinitely  great. 


Therefore,  for  these  values  of  ^ and  m,  the  problem  is  im- 
possible. 

That  this  interpretation  is  correct  is  evident;  for  the 


equation  for  this  case  is 
since  the  numerator  is  not 


= 1,  which  is  impossible, 
y -p  x • 

equal  to  the  denominator. 
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Hence,  a value  of  the  form  of 


O’ 


etc.,  indicates 


that  the  problem  is  impossible. 

A quantity  infinitely  large  is  sometimes  represented  by 


the  symbol  oo . 


Hence,  - = oo 


4.  Suppose 
then 


a 5 , 

— - , and  m — 1 ; 
b 5 


5 — 5 0 


How  is  this  result  to  be  interpreted  F 

The  value  of  x in  this  case  is  the  quotient  of  zero  divided 
by  zero  ; that  is,  x is  equal  to  a number  which,  when  mul- 
tiplied by  zero,  gives  a product  equal  to  zero.  But  any 
finite  number  multiplied  by  zero  gives  zero.  Thus, 

2x0  = 0,  3x0  = 0,  4x0  = 0,  25x0  = 0,  etc. 

Hence,  x has  an  infinite  number  of  values;  in  other 
words,  the  problem  is  indeterminate. 

That  this  interpretation  is  correct  is  evident ; for  the 

equation  for  this  case  is  f = 1,  which  is  satisfied  for 
^ 5 + x 

any  value  that  may  be  assigned  to  x. 


183.  Two  couriers,  A and  B,  ivere  traveling  along  the 
same  road  from  C toward  D ; the  former  going  at  the  rate 
of  in  miles  per  hour,  and  the  latter,  at  the  rate  of  n miles 
per  hour.  At  12  o’clock,  A was  at  P,  and  B was  at  Q, 
d miles  in  advance  of  A.  When  were  the  couriers  together  ? 

P Q R 

C I I ! D 

We  cannot  decide,  from  the  enunciation  of  the  problem, 
whether  the  couriers  were  together  before  or  after  12  o’clock ; 
but  in  order  to  put  the  problem  into  an  equation,  let  us 
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suppose  the  required  time  to  be  after  12  o’clock.  We  must 
then  regard  time  after  12  o’clock  as  positive,  and  time  before 
12  o’clock  as  negative. 

Let  E be  the  point  where  the  couriers  were  together,  and 
let  x =.  the  required  number  of  hours  ; then,  since  A trav- 
eled at  the  rate  of  m miles  per  hour,  and  B at  the  rate  of  n 
miles  per  hour, 

PE  = mx,  and  QE  = nx. 

But  PE  = PQ  + QE; 

mx  — d + nx; 

whence,  x = — 

m — n 

Discussion. 

1.  Suppose  wz  > n\  then  the  value  of  x will  be  positive. 
This  positive  value  of  x indicates  that  the  couriers  were 

together  after  12  o’clock. 

This  interpretation  is  evidently  correct ; for,  if  m > n, 
A was  traveling  faster  than  B.  Hence,  A would  gain  upon 
B,  and  overtake  him  some  time  after  12  o’clock. 

2.  Suppose  m < n ; then  the  value  of  x will  be  negative. 
This  negative  value  of  x indicates  that  the  couriers  were 

together  before  12  o’clock. 

This  interpretation  is  evidently  correct;  for,  if  m < ?z,  B 
was  traveling  faster  than  A ; and,  as  B was  in  advance  of  A 
at  12  o’clock,  he  must  have  passed  A before  that  time. 

3.  Suppose  m = n\  then 

d 

Hence,  in  this  case  the  problem  is  impossible. 

This  interpretation  is  in  accordance  with  the  conditions 
of  the  problem ; for,  at  12  o’clock  the  couriers  were  d miles 
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apart ; and,  if  m = n,  they  were  traveling  at  equal  rates ; 
hence  they  would  never  come  together. 

4.  Suppose  d=0,  and  my  n,  or  m < n ; then 


m — n 


This  result  indicates  that  the  couriers  were  together  at 
12  o’clock,  and  at  no  other  time. 

This  interpretation  is  evidently  the  true  one ; for,  if 
cl  = 0,  then,  at  12  o’clock,  A and  B were  together  at  the 
point  P ; and,  if  myn,  or  m < w,  they  were  traveling  at 
different  rates,  and  must  have  been  either  approaching  or 
receding  from  each  other  at  all  other  times. 

5.  Suppose  d = 0,  and  m = n;  then 


0 


This  result  indicates  that  the  couriers  were  together  all 
the  time,  for  is  equal  to  any  finite  quantity  (182,  4). 

This  interpretation  is  confirmed  by  the  conditions  of  the 
problem ; for,  if  d = 0,  the  couriers  were  together  at  12 
o’clock ; and,  if  m = n,  they  were  traveling  at  equal  rates, 
and  would  never  separate. 
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INEQUALITIES. 

184.  If  the  difference  between  two  quantities  is  positive, 
the  minuend  is  greater  than  the  subtrahend  ; but,  if  the 
difference  is  negative,  the  minuend  is  less  than  the  subtra- 
hend. Thus,  if  a — b is  positive,  a > b\  but,  if  a — b is 
negative,  a < b. 

185.  Two  inequalities  subsist  in  the  same  sense,  if  the 
first  member  is  the  greater  in  each,  or  the  less  in  each. 
Thus,  6 > 5 and  9 > 7 subsist  in  the  same  sense. 

Two  inequalities  subsist  in  a contrary  sense,  if  the  first 
member  is  the  greater  in  one,  and  the  less  in  the  other. 
Thus,  4 > 3 and  2 < 5 subsist  in  a contrary  sense. 

186.  Th.  If  the  same  quantity  be  added  to  or  subtracted 
from  each  member  of  an  inequality,  the  resulting  inequality 
will  subsist  in  the  same  sense. 

Suppose  ayb',  then  a — b is  positive  (184). 

Since  a + c — (b  + c)  = a — b, 

and  a — c — (b  — c)  = a — b, 

it  follows  that  a + c — {b  + c)  and  (a  — c)  — (b  — c)  are 
positive  ; 

.\  a + c > b + c, 
and  a — c > b — c. 

Cor.  1.  The  rule  for  the  transposition  of  terms  in  an 
equation  is  applicable  to  inequalities.  Thus,  if 

d 2 — 2ab  + b2  > c2 ; 
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then,  by  the  theorem, 

a 2 — 2 ab  + b2  + 2 ab  > c2  + 2 ab, 
or  a2  + b2  > c2  + 2aZ>. 


Cor.  2.  If  an  equation  be  added  to  an  inequality,  mem- 
ber to  member,  or  subtracted  from  it,  member  from  member, 
the  resulting  inequality  will  subsist  in  the  same  sense. 


Thus,  if 
and 
then 
and 


a > b, 
c = d; 

a + c > b + d, 
a — c > b — d. 


187.  Th.  If  an  inequality  be  subtracted  from  an  equation , 
member  from  member , the  resulting  inequality  will  subsist 
in  a contrary  sense. 

Suppose  c = d, 

and  a > b; 

then  c — a — (d  — b)  = b — a. 

But  b — a is  negative,  for  a > b;  hence,  c — a — (d — b) 
is  negative ; that  is,  c — a < d — b. 


188.  Th.  If  both  members  of  an  inequality  be  multiplied 
or  divided  by  the  same  positive  quantity , fhe  resulting  in- 
equality will  subsist  in  the  same  sense. 


Suppose  m to  be  positive,  and 
ay  b; 

then,  since  a — b is  positive,  ma 
positive  (77,  Cor.  1;  84,  Cor.)  ; 

ma  > mb, 
b 


and 


- > 
m m 


mb  and  — — — are 
m 7)i 


Cor.  The  rule  for  clearing  an  equation  of  fractions  is 
applicable  to  an  inequality. 


INEQUALITIES. 
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189.  Th.  If  both  members  of  an  inequality  be  multi- 
plied or  divided  by  the  same  negative  quantity,  the  resulting 
inequality  will  subsist  in  a contrary  sense. 

Suppose  m to  be  negative,  and 


a > b; 


then,  since  a — b is  positive,  ma  — mb  and 

m 

negative ; 

/.  ma  < mb, 


b_ 

m 


are 


and 


a b 
m ^ m 


Cor.  If  the  sign  of  each  term  of  an  inequality  be 
changed,  the  sign  of  inequality  must  be  reversed ; for 
changing  the  sign  of  each  term  is  equivalent  to  multiplying 
both  members  by  — 1. 


190.  Th.  If  two  or  more  inequalities  subsisting  in  the 
same  sense  be  added,  member  to  member,  the  resulting  ine- 
quality will  subsist  in  the  same  sense  as  the  given  inequalities . 

Suppose  a > b,  c > d,  and  e > f; 

then  a — b,  c — d,  and  e — f are  positive  ; hence  their 
sum,  a c + e — (b  + d +/),  is  positive ; that  is, 

a + c + e>b  + d+f. 

191.  Th.  If  one  inequality  be  subtracted  from  another 
subsisting  in  the  same  sense,  the  result  will,  in  some  cases, 
be  an  inequality  subsisting  in  the  same  sense  as  the  given 
inequalities,  in  some,  an  inequality  subsisting  in  a contrary 
sense,  and,  in  some,  an  equation. 

1.  Take  the  inequalities 

7 > 4, 

and  3 > 2. 

By  subtraction,  4 > 2. 
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The  result  in  this  case  is  an  inequality  subsisting  in  the 
same  sense  as  the  given  inequalities. 

2.  Take  the  inequalities 

10  > 9, 

* and  8 > 6. 

By  subtraction,  2 < 3. 

The  result  in  this  case  is  an  inequality  subsisting  in  a 
sense  contrary  to  that  of  the  given  inequalities. 

3.  Take  the  inequalities 

10  > 9, 

and  H > 6. 

By  subtraction,  3 = 3. 

The  result  in  this  case  is  an  equation. 


SOLUTION  OF  INEQUALITIES 

CONTAINING  ONLY  ONE  UNKNOWN  QUAN- 
TITY. 

192.  The  Solution  of  an  inequality  containing  only 
one  unknown  quantity  consists  in  transforming  it  in  such  a 
manner  that  the  unknown  quantity  shall  stand  alone  as  one 
of  its  members.  The  other  member  will  then  be  one  limit 
of  the  unknown  quantity. 


EX  E R C ISES. 


1.  Solve  the  inequality 


x 

2 


Clearing  of  fractions. 


INEQUALITIES. 
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10®  + 8®  > 15®  + 60 ; 
transposing  and  reducing, 

3®  > 60; 

whence,  ® > 20. 

Solve  the  following  inequalities : 


2x  3®  9 x 

5"  ~T  > 4 “2* 

® > 15. 

Sr 

5®  + 2 > ^-  + 16. 

A ns.  x > 4. 

o 

A 

Kl« 

Ans. 

® < 3. 

7®  11  5®  5 

12"  + 6 > 8 + 4* 

Ans.  a 

’ < 14. 

® + 2 / 2®  + 3 
iX~  4 < 5 

A / 22 

® < 

AN  EQUATION  AND  AN  INEQUAL- 
ITY COMBINED. 

193.  If  there  be  given  an  equation  and  an  inequality 
containing  only  two  unknown  quantities,  a limit  of  each 
unknown  quantity  may  be  found. 

r EXERCISES. 

1.  Find  a limit  for  x and  y in  the  group, 

2®  + 5y  > 32,  (1) 

2 x+  y = 24.  (2) 

Subtracting  (2)  from  (1),  4-y  > S’ 

whence,  y > 2. 


8 
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If  2 be  substituted  for  y in  (2),  the  first  member  will  be 
made  less  than  the  second  ; 

2x  + 2 < 24; 
whence,  x < 11. 


Find  a limit  for  x and  y in  each  of  the  following  groups : 


5. 


x -f  2y  > 15 
3x  + 2y  = 31 

*-T<  3 

+ y = 23 

10 y + 59  > lx 
x + ^ = 17 


( 5x  + 3y  > 121 
| lfa;  + y ■=  42 


x + 1 1 

" 2 


6-  1 y 

3x  = y + 3 

f 1 1 _8_ 

x y 15 

1 _ 1 _ _2_ 

x y ~ 15 


7.  < 


Ans.  x < 8,  y > 3^. 
.r  < 4-ff,  y > 2|i. 

x < 13,  y > 3^. 

< 20,  y > 7. 
re  < 5,  y < 12. 

a;  < 3,  y < 5. 


CHAPTER  IX. 


INVOLUTION  AND  EVOLUTION. 


INVOLUTION. 

194.  Involution  is  the  process  of  finding  any  power  of  a 
quantity. 

195.  The  Exponent  of  a Power  is  the  exponent 
which  indicates  the  number  of  times  the  base  must  be  used 
to  produce  that  power.  Thus,  in  the  power  a3,  3 is  the 
exponent  of  the  power. 

196.  A Perfect  Power  is  an  expression  which  can  be 
resolved  into  as  many  equal  factors  as  there  are  units  in  the 
degree  of  the  power.  Thus,  a 2 + 2 ab  + b2  is  a perfect  sec- 
ond power,  or  square ; for  a 2 + 2 ab  + b2  = (a  + b)  ( a -f  b). 

197.  An  Imperfect  Power  is  an  expression  which  can- 
not be  resolved  into  as  many  equal  factors  as  there  are  units 
in  the  degree  of  the  power. 

An  expression  may  be  a perfect  power  of  one  degree,  but 
an  imperfect  power  of  another  degree.  Thus,  a 2 + 2 ab  + b2 
is  a perfect  square,  but  an  imperfect  cube. 

198.  Th.  Any  power  of  a positive  quantity  is  posi-  ^ 
tive  (77). 

199.  Th.  Any  even  power  of  a negative  quantity  is 
positive  ; and  any  odd  power  of  a negative  quantity  is  nega- 
tive (77,  Cor.  2).’ 
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Thus,  ( — af  = + a2,  ( — a)3  — — a3,  (— af  = -f-  a4, 
aud  so  on. 

200.  Th.  The  nth  power  of  the  product  of  two  or  more 
factors  is  equal  to  the  product  of  their  nth  powers. 

The  truth  of  this  theorem  may  be  made  to  appear  by 
considering  the  following  identities  (143): 

{dbf  = ( ab ) {ah)  = aW\ 

(ah)3  = (ah)  {ah)  {ah)  = a3h3', 

{abc)3  = {abc)  {abc)  {ahc)  ■=  a3b3t ;3; 

{abcf  — {ahc)  {ahc)  {ahc)  {abc)  = aWc*; 

{ahc)n  — {abc)  {abc)  {ahc) to  n factors  = anl)ncn. 

201.  Th.  The  mth  power  of  the  nth  power  of  a quan- 
tity is  equal  to  the  mnth  power  of  that  quantity. 

This  theorem  may  be  proved  as  follows  • 

{a3y  = a3  x a3  — a6; 

{anf  = an  x an  = a?n; 

{anf  = an  x an  x an  = a3n; 

{anY  = an  x an  x an  x an  — ain‘, 

{an)m  = an  x an  x an  x to  m factors  — amn. 

202.  To  find  any  power  of  a monomial. 

1.  Let  it  be  required  to  find  the  third  power  of  oa?b3. 
(5a~h3)3  = (5 a?b3)  (5 aW)  (5 a2h3)  = 5 3a2*3h3*3  = 125a6h9. 

2.  Let  it  be  required  to  find  the  fifth  power  of  — 3 a2h3. 

(-3 a2h3)5  = (-3 aW)  (-3 aW)  {-UW)  (-3 a2h3)  (-3 a2h3) 
= { — 3)5n2x563x5  ftr  - 243«15. 


INVOLUTION. 
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RULE. 

Raise  the  numerical  coefficient  to  the  required  power,  and 
annex  to  the  result  all  the  letters  of  the  given  monomial,  giv- 
ing to  each  an  exponent  equal  to  the  product  of  its  original 
exponent  by  the  exponent  of  the  power. 

E X Eli  CIS  ES. 

1.  Find  the  3d  power  of  a9.  Ans.  a2'. 

2.  Find  the  3d  power  of  — a2b3.  Ans.  — a6b9. 

3.  Find  the  4th  power  of — 2d3b2c.  Ans.  1 6a12b8c4. 

4.  Find  the  5th  power  of  — 2 a3b2c.  Ans.  — 3 2a15b10c5. 

5.  Find  the  7th  power  of  — x2y3z4.  Ans.  —xuy21zm. 

6.  Find  the  nth  power  of  —a2b3c  when  n is  an  even  posi- 
tive integer.  Ans.  a2r)b3ncn. 

7.  Find  the  nth  power  of  — a2b3c  when  n is  an  odd  posi- 
tive integer.  Ans.  — a2nb3ncn. 

8.  Show  that  [( am)n]p  = amnP. 

203.  To  find  any  power  of  a,  polynomial. 

RULE. 

Find  the  product  of  as  many  factors,  each  equal  to  the 
given  polynomial,  as  there  are  units  in  the  exponent  of  the 
power. 

Cor.  1.  Since  ( an)m  = ( am)n  (201),  the  same  result 
may  be  reached  by  different  processes.  Thus,  the  6th  power 
of  x + a may  be  found,  (1)  by  squaring  x + a,  then  mul- 
tiplying the  result  by  x + a,  and  so  on  until  x -f-  a has 
been  used  as  a factor  six  times;  (2)  by  finding  the  cube  of 
x a,  and  squaring  the  result,  (3)  by  finding  the  square 
of  x + a,  and  cubing  the  result. 
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Cor.  2.  The  process  of  involution  may  sometimes  be 
abridged  by  means  of  tlie  principle  expressed  by  the  equa- 
tion xmxn  = xm+n.  Thus,  the  5th  power  of  x -f  a may  be 
found  by  multiplying  the  cube  of  x -f  a by  the  square  of 
x -f  a. 


Cor.  3.  It  may  be  shown  by  actual  multiplication,  that 
(a  -f  b -f  c -f  d)2  = a2  -f  b2  -f  c2  -f  cl2  -f  2 {ab  -f  ac  -f  ad 
-f  be  bd  -F  cd). 

Hence, 

The  square  of  a polynomial  consists  of  two  parts:  (1)  the 
sum  of  the  squares  of  its  terms  ; (2)  tioice  the  sum  of  the 
products  obtained  by  multiplying  each  term  by  the  sum  of  all 
the  terms  which  follow  it. 

EXERCISES. 

1.  Find  the  square  of  x — a + c. 

A ns.  x2  -f  a2  -f  c2  — 2 ax  -f  2 cx  — 2 ac. 

2.  Find  the  square  of  x + a — b -j-  c by  the  principle 
of  Cor.  3. 

A ns.  x2 -f a2  -f  b2  + c2  -f  2 ax — 2 bx  -j-  2 cx — 2 ab-\-  2ac  — 2 be. 

3.  Find  the  3d  power  of  a -f  b + c. 

Ans.  a3  -f  b3  -f  c3  -f  3 a2b  + 3 a2c  + 3 ab2  + 3 b2c  -f  3 ac2 
-f  3 be2  -f  babe. 

4.  Find  the  4th  power  of  x -f  a. 

Ans.  xi  -f  4 ax3  -f  6a2x2  -f  4 a3x  -f  a4. 

5.  Find  the  6th  power  of  x — a by  the  principle  of  Cor.  1. 

Ans.  x 6 — Qax5  -f  15 a2x4  — 20a3x3  -f-  15a4x2  — Qa3x  -fa6. 

6.  Find  the  7th  power  of  x -f  a by  the  principle  of 
Cor.  2. 

Ans.  x'1  + ''‘tax3  -f  21a2x3  -f  35a8^  -f  35 a4x3  -f  21  a3x2  -f 
+ 7 efix  + a1. 


IN  VOL  UTION. 
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204.  To  find  any  power  of  a fraction. 

(x\2  X X X 2 

w ~ a X a ~ a2’ 


(x\3 

X2 

X 

a? 

— — 

x - 

— • 

W 

a2 

a 

a3’ 

tx\4 

X3 

X 

X4 

— 

x - 

— • 

\a) 

a3 

a 

a4’ 

/ a3\3 

_ ( 

d3\ 

\l  aB)  1 

i «3\ 

\ ~ b2J 

-V 

~ b2> 

’ \ b2r 

^ bV 

a 9 

¥ 


RULE. 

Raise  loth  terms  of  the  given  fraction  to  the  power  whose 
exponent  is  equal  to  that  of  the  required  power,  and  give  the 
proper  sign  to  the  result  (198,  199). 


1.  Find  the  square  of  — ^ 2 


2.  Find  the  4th  power  of  a 2 2 


EXERCISES. 

4x 
%2* 

xf 

y2z2 


3.  Find  the  square  of  — — \ Ans. 

^ a + l 


4.  Find  the  cube  of 


(-alV 

\ c2d  ) 


. 1 6x2 

Ans.  --j 
Vif 

rVi 

Ans.  -r-g 
y°z° 

a2  — 2 ab  + l2 
a2  + 2 ab  + 

a a' 
Ans.  - 


rfiT)C 

5.  Find  the  4th  power  of  ± 


6.  Find  the  5th  power  of 


( -ab2c )3 
— 2 mn 


Ans. 

Ans. 


7.  Find  the  square  of  — 

^ x3y4 


8.  Find  the  nth  power  of 


2 abc 
3m2n 3 


Ans. 


x°yv 

2 nanbncn 
3nm2nnSn 
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THE  BINOMIAL  THEOREM. 

205.  By  means  of  the  Binomial  Theorem  the  operation 
of  finding  the  higher  powers  of  binomials  may  be  very  much 
abridged. 

It  may  be  shown  by  actual  multiplication  that 
(< % + b)2  = a2  + 2 ab  + b2, 

(i a + b)3  = a3  -f  3 a2b  -f-  dab2  -f  b3, 

(a  + by  = ai  -f-  4 a3b  + da2b2  + 4 ab3  + ¥, 

(a  + by  = a5  + 5 a*b  + I0a3b2  + 10  a2b3  + baW  + b5, 

(a  + b)3  = a3  + 6a5b  + 15  a%2  + 20«3^3  + 15  aW  + QdP 

+ ¥. 

By  an  examination  of  these  identities  (143)  it  will  be 
observed  that  in  each  of  them 

1.  The  number  of  terms  in  the  second  member  is  one 
greater  than  the  exponent  in  the  first  member;  that  is,  the 
number  of  terms  in  the  power  is  one  greater  than  the  expo- 
nent of  the  power. 

2.  The  exponent  of  a in  the  first  term  of  the  power  is  equal 
to  the  exponent  of  the  power , and  in  each  of  the  succeeding 
terms  the  exponent  of  a is  one  less  than  in  the  preceding 
term. 

3.  The  exponent  of  b in  the  second  term  of  the  power  is 
1,  and  in  each  of  the  succeeding  terms  the  exponent  of  b is 
one  greater  than  in  the  preceding  term. 

4.  The  sum  of  the  exponents  of  a and  b in  any  term  of 
the  power  is  equal  to  the  expoyient  of  the  power. 

5.  The  coefficient  of  the  first  term  of  the  poioer  is  1 ; the 
coefficient  of  the  second  term  is  equal  to  the  exponent  of  the 
power  ; the  coefficient  of  the  third  term  is  equal  to  the  result 
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obtained  by  multiplying  the  exponent  of  a in  the  second  term 
by  the  coefficient  of  that  term  and  dividing  the  result  by  2 ; 
and,  in  general,  if  the  exponent  of  a in  any  term  be  multi- 
plied by  the  coefficient  of  that  term  and  the  result  be  divided 
by  the  number  of  that  term,  the  quotient  ivill  be  the  coefficient 
of  the  succeeding  term. 

G.  The  coefficients  of  any  tivo  terms  of  the  power  equally 
distant  from  the  extremes  are  equal. 


The  Binomial  Foemula. 


206.  From  the  principles  of  the  preceding  article  it 
follows  that 

(a  -j-  b)n  = an  + nan~xb  + ^ an~W 


n (: n — 1)  (n  — 2) 


an~3b 3 + + bn. 


This  is  the  Binomial  Formula.  The  second  member  of 
this  formula  is  called  the  Expansion,  or  Development,  of 
(a  + b)n. 


207.  The  expansion  of  {a  — b)n  may  be  obtained  by 
putting  —b  in  the  place  of  + b in  the  expansion  of  (a  + 5)". 
The  terms  containing  the  even  powers  of  — b will  be  posi- 
tive, and  those  containing  the  odd  powers  of  — b will  be 
negative. 

o’,  (a  — b)n  = an  — na™-^  -f  — 11  an— igi 


in  — 1)  (n  — 2) 

n ± L an~ 

2x3 


-f- ± bn. 


The  last  term  of  the  expansion  of  ( a — b)n  is  positive  or 
negative,  according  as  n,  the  exponent  of  the  power,  is  even 
or  odd. 
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208.  To  find  any  power  of  a binomial  by  means 
of  the  binomial  theorem. 

EX  E JR  CIS  e s. 

1.  Find  the  4th  power  of  c + a. 

First  Solution.  The  first  term  of  the  expansion  is  c4 
(205,  2,  5);  the  second  term  is  4c3#  (205,  3,  5) ; 


the  third  term 

4 x 3c2a2 

— 6 c^jf^ } 

“ 2 

the  fourth  term 

6 x 2 cx3 

= 4 cx3; 

~ 3 

the  fifth  term 

4 x la4 
= 4 

= X4. 

/.  ( c + a )4  = c4  - f-  4c3£  + 6c2#2  4-  4 cx3  + x4. 

Second  Solution.  The  literal  parts  of  the  terms  of  the 
expansion  of  ( c + x)4  are 

C4,  <?X,  &X1,  CX3,  X 4, 

and  the  coefficients  are  1,  4,  6,  4,  1 ; 

( c + a')4  — c4  + 4c3a  + GcPx?  + 4 cx3  4-  a4. 

Third  Solution.  Substitute  c for  a,  x for  b,  and  4 for  n 
in  the  Binomial  Formula;  then 

(c  + a)4  = c4  + ^(?x  + Q^x2  + 4ca3  4-  a4. 

2.  Find  the  4th  power  of  2a  — 3 a. 

Substitute  2a  for  c,  and  — 3 a for  a in  the  equation 
(c  + a)4  p=  c4  4-  4 chc  + + 4ca3  4-  a4 , 

then  (2a— 3a)4  = (2a)4  + 4 (2a)3  (—  3 a)  4-6  (2a)2  (—  3a)2 
+ 4 (2a)  (- 3a)3  4-  (—3a)4 
= 16a4  — 96aa34-  216a2a2  — 216a3a  + 81a4. 


THE  BINOMIAL  THEOREM. 
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The  same  result  may  be  obtained  by  the  following  method : 

Powers  of  2x:  (2a;)4,  (2a;)3,  (2a;)2,  (2a;)1 ; 

Powers  of—  3a:  ( — 3a)1,  ( — 3a)2,  ( — 3a)3,  ( — 3a)4; 

Coefficients : 1, 4, 6, 4, 1 ; 

(2a;  — 3a)4  = 16a;4  — 96aa;3  + 216a2a;2  — 216a3a;  + 81a4. 


Expand : 

3.  (x  — a)4.  Ans.  x*  — 4aa:3  + Qa2x2  — 4a3a  + a4. 

4.  (x  + a)5. 

Ans.  x5  + 5aa;4  -f-  10a2a?  + 10a3a;2  + 5a4a;  + a5. 

5.  (x  + a)7. 

Ans.  x7  + W + 21a2a5  + 35a3a:4+35a4a;3  + 21a5a:2 
+ 7 a3x  -f-  a7. 

6.  (2a;  + 3a)5. 

Ans.  32a;5  + 240aa^  + 720a^  + 1080a3a;2  + 810a4a;  + 243a5. 


7.  (2  — x)3.  Ans.  8 — 12a;  + Qx2  — x3. 

8.  (x  — 7)4.  Ans.  a;4— 28a:3  + 294a;2— 1372a;  + 2401. 


9.  (2a  — b)5. 

Ans.  32 a5  — 80a46  + 80 o3b2  — 40a263  + 10a&4  — b5. 

10.  (2a  — 7c)7. 

Ans.  128 a7  - 3136a®c  + 32928a5c2  — 192080a4c3+672280a3c4 
— 1411788a2c5  + 1647086ac®  — 823543c7. 

11.  (1  — a:)9. 

Ans.  1 — 9a;  + 36a;2  — 84a;34-126a^—  126a;5 -|- 84a;6 
— 36a;7  4-  9a;8  — a9. 


12. 


■A  32  24  8 1 

Ans.  16 , o 4 — a' 

y y 2 ys  y 4 


Ans.  1 

x 


160_  ^ _80_ 
27a;3  + 27a;4 


64  64 

Six5  + 729a®' 


13. 
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14.  {ha  - 76)4. 

Ans.  625 a4  — 3500 a3b  + 7350a261 2  — 6860a53  + 240164. 


— 168a2#5  + 224a  &6  - 12857. 

17.  (a2  — ax)1Q. 

Ans.  a20  — 10a19^  + 45a%2  — 120a%3  + 210a%4 

— 252a15x5  + 210a%6  — 120a%*  + 45a%s 

— 10a11  a:9  + a%10. 

18.  {x~2  4-  a-3)5. 

Ans.  a:-10  + 5 a~3x~8  + 10a~6ar6  + 10a_9ar4  + 5a~%~2  4-  a~15. 

209.  To  find  any  power  of  a polynomial  by  means 
of  the  binomial  theorem. 


then  {a  + b-\-c— d)3  = {x-\-y)3  — x3  + dx2y -\-dxy2-\-y3. 

Kestoring  the  values  of  x and  y, 

{a  + b + c— d)3  = {a  + b)3  + 3 {a  + b)2  { c — d) 


4-  3 {a  + b)  (c  — d)2  + (c  — d)3 
= a3  + 3 a2b  4-  dab2  4-  b3  4-  3a2c4-6a£c4-3£2c 
— 3 a2d  — 6abd  — 3 b2d  4-  3ac2  — 6acd 
4-  dad2  4-  3 be2  - 6bcd  +dbd2  + c3—dc2d 
4-  ded2  - dh 


15. 


1.  Expand  (a  4-  b + c — d)3. 

Put  x = a + b,  and  y — c — d 
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Expand : 

2.  (a  + b + c)3. 

Ans.  a3  + 5s  + c3  + 3a254-3a2c4-3«524-352c4-3«c2 
4-  35c2  + Gate. 

3.  (1  + x — x 2)3.  Ans.  1 + 3x  — 5a3  4-  3a:5  — a;6. 

4.  (ax  + by  + cz)3. 

A ns.  a3x3  + b3y3  + c3z3 + 3 a2bx2y  4-  3 a2cx2z  -j-  SalPxy2 
4-  3 b2cy2z  + 3 ac2xz2  + 3 bc2yz2  + Gabexyz. 

5.  [(a  -f  b)  x — (c  + £?)  ?/]3. 

ylrcs.  (a  4-  b)3  x3  — 3 (a  4-  5)2a;2  (c  + d)  y -f  3 (a  + b)  x (c  + d)2y2 
— (c  + df  y3. 

6.  (1  + x -(-  a;2)4. 

(l4-^)44-  4 (1 4- a;)3  a;2  4-  6 (1 4- a:)2  a;4  4- 4 (1 4- a;)  a;6  4- a;8. 
Simplify  : 

7.  (a  4-  b 4-  c)3  — 3 (a  4-  5 4-  c)2  c 4-  3 (a  4-  5 4-  c)  c2  — c3. 

Ans.  a3  4-  3 a2b  4-  3ab2  + b3. 

8.  (a — 5)34-3  (a— 5)2(5— c) 4-3  (a—b)  (b — c)24- (b — c)3. 

Ans.  a3  — 3a2c  4-  3ac2  — c3. 

9.  (1  4-  x 4-  3a;2  4-  3a:3)3  4-  (1  — x 4-  3a;2  — 3a;3)3. 

Ans.  2(1  4 12a;2  4-  54a;4  + 108a;6  4-  81a;8). 

10.  [(x  4-  y)3  — (x3  4-  y3)]3  — 27 x3y3  (x3  4-  y3). 

Ans.  81a;4?/4  (x  4-  y). 

11.  (2  4-  3a:  4-  4a;2)2  4-  (2  — 3a;  4-  4a:2)2. 

Ans.  2 (4  4-  25a:2  4-  16a4). 

12.  (2  4-  3a:  4-  4a:2)3  — (2  — 3a?  + 4a:2)3. 

Ans.  2 (36a:  4-  171a;3  4-  144a;5). 

13.  (1  — a:)3  (1  4-  x 4-  x2)3.  Ans.  1 — 3a:3  4- 3a;6-  a;9. 

14.  (1  — x 4-  x2)3  (1  4-  x 4-  x2)3. 

Ans.  14-  3a:2  4-  6a:4  4-  7a:6  4-  6x8  -f-  3a;10  4-  ^12- 
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EVOLUTION. 

210.  Evolution  is  the  process  of  finding  any  root  of  a 
quantity. 

Evolution  is  the  converse  of  Involution.  In  Involution, 
the  root  is  given,  and  the  power  is  to  he  found ; in  Evolu- 
tion the  power  is  given,  and  the  root  is  to  be  found. 

211.  If  the  index  of  the  root  to  be  found  is  odd,  the  sign 
of  the  root  will  be  the  same  as  that  of  the  given  quantity 
(198,  199).  Thus,  y/8  = 2,  and  y/^8  = - 2. 

212.  If  the  index  of  the  root  is  even,  and  the  given  quan- 
tity is  positive,  the  roots  may  be  either  positive  or  negative 
(198,199).  Thus,  y/9  = + 8 or  - 3. 

213.  If  the  index  of  the  root  is  even,  and  the  given  quan- 
tity is  negative,  the  root  cannot  be  found,  for  it  is  impossible 
to  produce  a negative  result  by  raising  a negative  quantity 
to  an  even  power  (199). 

The  indicated  even  root  of  a negative  quantity  is  called  an 
Imaginary  Quantity.  Thus,  y/  — 9 is  an  imaginary  quan- 
tity. 

214.  To  find  any  root  of  a monomial. 

Since  Evolution  is  the  converse  of  Involution,  any  root  of 
a monomial  may  be  found  by  reversing  the  process  of  Art. 
202.  Thus,  the  square  root  may  be  found  by  extracting 
the  square  root  of  the  coefficient,  and  dividing  the  exponent 
of  each  letter  by  2 ; the  cube  root  may  be  found  by  extract- 
ing the  cube  root  of  the  coefficient,  and  dividing  the  expo- 
nent of  each  letter  by  3 ; and  so  on.  Thus, 

V9cd¥  = ± 3 a*b\  and  ^8aW  = 2 aW. 


SQUARE  ROOT  OF  A POLYNOMIAL. 


183 


1. 


2. 

3. 


4. 

5. 


6. 

7. 

8. 

9. 

10. 

11. 

12. 


EXE  R CIS  E S. 


Find  the  square  root  of  64a254c6. 
Find  the  cube  root  of  27 a356c9. 
Find  the  cube  root  of  — 64 a359c12, 
Find  the  fifth  root  of  — a555c10. 
Has  — a*Wc2  a square  root  ? 

Find  the  fourth  root  of  16a. 

Find  the  fifth  root  of  — 32x10?f. 
Find 


Ans.  ± 8a52c3. 

Ans.  3ab2c 3. 
Ans.  — 4a53c4. 
Ans.  — abc2. 

Why? 

Ans.  ± 2 a*. 
Ans.  — 2x2ys. 


the  square  root  of  81a_46G.  Ans.  ± 9 ar2b3. 


Find  the  nth  root  of  aZnb2m.  Ans.  azb  n . 

Find  the  cube  root  of  — 216a_3wc_1. 

Ans.  — (krnc~k 

Find  the  fourth  root  of  alb2.  Ans.  ± akb^. 

Find  the  sixth  root  of  a2¥.  Ans.  ± akb%. 


215.  To  And  tlie  square  root  of  a polynomial. 

Since  (a-f  5 + c)2  = a2 + 2ab  + b2 + 2ac -k  2bc  + c2, 
it  follows  that 

V a2  + 2ab  + b2  + 2 cic  + 2 be  -f-c2  = « + 5 + c. 

How  a rule  for  finding  the  square  root  of  a polynomial 
may  be  deduced  by  observing  how  a + b + c may  be  derived 
from  its  square. 


a2  + 2 ab  + J2  + 2 ac 
a2 

+ 

25c 

+ 

c2  1 a + b + c. 

2a  + b 

2 ab  + b2  -f 

- 2 ac 

+ 

2 be 

+ 

c2 

2 ab  + b2 

2 a -J-  2b  -{-  c 

2 ac 

+ 

2 be 

+ 

c2 

2 ac 

+ 

2 be 

+ 

c2 

Arrange  the  power  according  to  the  descending  powers 
of  a ; then  the  first  term,  a,  of  the  root  is  the  square  root  of 
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the  first  term,  a 2,  of  the  power.  Subtract  the  square  of  a 
from  the  power;  then  the  second  term,  b,  of  the  root  may 
be  derived  from  the  first  term,  2 ab,  of  the  remainder,  by 
dividing  it  by  2 a.  Add  b to  2a,  multiply  the  sum  by  b, 
and  subtract  the  product  from  the  remainder.  The  third 
term,  c,  of  the  root  may  now  be  derived  from  the  first  term, 
2 cic,  of  the  second  remainder,  by  dividing  it  by  2a.  Add  c 
to  2 {a  + b),  multiply  the  sum  by  c,  and  subtract  the 
product  from  the  second  remainder.  The  process  termi- 
nates here,  for  the  remainder  is  0.  In  this  operation,  2 a 
and  2 (a  -f  b)  are  called  partial  divisors,  and  2a  + b and 
2a  + 2b  -f  c are  called  complete  divisors. 

RULE. 

1.  Having  arranged  the  given  polynomial  according  to  the 
powers  of  one  of  its  letters,  extract  the  square  root  of  its 
first  term.  The  result  will  be  the  first  term  of  the  root. 
Subtract  the  square  of  this  term  from  the  given  polynomial. 

2.  Divide  the  first  term  of  the  remainder  by  twice  the  first 
term  of  the  root.  The  quotient  ivill  be  the  second  term  of  the 
root.  Annex  this  term  to  the  first  term  of  the  root  and  to 
the  partial  divisor ; then  multiply  the  complete  divisor  by 
the  second  term  of  the  root,  and  subtract  the  product  from 
the  first  remainder. 

3.  Multiply  the  part  of  the  root  already  found  by  2.  The 
product  will  be  the  second  partial  divisor.  Divide  the  first 
term  of  the  second  remainder  by  the  first  term  of  the  second 
divisor.  The  quotient  will  be  the  third  term  of  the  root. 
Annex  this  term  to  that  part  of  the  root  already  found  and 
to  the  partial  divisor  ; then  multiply  the  complete  divisor  by 
the  third  term  of  the  root,  and  subtract  the  product  from  the 
second  remainder. 

4.  If  the  root  contains  additional  terms,  find  them  in  the 
same  manner. 
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Find  the  square  root  of 


1. 

25a2 

+ 20a5  + 452. 

Ans.  5 a 4-  25. 

2. 

a2  + 

8a;  + 16. 

Ans.  x 4-  4. 

3. 

X*  + 

20a2  + 100. 

Ans.  a2  4-10. 

4. 

a 6 + 

12a3  + 36. 

Ans.  a3  4-  6. 

5. 

9a2  4-  12a  4-  4. 

Ans.  3a  4-  2. 

6. 

25a:4 

- 70a;2  4-  49. 

Ans.  5a2  — 7. 

7. 

36a6 

— 60a3  4-  25. 

Ans.  6a3  — 5. 

8. 

a4- 

4a3  4-  12a:2  — 

16a  4-  16.  Ans.  a2  — 2a  4- 4. 

9. 

1 + 

4a;  4-  8a:2  4-  8a 

3 4-  4a4.  A ns.  1 4-  2a  4-  2a2. 

10. 

a4- 

4a3  4-  2a;2  4-  4 

■x  4-  1.  Ans.  a2  — 2a  — 1. 

11. 

X4  + 

2a3  4-  3a2  4-  2a:  4-  1.  Ans.  a2  4-  x 4-  1. 

12. 

16  - 

■ 245  4-  952  4- 

8c  — 6bc  4-  c2. 

Ans.  4 — 35  4-  c. 

13. 

1 + 

4a:  + 10a:2  4-  12a3  4-  9a4.  Ans.  14-  2a  4-  3a2. 

14. 

9a:4  + 12a3  -f-  22a:2  ■ 

4-  12a  4-  9. 

Ans.  3a2  4-  2a  4-  3. 

15. 

9a2  4 

- 12a5  4-  452  4 

- 6ac  4-  45c  4-  c2. 

Ans.  3 a 4-  25  4-  c. 

16. 

a4  — 

8 x3y  4-  24  a2?/2 

— 32a?/3  4-  1 6?/4 

Ans.  a2  — 4 xy  4-  4 if. 

17. 

4a4- 

- 12a3  4-  25a2  - 

- 24a  4-  16. 

Ans.  2 a2  — 3a  4-  4. 

18. 

16a:4 

— 16a5a2  4-  1652a2  4-  4a252  — 8 a53  4-  454. 

Ans.  4a2  — 2a5  4-  2 52. 

19. 

a6  — 

4a5  4-  10a4  — 

20a3  4-  25a2  — 24a  4-  16. 

Ans.  x3  — 2a2  4-  3a  — 4. 

20. 

9a2- 

- 6a5  4-  30ac  4-  6ad  4-  52  — 105c  — 2bd  -f-  25 c2 

+ 10 cd  + (P . Ans.  3a  — 5 + 5c  4-  d. 
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21.  x 6 — Ixoy  -f  8 x^y2  — 1( )x3y3  + 8a2y4  — 4 xy3  -f-  if\ 

Ans.  x3  — 2x2y  -f-  2 xy2  — y3. 

22.  1 — 6x  + 15x2  — 20x3  -f  15x*  - 6x5  + a:6. 

Ans.  1 — 3a;  + 3x 2 — x3. 

23.  4 — 12a  + 5a2  + 14a3  — 11a4  — 4a5  + 4a6. 

Ans.  2 — 3a  — a2  + 2a3. 

24.  1 — 4:X  + 10x2  — 20a;3  + 25a:4  — 24a;5  -f-  16a:6. 

Ans.  1 — 2x  + 3x2  — 4a:3. 

25.  p2  + 2 pqx  + (2 pr  -f-  q2)  x2  + 2 ( ps  -f  qr)  x3  + (2 qs  -f  r 2)  x- 

+ 2 rsx5  + s2xG.  Ans.  p + qx  + rx2  -f-  so:3. 

216.  To  find  the  cube  root  of  a polynomial. 

Since  (a  + b)3  = a3  + 3 a2b  -j-  3 ab2  + l)3, 
it  follows  that 

's/ a3  3a2b  + 3ab2  + b3  = a + b. 

Hence,  a rule  for  finding  the  cube  root  of  a polynomial 
may  be  deduced  by  observing  how  a + b may  be  derived 
from  its  cube. 


3a2  + 3 ab  + b2 


3 a2b  + 3 ab2  + b3 
3a2b  4-  3 ab2  + b3 


Arrange  the  power  according  to  the  descending  powers  of 
a ; then  the  first  term,  a,  of  the  root  is  the  cube  root  of  the 
first  term,  a3,  of  the  power.  Subtract  the  cube  of  a from 
the  power ; then  the  second  term,  b,  of  the  root  may  be  de- 
rived from  the  first  term,  3 a2b,  of  the  remainder  by  dividing 
it  by  3a2.  Add  3 ab  + b2  to  3a2,  multiply  the  sum  by  b, 
and  subtract  the  product  from  the  remainder.  The  process 
terminates  here,  for  the  second  remainder  is  0.  In  this 
operation,  3a2  is  called  the  partial  divisor,  and  3a2-±-3ab-\-&, 
the  complete  divisor. 
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If  it  be  required  to  extract  the  cube  root  of  a3  + 3 a2b 
+ 3 ab%  + b3  + 3 (a  + Vf  c + 3 («  4-  b)  c2  c3,  which  is  the 
cube  of  a + b -f  c,  find  the  first  and  second  terms,  a and  b, 
iu  the  manner  just  explained;  then  divide  the  first  term, 
3 a2c,  of  the  second  remainder  by  the  first  term  of  3 («  + £)2. 
The  quotient,  c,  will  be  the  third  term  of  the  root.  Then 
add  3 (a  + b)  c + c2  to  3 (a  + b)2,  multiply  the  sum  by  c, 
and  subtract  the  product  from  the  second  remainder. 

RULE. 

1.  Having  arranged  the  given  polynomial  according  to  the 
powers  of  one  of  its  letters,  extract  the  cube  root  of  its  first 
term.  The  result  will  be  the  first  term  of  the  root.  Subtract 
the  cube  of  this  term  from  the  given  polynomial. 

2.  Divide  the  first  term  of  the  remainder  by  tlvree  times 
the  square  of  the  first  term  of  the  root.  The  quotient  will  be 
the  second  term  of  the  root.  Annex  this  term  to  the  first 
term  of  the  root,  and  add  to  the  partial  divisor  three  times 
the  product  of  the  first  and  second  terms  of  the  root  and  the 
square  of  the  second  term;  theyi  multiply  the  complete  divi- 
sor by  the  second  term  of  the  root,  and  subtract  the  product 
from  the  first  remainder. 

3.  Multiply  the  square  of  the  part  of  the  root  already 
found  by  3.  The  product  will  be  the  second  partial  divisor. 
Divide  the  first  term  of  the  second  remainder  by  the  first 
term  of  the  second  divisor.  The  quotient  will  be  the  third 
term  of  the  root.  Annex  this  term  to  that  part  of  the  root 
already  found,  and  to  the  partial  divisor  add  three  times  the 
product  of  the  sum  of  the  first  and  second  terms  of  the  root 
by  the  third,  and  the  square  of  the  third  term  ; then  multi- 
ply the  complete  divisor  by  the  third  term  of  the  root,  and 
subtract  the  product  from  the  second  remainder. 

4.  If  the  root  contains  additional  terms,  find  them  in  the 
same  manner. 
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E X E It  C IS  ES. 


Find  the  cube  root  of 

1.  a3  + 12a2  + 48a  + 64. 

2.  a3  — 3 a2*  -f  3a*2  — *3. 

3.  8a:3  + 12a:2  + 6*  + 1. 

4.  8*3  — 36a*2  + 54a2*  — 27a3. 

5.  27*3  — 135*2  + 225*  — 125. 

6.  a3*6  — 12a2*4  -f  48a*2  — 64. 


Ans.  2*  — 3a. 
Ans.  3*  — 5. 
Ans.  ax 2 — 4. 


Ans.  a -f  4. 
vlft-s.  a — *. 
Jws.  2*  + 1. 


7.  8a6  — 36a462  -f  54a264  — 27 66.  ^5.  2a2  — 362. 

8.  a6  — 6a5  + 15a4  — 20a3  + 15a2  — 6a  + 1. 

a2  — 2a  + 1. 

9.  27a6— 108a5*  -f  90a4*2  + 80a3*3— 60a2*4— 48a*5— 8*6. 

Ans.  3 a2  — 4a*  — 2*2. 

10.  a3  + b3  — c3  — 6a6c  +3a2£-f  Sab2— Sa2c— Sific  + Sac2 

+ Sic2.  A ns.  a + b — c. 

11.  a6  + 6a5  + 15a4  + 20a3  + 15a2  -f  6a  + 1. 

Ans.  a2  + 2a  -b  1. 

12.  *®  — 12*5  + 54*4  — 112*3  + 108*2  — 48*  + 8. 

Ans.  x2  — 4*  -f-  2. 

217.  To  find  the  higher  roots  of  quantities. 

If  the  index  of  the  required  root  contains  no  prime  factor 
greater  than  3,  the  root  may  be  found  by  methods  already 
explained,  for 


The  ninth  root  of  a quantity  is  equal  to  the  mth  root  of 
the  nth  root  of  that  quantity.  Thus, 


+ a)mn  — \X(*  + a)m  = x + a, 


and 


V(x  + a)mn  = x + a ; 


.*.  7(*  + a)mn  — \/ + a)mn  ; that  is, 
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Hence,  the  fourth  root  of  a quantity  may  be  found  by  ex- 
tracting the  square  root  of  the  square  root  of  that  quantity; 
the  sixth  root,  by  extracting  the  square  root,  then  the  cube 
root  of  the  result ; and  so  on. 


1.  Find  the  fourth  root  of  6azb2  + a4  — 4 a%  — 4 ab8-\-  ¥. 


2.  Find  the  sixth  root  of  a 6 + 6a5Z>  + 15a452  -f  20a3&3 


3.  Find  the  eighth  root  of  a8  — 16a7  q-  112a6  — 448a5 
+ 1120a4  — 1192a3  + 1792a2  — 1024a  + 256. 


4.  Find  the  ninth  root  of  a9  — 9a8c  + 3 6a7c2  — 84a6c3 

q-  126a5c4  — 126a4e5  q-  84a3c6  — 36a2c7  + Oac8  — c9 

Ans.  a — c. 

218.  To  find  any  root  of  a fraction. 

The  roots  of  fractions  may  be  found  by  means  of  the  fol- 
lowing principle : 

The  nth  root  of  a fraction  is  a fraction  \ whose  numerator 
is  the  nth  root  of  the  given  numerator , and  whose  denomina- 
tor is  the  nth  root  of  the  given  denominator. 


EXERCISES. 


Ans.  a — b. 


+ 15a254  + 6ab5  + b6. 


Ans.  a + b. 


Ans.  a — 2. 


and 


Thus, 
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EVOLUTION. 


E X E It  C IS  E , 


1 -TV  „ x2— 2ax-\-a2  x — a 

1.  Find  the  square  root  of  — — A ns.  • 

x* -j- 2ax -j- a2  x + a 

8a;3  — 12  Xr  + 6a;  — 1 

X 6 -f-  6x5  — 40a;3  96a;  — 64 

2a;  — 1 


2.  Find  the  cube  root  of 


Ans. 


x2  d-  2a;  — 4 


3.  Find  the  fourth  root  of 

6a252  + a4  — 4a3&  — 4a£3  + Z»4 
16a4  — 128a36  + 384^*^  512ai8  + 256F 

a — b 


Ans. 


2 a — 4 b 


4.  Find  the  sixth  root  of 


(a2  - 2ab  + b2f 

(a3  + 3 a2b  + 3ab2  + bz)2 

a — b 


Ans. 


K , ,,  ,,  , „ aWcH*  . aWM 

5.  Jb ind  the  seventh  root  of Ans. 0 „ ■ 

rrZrtiOy1*  A A Ik 

x y z xty^zi 


FRACTIONAL  EXPONENTS. 

219.  By  Art.  214, 

V a = a*,  \/a3  = eft, 

\/ a — efi,  %/  a2  = efi,  etc.  Hence, 

The  numerator  of  a positive  fractional  exponent  indicates 
the  power  to  which  the  quantity  affected  by  it  is  to  be  raised , 
and  the  denominator  indicates  the  root  which  is  to  be  ex- 
tracted. 


FRACTIONAL  EXPONENTS. 
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EXE  It  CIS  ES. 

Express  by  means  of  fractional  exponents: 


1. 

Vx5. 

Ans. 

xk 

5.  NL. 

Ans. 

2. 

Vcffl. 

Ans. 

a*bk 

V ab 

3. 

Ans. 

xiyi. 

6 

A Z71 

Ans . — ■ 

4. 

Ans. 

ahk 

A/V 

U 

a™ 

220.  The  principles  relating  to  negative  integral  expo- 
nents (Ml)  are  applicable  to  negative  fractional  exponents. 

— A for  art  — \/a~*  = A3  A = 

oa  V a a* 


EX  EE  CIS  ES. 

Express  by  means  of  positive  exponents: 

1.  2 a~H~k 

da 


2. 


4. 


x~s  y~i 

a~i 

1 


Ans.  -T-I* 
a?b* 

Ans.  daxiyi. 

a b%^ 
Ans.  — r— 


Ans. 


5 {x  — y) f 

6 (z  + # 


5. 


5 (x  + t/)-^ 

6 (®  - 2/)~f 


CHAPTER  X. 

RADICAL  QUANTITIES. 

221.  A Radical  Quantity  is  an  expression  which  con 
tains  the  radical  sign.  Thus,  2a/3,  3a/4,  2x5^,  x -f-  a 
are  radical  quantities. 

Radical  quantities  are  often  called,  simply,  radicals. 

222.  A Simple  Radical  is  a monomial  containing  a 

single  radical  sign.  Thus,  2 V3,  aV x + c are  simple 

radicals. 

22S.  The  Radical  Factor  of  a simple  radical  is  the 
indicated  root,  and  the  Coefficient  of  the  radical  factor  is 
the  other  factor  of  the  expression.  Thus,  in  the  expression 
2y/3,  the  radical  factor  is  a/3,  and  2 is  its  coefficient. 

224:.  The  Degree  of  a simple  radical  is  denoted  by  the 
index  of  the  indicated  root.  Thus,  2a/3,  2 x 5^  are  of  the 
second  degree,  and  2v/3,  2 x 5^  are  of  the  third  degree. 

225.  Similar  Simple  Radicals  are  those  which  have 
a common  radical  factor.  Thus,  5^/3  and  6^3  are  similar. 

22G.  A simple  radical  is  in  its  Simplest  Form,  if  the 
quantity  under  the  radical  sign  is  entire,  and  contains  no 
factor  which  is  a perfect  power  corresponding  to  the  degree 
of  the  radical. 

227.  A Polynomial  Radical  is  a radical  having  two 
or  more  terms.  Thus,  2 -f-  V3  and  2\/3  -j-  3 \/ 5 — 4^/6 
are  polynomial  radicals. 


RADICALS. 
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228.  A Complex  Radical  is  a radical  in  which  one 
radical  sign  includes  at  least  one  other.  Thus, 


j/V8  and  y 9 + 3 j/ V 5 are  complex  radicals. 

229.  A Rational  Quantity  is  a quantity  winch  can 
be  exactly  expressed  without  the  use  of  the  radical  sign. 
Thus,  3,  — 4,  52,  and  V 25  are  rational. 

A.ny  rational  quantity  can  be  expressed  under  the  form  of 
a radical.  Thus, 

5 = V25,  — 4 = — Vl6,  and'  x -f  a = V 4-  a)2. 

230.  An  Irrational  Quantity  is  a quantity  which  can- 
not be  exactly  expressed  without  the  use  of  the  radical  sign. 
Thus,  3 V5,  2V9,  and  5^2  are  irrational. 

Irrational  quantities  are  often  called  surd  quantities,  or, 
simply,  surds. 

231.  An  Imaginary  Quantity  is  an  expression  which, 
in  its  simplest  form,  contains  an  indicated  even  root  of  a 
negative  quantity.  Thus,  3 V — 1,  5V  — 16,  and  2V  — 64 
are  imaginary. 

232.  Imaginary  quantities  are  classified  in  the  same  way 
as  other  surds.  Thus, 

3 V — 1 is  simple  and  of  the  second  degree, 

2 + 3 V — 1 + 5V—  16  is  a polynomial, 
and  j/-l  + V-4  is  complex. 

233.  A Real  Quantity  is  an  expression  which,  in  its 
simplest  form,  does  not  contain  an  indicated  even  root  of  a 
negative  quantity.  Thus,  8,  — 5,  VB,  and  V—  8 are  real. 

9 
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RADICALS. 


REDUCTION  OF  SIMPLE  RADICALS. 

234.  Th.  The  'product  of  the  square  roots  of  tico  or 
more  quantities  is  equal  to  the  square  root  of  their  product ; 

’ the  product  of  their  cube  roots  is  equal  to  the  cube  root  of 
their  product ; and  so  on.  Thus, 

'fa  x Vb  = fab  ; 

for  (fax  Vbf  = (fax  Vb)  (fax  Vb) 

— V ax  V ax  Vb  x Vb 
— ab ; 

that  is,  the  square  of  Va  x Vb  is  equal  to  ab  ; 

Vax  Vb  = V ab. 

In  like  manner,  it  may  be  shown  that 

Vax  Vb  = V ab  ; 

Vax  Vb  = V ab  ; and  so  on. 

235.  Th.  The  quotient  of  the  square  roots  of  two  quan- 
tities is  equal  to  the  square  root  of  their  quotient ; the  quo- 
tient of  their  cube  roots  is  equal  to  the  cube  root  of  their 
quotient ; and  so  on.  Thus, 

Va  fa 

Vl~\v 

foV'  /Vg\8_  Va  V a _ V ax  V a _ a _ 

\Vb)  V~b  Vb  Vb  x Vb  & ? 

that  is,  the  square  of  is  equal  to  | ; 

Va  _ la 

Vb~\b 
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In  like  manner,  it  may  be  shown  that 


| ; and  so  on. 


236.  To  reduce  a rational  quantity  to  a radical  of 
any  degree. 


RULE. 

Raise  the  given  quantity  to  the  power  corresponding  to  the 
degree  of  the  radical,  and  put  the  result  under  the  radical 
sign  of  the  given  degree. 

EXER CIS ES  . 

1.  Reduce  a2  to  a radical  of  the  second  degree. 


2.  Reduce  a—x  to  a radical  of  the  third  degree. 

Ans.  V (a—xf. 

3.  Reduce  —5  to  a radical  of  the  second  degree. 

Ans.  —V25. 

4.  Reduce  — 7 to  a radical  of  the  third  degree. 

Ans.  V — 343. 

237.  To  put  the  coefficient  of  the  radical  factor 
under  the  radical  sign. 


2 = a/4  = \/S  = — \/2n; 

a — V a2  = V a2,  — V a*  = f/an. 


Ans.  V a*. 


2V3  = V4  x VS  = Vl2  (236,  234)  ; 
a V x — V a3  x Vx  — V a3x. 
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RADICALS. 


RULE. 

Raise  the  coefficient  to  the  power  corresponding  to  the 
degree  of  the  radical,  and  write  the  result  as  a factor  under 
the  radical  sign. 

Cor. — In  the  same  way  any  factor  of  the  coefficient  may 
be  put  under  the  radical  sign. 

Thus,  6\/5  = 3x2a/5  = 3 V5x4  = 3 V20. 

EX  EBCISES. 

Put  the  coefficient  in  each  of  the  following  radicals  under 


the  i 

adical  sign  : 

1. 

2V3. 

Ans. 

a/ 12. 

2. 

3 a/2. 

A ns. 

^54. 

3. 

7 Vab. 

Ans. 

V 49  ah. 

4. 

vs- 

Ans. 

a/6. 

5. 

*>/;• 

Ans. 

V ax. 

6. 

IS 

rH  ICO 

Ans. 

A 

7. 

(a  x ) ^ — 2az  -f  x 2 

Ans. 

A / c. 

8. 

a lx 

x\a  xJ 

Ans. 

la  a\ 

238.  To  move  a factor  of  the  quantity  under  the 
radical  sign  to  the  coefficient. 

The  reduction  is  performed  by  reversing  the  process  of 
Art.  237.  Thus, 

3^16  = 3\Z8~x2  = 3^8  x a/2  (234) 

= 3x2^2  = 6&2. 


REDUCTION. 
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RULE. 

Extract  the  indicated  root  of  the  factor  to  he  moved , and 
ivrite  the  result  as  a factor  in  the  coefficient. 


JEXEJtCISES. 

1.  In  a/20  move  to  the  coefficient.  Ans.  2y/h. 

2.  In  3^24  move  ^8  to  the  coefficient.  Ans.  6\/3. 

3.  In  4a/75  move  V25  to  the  coefficient.  Ans.  20 a/3. 

4.  In  (a  — x)  V (a  + x)2m  move  V ( a + x )2  to  the  coeffi- 

c^en^-  Ans.  (a2  — x2)  Vm. 


5.  In 


s/3  s/l 

V27m0reV^ 


^ to  the  coefficient.  ,4ms.  ^^3. 


6.  In  (a  — h)  V (a  + hfccl  move  V {a  + h)2  to  the  co- 
efficient. Ans.  (a2  — h2)  'V {a  + h)  cd. 


7- In  3^/ m move  \/ 55 


to  the  coefficient. 


8.  Show  that  — 


Ans.  ^75. 
5 


239.  To  reduce  the  indicated  root  of  a fraction  to  a 
radical  in  which  the  quantity  under  the  radical  sign 
shall  be  entire. 


=V: 


9 X5  = ±Vi  (338); 


3x5 

5x5 


vl=3v^xi5=ki5> 

3/24  3/24  -j-  4 3/6 3/1  1 3/77 

v 32  “ V 32T4  — y 8 — V 8 X 6 — 2^6, 
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RULES. 


I.  If  the  denominator  of  the  fraction  is  a perfect  power  of 
the  degree  of  the  radical , extract  the  indicated  root  of  the 
denominator  and  put  this  root  as  a divisor  of  the  coefficient. 

II.  If  the  denominator  of  the  fraction  is  not  a perfect 
power  of  the  degree  of  the  radical,  multiply  or  divide  both 
terms  of  the  fraction  by  such  a quantity  as  will  make  the 
denominator  a perfect  power  of  the  required  degree ; then 
proceed  as  in  I. 


Keduce  each  of  the  following  radicals  to  another  in  which 
the  quantity  under  the  radical  sign  shall  be  entire : 


EXERCISES. 


3.  |V1|. 


Ans.  | \/3. 
Ans. 

5 
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9. 


Ans.  y f/ ab1 II.^. 


b 


10.  b {a  -f  c)  Ans.  b f/ (a  — c)  ( a + c)n~ l. 


240.  To  reduce  a simple  radical  to  its  simplest 
form. 

1.  Let  it  be  required  to  reduce  5 VS  to  its  simplest  form. 


The  greatest  perfect  square  that  is  a factor  of  8 is  4. 
Moving  the  square  root  of  4 to  the  coefficient,  the  result  is 
10  a/2. 

2.  Let  it  be  required  to  reduce  5a/48  to  its  simplest  form. 


The  greatest  perfect  cube  that  is  a factor  of  48  is  8. 
Moving  the  cube  root  of  8 to  the  coefficient,  the  result  is 
10^6. 


I.  If  the  quantity  under  the  radical  sign  is  entire,  resolve 
it  into  two  factors,  one  of  which  is  the  greatest  perfect  power 
of  the  degree  of  the  radical ; then  extract  the  indicated  root 
of  this  factor,  and  put  the  root  as  a factor  of  the  coefficient 

(238).' 

II.  If  the  radical  contains  the  indicated  root  of  a fraction, 
reduce  it  to  another  in  which  the  quantity  under  the  radical 
sign  shall  be  entire  (239),  then  proceed  as  in  I. 


5 a/8  = 5 a/4  x 2 — 10  a/2. 


5^48  = 5a/8  x 6 = 10^6. 


RULES. 
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RADICALS . 


EXERCISES. 

Reduce  each  of  the  following  radicals  to  its  simplest  form : 


1. 

3V75. 

15\/3. 

2. 

WWf- 

6aV3a. 

3. 

3V'l92aW. 

24a1 264c3  V3ac. 

4. 

2^108  a3b. 

^4ws.  6«V 46. 

5. 

*vf' 

~ Vo. 

d 

6. 

WH- 

,4ws.  ^V<3. 

O 

7. 

5^ 

.4?zs.  f Vl5. 

5 

8. 

5 /24  V 
2V5  / ‘ 

^4/zs.  (75) V 

9. 

2a  19  \i 
T \4uV  ° 

i(18a)i 

d 

10. 

/?. 
jV  <Z 

A ns.  ?§Vd. 
bd 

11. 

' * v * + ® 

A ns.  V^2  — a3. 

12. 

4 fa  — a? 
y a + a? 

341.  To  reduce  simple  radicals  having  unequal 
indices  to  others  having  equal  indices. 

1.  Let  it  he  required  to  reduce  V2  andV^  to  equivalent 

radicals  having  equal  indices. 

Va  = (2)*  = (2)*  = ^23  (319); 

= (5)i  = (5)?  = ■$'(5*. 
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2.  Let  it  be  required  to  reduce  a/  a and  b to  equivalent 
radicals  having  equal  indices. 

a = a s = = v'a4; 

\/b  ■ b * = b**  = a/#3. 


RULE. 

Express  the  indicated  roots  by  means  of  f ractional  expo- 
nents ; then  reduce  the  expressions  thus  obtained  to  others  in 
'which  the  f ractional  exponents  shall  have  equal  denominators. 

Cor.  1.  If  equal  factors  be  introduced  into  the  index  of 
the  root  and  the  exponent  of  the  quantity  under  the  radical 
sign,  the  value  of  the  radical  will  not  be  changed.  Thus, 
f/a?  vV  '=  'fa6. 

Cor.  2.  If  equal  factors  be  canceled  in  the  index  of  the 
root  and  the  exponent  of  the  quantity  under  the  radical  sign, 
the  value  of  the  radical  will  not  be  changed.  Thus, 
'fa6  = f a 2. 

EXERCISES. 

1.  Reduce  2 a/2  and  3 a/3  to  radicals  having  equal  in- 
dices. Ans.  2 a/8,  3 a/9. 

2.  Reduce  a/2,  2a/3,  3 a/4  to  radicals  having  equal 

indices.  Ans.  a/8,  2a/9,  3 a/8. 

3.  Reduce  'fa,  'fb,  a/ c to  radicals  having  equal  indices. 

Ans.  a /a15,  A Vb16,  3/fc6. 

4.  Reduce  a/«5,  fb3,  ■fc4  to  radicals  having  equal  indices. 

Ans.  a /a,  fb,  a / c. 

5.  Reduce  (x  + a)%,  ( x — a)%,  {in  + n)i  to  radicals  having 
equal  indices.  Ans.  (x  -f  a)i83,  (x  — a)&,  ( m + n)&. 
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ADDITION. 

24:2.  To  find  tlie  sum  of  simple  radicals. 

1.  Let  it  be  required  to  find  the  sum  of  2a/3  and  5a/3. 

2 a/3  -f  5 a/3  = (2  + 5)  V3  = 7V3. 

2.  Let  it  be  required  to  find  the  sum  of  2 Vl2  and  5a/2L 

2 a/12  = 2a/^X~3  = 4 a/3; 

5 a/27  = 5a/ 9 x 3 = 15 a/3; 

.*.  2a/12  + 5 a/27  = 4 a/3  + 15  a/3  = 19  a/3. 

3.  Let  it  be  required  to  find  the  sum  of  3 a/8  and  5a/27. 

3 a/8  = 3a/4~xT2  = 6 a/2; 

5 a/27  = 5a/9  x 3 = 15 a/3; 

.*.  3 a/8  + 5 a/27  = 6 a/2  + 15  a/3. 

In  this  example  the  radicals  cannot  be  made  similar; 
hence,  the  addition  can  only  be  indicated. 

4.  Let  it  be  required  to  find  the  sum  of  2 a/5  and  3a/25. 

3^25  = 3a/52  = 3 a/5  (241,  Cor.  2); 

...  2 a/5  + 3 a/25  = 2 a/25  + 3a/5  = 5 a/5. 

RULES. 

I.  If  the  given  radicals  are  similar,  prefix  the  sum  of  the 
coefficients  to  the  common  radical  factor. 

II.  If  the  given  radicals  are  of  the  same  degree,  hut  not 
similar,  reduce  them,  if  possible,  to  similar  radicals  (225, 
238);  then  proceed  as  in  I.  If  they  cannot  he  so  reduced, 
indicate  their  sum. 

III.  If  the  given  radicals  are  of  different  degrees,  reduce 
them  to  others  of  the  same  degree  ; then  proceed  as  in  II. 


ADDITION. 
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EX  EE  C IS  ES. 

Find  the  sum  of 

1.  HVlO  and  6\/l0. 

2.  3 a/37,  2 a/12,  5 a/75. 

3.  V},  in/2,  Wh 

4.  4a/375  and  3a/81. 

5.  V a2x  and  V b2x. 


Ans.  13^10. 
A ns.  38  a/3. 

Ans.  V:2. 
Ans.  29^3. 
Ans.  ( a -f-  b)  Vx. 


6.  affbx2,  b\/24:X2,  cff 54a;3.  Ans.  x(a  + 2b  -J-  3c) V 0. 

7.  3a/16«4Z/  and  S^a2#2.  Ans.  8\/2ab. 

8.  ffU,  2a/73,  2a/5.  2a/6  + 12a/3  + 2a/5. 

9.  (2aa:2  — 4«a;  + 2a)^  and  (2aa^  + 4 ax  + 2a)i. 

Jvw.  2cr(2a)^. 

10.  a(53)«  and  c(b)i.  Ans.  (a  + c)$. 


SUBTRACTION. 

243.  To  find  the  difference  between  two  simple 
radicals. 

The  rules  for  finding  the  difference  between  two  simple 
radicals  may  be  derived  from  those  for  finding  their  sum  by 
substituting  the  word  difference  for  the  word  sum.  Let  the 
student  repeat  those  rules  with  this  modification.  The 
difference  may  be  found  also  by  adding  the  negative  of  the 
subtrahend  to  the  minuend  (74). 
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Subtract 


EXERCISES. 


1. 


2. 


3. 


4. 

5. 

6. 

7. 

8. 


9. 


10. 


2\/5  from  6^5. 

2\/l2  from  3 a/27. 

from  y'i- 

3^81  from  4^375. 
's/ffx  from  V a?x. 
b^/Qx2  from  aV% ^x2. 

2 y/16«464  from  7a/4 a2b2. 
a/24  from  2a/72. 


4\/5. 
Tws.  5 a/3. 

~V2. 

6 

11^3. 
(«  — b)  Vx. 
A ns.  x (2 a — b)  a/6. 

A ns.  5V2ab. 
Ans.  12  a/2  — 2 a/6. 


(got2  — 2mr  + «)s  from  (a#2  + 2 ax  + a)^. 

Ans.  2 aJ. 

c$  from  a (Z>3)^.  Ans.  ( a — c) 


MULTIPLICATION. 

244.  To  find  the  product  of  simple  radicals. 

1.  Let  it  be  required  to  multiply  2a/18  by  5a/48. 
2a/18  X 5^48  = 2x  5a/18  x a/48  (77,  Cor.  3) 

= 10  a/18-  x 48  (234) 

= 10a/ 9 X 16  x 2 x~3  = 120 a/6. 

2.  Let  it  be  required  to  multiply  2^/a  by  b%/2a. 

2^/ a x btf2a  — 2v/a3  x 5^(2a)2  (241,  Cor.  1) 

= 10 


MUL  TIP  LIC A TION. 
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RULES. 


I.  If  the  given  radicals  are  of  the  same  degree,  find  the 
product  of  the  radical  factors  by  the  principle  of  Art.  234 , 
and  to  the  result  prefix  the  product  of  their  coefficients.  Ex- 
press the  final  result  in  its  simplest  form. 

II.  If  the  given  radicals  are  of  different  degrees,  reduce 
them  to  others  of  the  same  degree  ; then  proceed  as  in  I. 


Cor.  If  the  radicals  are  expressed  by  means  of  fractional 
exponents,  their  product  may  be  found  by  the  rule  of  Art. 
78.  Thus,  2 efr  x 3ai  = 6a*+i  = 6ai 

EX  Pit  CIS  PS. 

Multiply 


1.  2a/5  by  6\/5. 

2.  3 a/6  by  5^9. 

3.  by  |^I80. 

4.  2 a/4  by  5 a/3. 

5.  a/24 a2b  by  a/12A 

6.  a\/ax  by  bVby. 

7.  5 f/b  by  3 a V a. 

8.  cfc  by  at. 

9.  2 a?b%c%  by  3 a?$&d?. 

10.  m ( a + Vfi  by  n (a  — b)%. 


Ans.  60. 
A ns.  45  a/6. 
Ans.  4y/15. 

Ans.  10^432. 
Ans.  12«5a/2. 
Ans.  abfy a2bzx2y\ 
Ans.  15  tyalbK 
Ans.  a. 
Ans.  barbed*. 
Ans.  mn  (a2  — b2)%. 


245.  To  find  the  product  of  quantities,  when  one 
or  each  of  them  is  a polynomial  radical. 

The  product  of  quantities,  when  one  or  each  of  them  is  a 
polynomial  radical,  may  be  found  by  combining  the  rules 
of  Art.  244  with  those  of  Articles  79  and  80.  If  the 
radicals  are  expressed  by  means  of  fractional  exponents,  the 
rules  of  Articles  79  and  80  are  sufficient. 
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1.  Multiply 
by 

Product, 


RADICALS. 


EXERCISE, 


2.  Multiply 

by 

Product, 


3 + V5 

V3 

3 a/3  + VI5. 

3 + Vo 

2 + V3 

6 + 2 a/5  + 3 a/3  + a/15. 


3.  Multiply 

by 


a*  + a»5®  -p  Js 

— 5^ 

a -f  aA$  + 

— — aAb%  — 5 


Product,  a — b. 

Multiply 

4.  Vo  + a/3  by  a/5  — a/3.  4«s.  2. 

5.  a + 3a/5  by  a — 2a/5.  a2  -f-  «a/5  — 65. 

6.  x + 2A/y  + 3a/2  by  x — %V  y + dVz. 

Ans.  x2  — iy  + 63^2  -f  Ov/z2. 

7.  a$  + 25^  by  — 45^. 

Ans.  a 2 + 2a^  — 4^5^  _ 8 5i 

8.  a/«  + ^ by  V«  - a/5  + 

Mws.  a — b — x. 

9.  a /a  — A^a  by  a/«  — 1. 

Mws.  a/«5  — v7^2  — a/«  -f-  v'a. 

10.  -p  a25^  + a^5^  -f  ab  + a*5^  + 5^  by  — 5^. 

Ans.  az  — 52. 

11.  xi  — 4 + 2a^  by  a;  — 

Mws.  a^  — a^x2  — 4aa;^  -p  Qa^x  — 2 a?x^. 

a%  _ _p  _ «-f  by  V + V — ar~s  — a~%. 


12. 


DIVISION. 
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DIVISION. 

246.  To  find  the  quotient  of  two  simple  radicals. 

The  rules  for  finding  the  quotient  of  two  simple  radicals 
may  be  derived  from  those  for  finding  their  product,  by 
substituting  the  word  quotient  for  the  word  product,  and 
Art.  235  for  Art.  234.  Let  the  student  repeat  those 
rules  with  this  modification. 

Cor.  If  the  radicals  are  expressed  by  means  of  fractional 
exponents,  their  quotient  may  be  found  by  the  rule  o£ 

Art.  85.  Thus,  — : = 2a%~i  = 2a%. 

3 a* 


EXERCISES. 

Divide 


1. 

45  y/ 6 by  5^9. 

Ans.  3\/6. 

2. 

60  by  6V5. 

Arts.  2a/5. 

3. 

4^15  by  ^180. 

Ans.  1^18. 

O 

4. 

10^432  by  5^3. 

Ans.  2v/4. 

5. 

12 aby/2  by  a/12 b. 

Ans.  2aV6b. 

6. 

abty  a2b3x2y3  by  bVby . 

Ans.  aty ax. 

7. 

1 htycfib*  by  3\/ a. 

Ans.  5 's/b. 

8. 

a?  by  aJ. 

Ans.  a*. 

9. 

6c$bcdi  by  3 (£$$$. 

Ans.  2a*6*ct 

10. 

mn  ( a 2 — b2)%  by  n (a  — b)%. 

Ans.  m {a  -f  b)*, 

11. 

2 (z  + V)~*  by  (x  + #• 

A 2 

Ans. 

* + y 

12. 

6ab*c2d%  by  — 3 a$b~?cd~%. 

Ans.  — 2 a^bcd* 

208 


RADICALS. 


24:7.  To  find  the  quotient  of  two  quantities,  when 
one  or  each  of  them  is  a polynomial  radical. 

The  quotient  of  two  quantities,  when  one  or  each  of  them 
is  a polynomial  radical,  may  be  found  by  combining  the 
rules  of  Art.  246  with  those  of  Articles  87  and  88.  If 
the  radicals  are  expressed  by  means  of  fractional  exponents, 
the  rules  of  Articles  87  and  88  are  sufficient.  ' 

EXER  CIS  ES. 

1.  Divide  a 3 4 a\/b  — 66  by  a — 2 vb. 

d 2 + aVb  — 66  | a — 2\/b 
a 2 — 2 ay/b  a 4 dVb. 

‘daVb  — 66 
3aVb  — 66 


2.  Divide  x * — y*  by  X*  — yl. 

ft  — yi  | ft  — y\ 

xft  — fty*  X*  4 yif. 

X\y\  — yk 

fty%  — y* 

Divide 


3. 


4. 


5. 


6. 


8VT08  + 3V18  — 5\/24  by  ftQ. 

Ans.  24a/2  4 3^3  — 10. 
4y/50  — 2V 10  4 4V15  by  245. 

Ans.  2\/l0  -V2  + 2V3. 


4 x5  — 44a?3 — 24a?  4 6a? — a:2  by  4a?34^ — 44  a?. 

Ans.  x — V'x ■ 

a2  — 6 by  aft  — ft. 

Ans.  (ft  4 aft  ft  + aft  4 eft  ft  4 eft  ft  4 ft- 


INVOLUTION. 
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7. 

a - 

- b3  by  ah  + 

cPb  * + cfib  + 

Ans.  ah  — bk 

8. 

x~ 

1 — y~x  by  x~ 

-i  - y~i 

Ans.  x~ t 4- 

/jj— 3 y~h  4-  y~~€. 

9. 

3 

x? 

— xy%  + xhy 

”>5 

1 

.O 

3S> 

1 

Ans.  x 4-  y. 

10. 

3 

X? 

+ y%  by  x — 

afy*  + y* 

Ans.  x % 4-  y$. 

11. 

4 

X 3 

4-  xiy*  -f  y by  x%  — z*y*  4-  y 

a;a  -f  2)3^/T  4.  y?m 

12. 

3 

X* 

— a3  by  xi  — 

- ahxh  + «. 

Tras.  a;^  4-  aAr*  — a'srci  — a 2. 

13. 

5 

a * 

— ahb  + abi  • 

— 2«^2  4-  by  J 

—a$+ahb—lr 

Ans. 

a 4-  — b. 

14. 

x?  ■ 

— 4a;2  4-  - 

— x by  x%  4-  2a;  — 

1 

X*. 

Ans. 

, v~  — 2a;  4~  xP. 

INVOLUTION. 

248.  Th.  The  mth  power  of  the nth  root  of  a quantity 
is  equal  to  the  nth  root  of  the  inth  poiver  of  that  quantity. 

Thus,  {yff  = V':?; 

for  x t/3  = \/¥  (234). 

In  like  manner,  it  may  be  shown  that 
{VI  f — V 33  = 3 ; 

('V^f  = w ; 

(a^)5  = v^5;  and  so  on. 

Cor.  1.  If  the  index  of  the  root  is  equal  to  the  exponent 
of  the  power  to  which  the  root  is  to  be  raised,  the  required 
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power  may  be  found  by  simply  removing  the  radical  sign. 
Thus,  (a/3)2  = 3,  (v^)3  = 3,  (v^)4  = 3. 

Cor.  2.  If  the  root  is  indicated  by  a fractional  exponent, 
the  rule  of  Art.  202  is  applicable.  Thus, 

(ahf  = ah,  (ah)2  = (aXf  = dk. 

249.  To  find  any  power  of  a radical. 

Any  power  of  a radical  may  be  found  by  combining  the 
principle  of  Art.  248  with  the  rules  for  involution  in 
Chapter  IX.  If  each  root  in  the  given  radical  is  indicated 
by  a fractional  exponent,  the  rules  for  involution  in  Chap- 
ter IX  are  sufficient. 


JE7  X TSR  CIS  JE  S. 

1.  Find  the  square  of  3 a/5. 

( Zfybf  = 32(a/5)2  = = 9^25  (248). 


2.  Find  the  square  of  a/3  + a/5. 

(a/3  + V5 )2  = (a/3)2  + 2 V3  x A/5  + (■ Vbf 

= 3 + 2a/15  + 5 = 8 + 2\/l5  (81). 


3.  Find  the  square  of  5 a/#.  Ans.  25 'fya?. 

4.  Find  the  cube  of  — 5 ah/ x.  Ans.  — 125a3x. 


5.  Find  the  cube  of  ~ Vs.  Ans.  ^a/3. 

o y 

6.  Find  the  4th  power  of  — oh.  Ans.  ah. 

7.  Find  the  square  of  «a/2  — a/3. 

Ans.  2 a2  — 2a V 6 + 3. 

8.  Find  the  cube  of  3 — a/5-  Aws.  72  — 3 2 a/5. 

9.  Find  the  square  of  ah  — bk  Ans.  a — 2ahd  + b k 


EVOLUTION. 
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10.  Find  the  4th  power  of  a?  + $. 

Ans.  a 2 + 4 -f  6ab  + 4 + S2. 

11.  Find  the  cube  of  cfi  — 2 cfib*  -f-  3#i 

Ans.  o 2 — 6a%b*  -j-  21a^ — 44 ab*  + §3a$b% — 54 + 27 b. 

12.  Find  the  5th  power  of  x*  — y%. 

Ans.  x^~  — 5 x?y§  + 10a;%5  — 10^%^  -f-  5.r%10  — y^. 


250.  To  find,  any  root  of  a radical. 

Any  root  of  a radical  may  be  found  by  combining  the 
principle  of  Art.  217  with  the  rules  for  evolution  in  Chap- 
ter IX. 

If  each  root  in  the  given  radical  is  indicated  by  a frac- 
tional exponent,  the  rules  for  evolution  in  Chapter  IX  are 
sufficient. 


= 3^3  (217,  241,  Cor.  2). 
2.  Find  the  square  root  of  a + 2Vab  + b. 

a + 2 a / ab  + b | Va_  + Vb. 


EVOLUTION. 


EX  E JR  Cl  S ES. 

1.  Find  the  square  root  of  9\^32. 


a 


2\/«  + Vb  2 ab  A- b 
2V  ab  + b 


3.  Find  the  square  root  of  25  V 3. 


Ans.  5^3. 
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4.  Find  the  square  root  of  2/v/5.  Ans.  \^40. 

5.  Find  the  cube  root  of  a*J a.  Ans.  V a. 

6.  Find  the  fourth  root  of  5^9.  Ans.  ^1125. 

7.  Find  the  square  root  of  4 a2  -)- 12  ab  + 9 V7#2. 

Ans.  2\/a  + 3 's/b. 

8.  Find  the  square  root  of  x*  + 2 + y i 

Ans.  xi  + yi. 

9.  Find  the  square  root  of  a*  — 2 ak$  + bk 

Ans.  ok  — b«. 

10.  Find  the  cube  root  of  a + 3 ak$  + 3 ak$  + b. 

Ans.  ok  -f-  $ 

11.  Find  the  cube  root  of  oH h#  — 3 orxx  + 6 arM’  — 7 

+ — 3 ax~x  + akx~%.  Ans.  ar^xk  — 1 -f  a^x~k 

12.  Find  the  fourth  root  of  16a:6  — 96a;%^  + 21 6z3^ 

— 216z%*  -f  81  ys.  Ans.  2x§  — 3 y*. 


REDUCTION  OF  FRACTIONS 

HAVING  SURD  DENOMINATORS  TO  OTHERS 
HAVING  RATIONAL  DENOMINATORS. 

251.  To  reduce  a fraction  whose  denominator  is 
a surd  of  the  second  degree  to  another  having  a 
rational  denominator. 

3 

1.  Let  it  be  required  to  reduce  the  fraction  — — to  another 
having  a rational  denominator.  * * 

3 _ 3 x V2  _ 3 a/2 
V2  V2  x V2  2 


REDUCTION  OF  FRACTIONS. 
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2.  Let  it  be  required  to  reduce  the  fraction 
another  having  a rational  denominator. 


6 

V~7  + V2 


to 


6 _ 6 (V7  - V2) _ 6 (a/7  - a/2) 

V7  -f  V2  ~ (V7  -f  V2)(V7  - V%)  ~ 7 ~ 2 

_ 6 (V7  - V2) 

5 


RULES. 

I.  If  the  denominator  is  a simple  surd  of  the  second  de- 
gree, multiply  both  terms  of  the  fraction  by  the  denominator. 

II.  If  the  denominator  is  a binomial  surd  of  the  second 
degree,  multiply  both  terms  of  the  fraction  by  a binomial 
ichich  differs  from  the  given  denominator  only  in  the  sign 
of  the  second  term. 


EXERCISES. 

Reduce  each  of  the  following  fractions  to  another  having 
a rational  denominator : 


1. 

2 

Ans. 

2 a/5 

4/5* 

5 

2. 

Vs 

A ns. 

V2' 

2 a/6* 

4 

3. 

3a  V 2 

Ans. 

aV  6 

2 VS  ’ 

~~2 

4. 

a 

Ans. 

aVb 

Vb 

b 

5. 

3 

Ans. 

Vo  + V2. 

VI—  V2 

6. 

VI-  a/2 

Ans. 

7 — 2a/10 

a/5  + V2 

3 
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7. 

a + Vb 
a — Vb 

A ns. 

8. 

V a — Vb 

V a + Vb 

A ns. 

9. 

a 

A ns. 

3 + Vet 

10. 

a 

Ans. 

a + Vl  + ct2 

a2  + b + 2 aVb 
d 2 — b 

a + b — %'s/  ab 
a — b 

3 a — aV a 
9 - a 

a\/l  + «2  — a2. 


252.  To  reduce  a fraction  whose  denominator  is 
a simple  surd  of  any  degree  to  another  having  a 
rational  denominator. 

Let  it  be  required  to  reduce  to  a fraction  having  a 

rational  denominator. 


Vb  _ V5  x ^3  _ \/l25  x y/ 9 _ a/1125 
3^  ~ 3^9  x^3~  3^27  9 


RULE. 

Multiply  both  terms  of  the  fraction  by  such  a quantity  as 
will  make  the  quantity  under  the  radical  sign  in  the  denom- 
inator a perfect  power  corresponding  to  the  degree  of  the 
indicated  root  in  that  term. 

Sch.  The  multiplier  should  he  as  small  as  possible. 

EXE  It  CIS  E S. 

Reduce  each  of  the  following  fractions  to  another  having 
a rational  denominator: 


2 

A 2^9 

Ans.  — - — • 

3.  4- 

. 3^2 

Ans.  — — ■ 

3 

V 4 

2 

2 

Am. 

4.  f-. 

Ans. 

3 V a2 

3 a 

V3 

3 

IMA  GINAR  Y Q UANTITIES. 
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5. 

ji 

?3 

1 

Ans. 

afy & 

be 

6. 

a 

i's/c 

Ans. 

CL'S/ C3 

be 

7. 

a 

w<? 

Ans. 

ax/  c 
be 

Q 

a 

A /IS. 

afy  c 

O. 

by? 

be 

m — l 

9. 

a 

be™  . 

Ans. 

CIC  ™ 

be 

10. 

a™ 
ab & 

Ans. 

aH~ 

ab 

11. 

a + x 

Ans. 

(a  + x)  (a  — x)% 

(a  — x)i 

a — x 

12. 

a — x 

Ans. 

(a  — x ) (a  -f- 

(a  + 

a + x 

IMAGINARY  QUANTITIES. 

253.  Imaginary  quantities  are  to  be  treated  as  other 
radicals ; but,  in  multiplication  and  division,  a slight  modi- 
fication of  their  forms  is  sometimes  necessary  to  determine 
the  sign  of  the  result.  This  will  be  made  plain  in  the 
following 

EXERCISES, 

1.  Multiply  2\/  — 3 by  SV  — 2. 

2V"^3  = 2v/3X^rl)  = 2V3  x V^; 
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(2a/-3)(3V'-2)  = 2V3  x V-l  X 3\/2  x V-i 
= 6a/6  x ( — 1)  = — 6y/6. 

2.  Multiply  5 V — a by  cy/  — a. 

It  is  evident  that  ( by/  — a)  {cy/  — a)  =z  be  (V  — af 
= be  ( — a)  = — abc. 

It  is  also  evident  that  {by/  — a)  {cy/  — a)- - bey//1', 
hence,  y/ a2  = —a. 

The  ambiguity  with  regard  to  the  sign  of  y/ a 2 is  removed 
by  remembering  that  dl  was  obtained  by  squaring  — a.  If 
it  were  not  known  in  what  way  a 2 was  produced,  then  the 
sign  of  its  square  root  would  be  ambiguous. 

3.  Multiply  y/  — a by  y/  — b. 

V — a = V«  x ( — 1 ) = y/a  x V — 1, 
y/  — b — y/  b x ( — 1)  = y/b  x V — 1; 

. * . V-fl  X V — b—  y/axV  — lx  y/b  x V — 1 

= y/ab  x(V  — if  = y/ab  x ( — 1)  = — y/ab. 

Hence,  the  ambiguity  with  regard  to  the  sign  of  the 
product  of  two  simple  imaginary  quantities  may  be  removed 
by  reducing  each  factor  to  the  form  of  ay/  — 1 and  observ- 
ing that  (y/  — lf  = — 1. 

4.  Divide  y/a  by  y/  — b. 

y/a  _ y/a  1 y/a  . . 

y/  — b y/b  x V — 1 V — 1 y/b 

But  V — lxV— 1 = — 1; 

whence,  — V — 1 x V — 1 = 1.  (2) 

Dividing  both  members  of  (2)  by  a/  — 1, 


-V  -i 


1 

■FT 


(3) 


IMAGINARY  QUANTITIES. 
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Substituting  — V—  1 for  — - in  (1), 

V—  i 


s/ 


5.  Multiply 
by 


5 + 2V—  1 

5 _ 2-v/^T 


25  + 10  V—  1 


- 10V—  1 - 4-x  ( — 1) 
25  + 4 = 29 


The  same  result  may  be  obtained  by  the  principle  of 
Art.  83.  Thus  52  = 25,  and  (2V  — l)2  = — 4;  hence  the 
product  is  25  — ( — 4),  or  29. 

6.  Find  the  sum  of  V — 1,  V — 9,  and  V — 16. 

Ans.  8V  — 1. 

7.  Find  the  sum  of  V — 1,  V — 2,  and  V — 3. 

Ans.  (l  + V^  + V3)V  — 1. 

8.  Subtract  2 V — 4 from  V — 36.  Ans.  2V  — 1. 

9.  Subtract  cV  —~d  from  «V  — d. 

Ans.  (< a — c)V  — d. 

10.  Subtract  cV  — d from  aV  — b. 

Ans.  (aVb  — cVd)\/  — 1. 

11.  Multiply  2V  — 4 by  3V  — 2.  Ans.  — 12  V& 

12.  Multiply  «V  — by  yV  — x.  Ans.  — ay\/lcx. 

13.  Multiply  2— V — 2 by  1 + V — 2. 


Ans.  4 + V — 2. 


10 


Ol  Si 
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14.  Multiply  6 — a/  — 4 by  6 + V — 4.  Ans.  40. 

15.  Multiply  a + bV  — 1 by  a — bV  — 1. 

Ans.  a 2 + b2. 

2 


16.  Beduce  I 

5 + V - 3 
shall  be  rational. 


to  a fraction  whose  denominator 

5 _ ^/~ZT3 


Ans. 


14 


17.  Divide  6 a/6  by  3a/  — 2.  Ans.  — 2\/  — 3. 

18.  Divide  6a/  — 3 by  V — 1.  Ans.  6a/3. 

19.  Divide  4 + a/  — 2 by  1 -f  V-  2. 

Ans.  2 — V — 2. 

20.  Divide  x2  + a2  by  x — «a/  — 1. 

Ans.  x -f-  «a/  — 1. 


RADICAL  EQUATIONS. 

254.  A Radical  Equation  is  an  equation  in  which 
an  unknown  quantity  occurs  under  a radical  sign.  Thus, 
x + \/cc  = 12,  and  x -f-  's/ y — 's/xy  = 25  are  radical  equa- 
tions. 

EX  E R CIS  ES  . 

1.  Solve  Vx—  a/3  = 2. 

By  transposition,  a/^  = 2 + a/3; 
whence,  x = (2  + a/3)2  = 4 -f  4a/3  + 3 


= 7 + 4a/3. 


3z  — 1 a/3#  — 1 


+ 1. 


2.  Solve 


A/3i  + 1 


RADICAL  EQUATIONS. 
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Performing  the  division  indicated  in  the  first  member, 

the  equations  become 

>— — - 4/  3x  — 1 

y/Sx  — 1 = jj + 1 

whence,  24/3#  — 2 = VSx  — 1 + 2; 
whence,  's/dx  = 3;  whence,  x = 3. 

Solve : 


3. 

4/21  -f  x — 3 -f-  \fx. 

k 

So 

II 

4. 

2 -|-  4^  — — 4/ 12  -f-  x. 

Ans.  x = 4. 

5. 

V$x  + 10  — V5x  = 2. 

-4“-  * = IF 

6. 

V9x  + 5 = 4/108  + 9x. 

Ans.  x = (|)2. 

7. 

\^17x  — 6 = 2. 

Ans.  x = 

8. 

Vx  — 4/a;  — 2 = 4/2. 

x = 2. 

9. 

V%  — 5 + 4/^  — 12  = 

k 

Jo 

II 

*0 

10. 

^ + 1 + 4/^  = -7J 

4/  # 

Ans.  x = 

O 

11. 

z(l  — «)  4/^ 

. 1 

Ans.  x = - • 

4/^  * 

1 — a 

12. 

(a  — x = (a  + z2)*. 

a a — 1 

Ans.  x = - . 

A 

13. 

/a?  lx  fn 

\J  x+\!  $-\!  x 

Ans.  x = c^n  — a). 

14. 

Vx  — 4 / - = + #• 

Ans.  x = — — . 

V # 

a + 24 /a 

CHAPTER  XI. 

EQUATIONS. 

255 . The  methods  of  solving  simple  equations  have 
already  been  given  (Chapter  VII).  The  object  of  the  pres- 
ent chapter  is  to  explain  the  methods  of  solving  (1)  a quad- 
ratic equation  containing  only  one  unknown  quantity; 

(2)  a higher  equation  containing  only  one  unknown  quantity  ; 

(3)  a group  of  simultaneous  equations,  at  least  one  of  which 
is  of  a higher  degree  than  the  first. 


QUADRATIC  EQUATIONS 

CONTAINING  ONLYONE  UNKNOWN  QUAN- 
TITY. 

256.  A Quadratic  Equation  is  an  equation  which,  in 
its  simplest  form,  contains  the  square  of  the  unknown  quan- 
tity and  no  higher  power.  Thus,  3a;2  = 27  and  3a;2  + 5x 
= 2 are  quadratic  equations. 

257.  A quadratic  equation  having  only  one  unknown 
quantity,  as  x,  cannot  have  more  than  three  kinds  of  terms : 
(1)  terms  which  contain  x 2;  (2)  terms  which  contain  x; 
(3)  terms  independent  of  x,  that  is,  known  terms. 

258.  A quadratic  equation  which  has  the  three  kinds  of 
terms  just  described  is  said  to  be  complete  ; otherwise,  it  is 
said  to  be  incomplete.  Thus,  7a;2  = 3a;  + 160  is  complete ; 
but  3a2  = 27  and  3a;2  = 9a;  are  incomplete. 

A complete  quadratic  equation  is  sometimes  called  an 


PURE  QUADRATICS. 


221 

Affected  Quadratic,  and  an  incomplete  equation  of  the  form 
of  3xl  = 27  is  sometimes  called  a Pur.e  Quadratic. 

259.  The  general  principles  and  processes  explained  in 
the  chapter  for  the  solution  of  simple  equations  are  appli- 
cable to  quadratics. 

Axiom  5,  in  its  relation  to  quadratics,  may  be  stated  thus : 
The  square  roots  (of  like  .signs)  of  equals  are  equal. 


PURE  QUADRATICS. 

260.  To  solve  a pure  quadratic  equation. 


Let  it  be  required  to  solve  the  equation 

16. 

By  transposition  and  reduction, 


2 , - 10x2 

x+0  = -p 


Multiplying  by  3,  3ce2  = HXr2  — 63  ; 
whence,  7x2  — 63  ; ' 

whence,  x 2 = 9. 

Extracting  the  square  root  of  both  members  (64,  5), 
x — ± 3. 


Sch.  1.  The  complete  solution  of  an  equation  consists 
in  finding  all  possible  values  of  x which  will  satisfy  the 
equation.  This  equation  is  satisfied  by  +3  and  by  — 3,  for 
( + 3)2  = 9,  and  (— 3)2  = 9.  Hence,  both  values  must  be 
given,  and  this  is  done  by  placing  the  double  sign  ± before 
the  3. 

No  greater  generality  would  be  gained  by  writing  ± x 
= ± 3 ; therefore,  the  double  sign  is  confined  to  the  second 
member. 
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Sen.  2.  Axiom  5 does  not  imply  that  every  square  root 
of  a number  is  equ^l  to  every  square  root  of  its  equal. 
Thus,  if  the  square  roots  of  both  members  of  the  equation 
9 = 9 be  extracted,  this  axiom  contains  no  authority  for 
writing  +3  = —3.  It  was  intended  to  exclude  such  re- 
sults as  this  by  saying  that  like  roots  of  equals  are  equal. 

Sch.  3.  Every  quadratic  equation  has  two  roots  ; that  is, 
the  unknown  quantity  has  two  values  which,  separately, 
satisfy  the  equation. 

EXE  It  C IS  ES. 

Solve : 


1. 

3a:2  + 12  = 687. 

Am. 

x — ±15. 

2. 

5a:2  — 125  S 0. 

Am. 

x = ± 5. 

3. 

( x — 5)  (x  — 3)  = 16  — 8a:. 

Am. 

x = ± 1. 

4. 

(3a:  — 4)  (2a;  — 7)  + 29a;  = 244. 

Am. 

x = ± 6. 

5. 

30  (x2  — 3)  = 6x2  + 6. 

Am. 

x — ± 2. 

6. 

© 

II 

Ci 

1 

^ It* 

CO  1 

1 

Am. 

x ==  ± 6. 

7. 

3 a;3  — 4 6x2  — 7 

A ns. 

x — ±1. 

2%2— 3 ~ 4a;2  — 5 

8. 

a:2 -fa:  x2  — a;  + 16  5x — x2 

Am. 

x = ± 4. 

2 3 ~ 6 

9. 

5 2 

Am. 

a;  = ± y/2. 

2a:2  -f  1 — 5a:2  — 8 

10. 


11. 


12. 


a;2  + 7 2a;2  — 16  2a;2  + 5 K1  3x2  + 7 

i li  + 4 = 5i  + 12 

Am.  x = ± 2. 

3a:2  — 3 3a;2  — 4 _ 27  + 4a:2 

4 3 “ °3  9 

Am.  x = ± 3. 

a V a2  — x2  x _ 

x x b * 

Ans.  x = ± w2ab  — b2. 
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13.  ax2  — b = c.  Ans, 

14.  2ax 1 -\-  b — 4 = cx2  — 5 + d — ax2. 


s ■ X=±\lb-AT- 


. „ a a2  — x2  x 

15.  — -j- — T* 

a;  x b 


Ans.  x = ± 
AftS.  = ± 


v71 


d - b - 1 


/ab(l  + a) 

V i + ft 


2a2 


16.  Vtf2  + |1  = 

A/a2  + a:2 

17  ^ + a/  4-r2  — 1 _ ^ 


Aras.  a;  = ± a. 


Ans.  x = ± -• 

O 


18. 


2x  — V 4x2  — 1 

a;  x ' . , a/3 

. - , 1 = 1.  Aws.  a;  — ± — 

a/1  — a;  + 1 yl  + *-  1 ^ 


COMPLETE  QUADRATICS. 

261.  To  solve  a complete  quadratic  equation  by 
completing-  tlie  square. 

1.  Let  it  be  required  to  solve  the  equation 

x2  4-  2ax  = 3a2. 

It  is  evident  that  the  first  member  of  this  equation  will 
become  a perfect  square  by  the  addition  of  a2  as  a third  term. 
Adding,  then,  a 2 to  both  members,  it  becomes 

a;2  + 2 ax  + a2  = 4a2, 
or  ( x -f-  a)2  = 4a2. 

Extracting  the  square  root  of  both  members, 
x -f-  a = ± 2a ; 

whence,  x = ± 2a  — a = a or  — 3a. 

The  quantity  a2,  added  to  the  expression  x2  + 2 ax  in 
order  to  make  the  first  member  a perfect  square,  is  the 
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square  of  half  the  coefficient  of  x.  The  operation  by  which 
the  first  member  is  made  a perfect  square  is  called  com - 
pleting  the  square. 

2.  Let  it  be  required  to  solve  the  equation 
x 2 + ax  = h. 

Completing  the  square, 

, a2  , a2 

x2  ax  + — = o + — • 

Extracting  the  square  root  of  both  members, 


The  equation  x2  -f  ax  = b,  in  which  a and  b may  be 
either  positive  or  negative,  integral  or  fractional,  may  be 
considered  as  the  standard  form  for  complete  quadratics,  for 
all  such  equations  may  be  reduced  to  that  form.  It  should 
be  observed  that,  in  the  standard  form,  the  coefficient  of 
x2  is  + 1. 

RULE. 

1.  Reduce  the  given  equation  to  the  standard  form. 

2.  Complete  the  square  by  adding  to  both  members 
the  square  of  half  the  coefficient  ofx. 

3.  Extract  the  square  root  of  both  members , prefix  the  sign 
± to  the  second  member,  and  solve  the  result  as  a simple 
equation. 

EX  ER  C IS  ES  . 

1.  Solve  3x2  + 18z  + 4 = 52. 

By  transposition  and  reduction, 

3x2  + 18a;  = 48. 
x2  -f  Qx  = 16. 


By  division. 


COMPLETE  QUADRATICS. 
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The  coefficient  of  x is  6,  the  half  of  which  is  3. 

Adding  the  square  of  3 to  both  members,  to  complete  the 
square, 

x2  + 6x  + 32  = 16  + 9 = 25. 

Extracting  the  square  root  of  both  members, 
x + 3 = ±5; 

whence,  x = ±5  — 3 = 2 or  — 8. 


2.  Solye : — 6x2  + 72*  = 210. 

Dividing  both  members  by  — 6, 

x 2 — 12*  = — 35. 
Completing  the  square, 

^2  _ 12a:  + 36  = — 35  + 36  = 1. 


Extracting  the  square  root  of  both  members, 
x — 6 = ±1; 

whence,  x = ±1  + 6 = 7 or  5. 

Solye  : 


3.  x2  — 8x  + 15  = 0. 

4.  x2  + 12x  = — 35. 

5.  x2  — x = 6. 

6.  x2  + 2x  — 35. 

7.  #2  _j_  2x  — 24  = 0. 

8.  *2  + 9*  = 22. 

9.  6*3  + x = 35. 

10.  6x2  — 15x  = 56  — 10*. 

11.  x2  + 12*  = 85. 

12.  x2—2x  = 24. 


Ans.  x = 5 or  3. 
A ns.  x = — 5 or  — 7. 
Ans.  x = 3 or  — 2. 
Ans.  x — 5 or  — 7. 
Ans.  x = 4 or  — 6. 
Ans.  x = 2 or  — 11. 
a;  = 2^  or  — 2£. 
Ans.  x — 3%  or  — 2-f. 
Aws.  * = 5 or  — 17. 
Ans.  x = 6 or  — 4. 


13.  a?  — - — 3£. 
5x  — 2x2  = 2. 


Ans.  x = 2 or  — If. 
Arcs.  x — 2 or 


14. 
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IK  . j.  o a a —b±  V b2  — 4«C 

15.  a + bx  -f  ca;2  = 0.  Ans.  x = 

AC 

16.  acx 2 + adx  — bcx  -f-  bd.  Ans.  x = - or  — -■ 

« c 

17.  a;2  + (a  — b)  x = «5.  Ans.  x — b or  — a. 

18.  aA+V«  — a;  = «V 

« ± a's/’lab  — «252 


a;  — 


19.  3a; 


14 


2x  — 3 


= 4#  — 7. 


20.  a — — = 1. 
x 


21.  2a;  -f-  1 — 


26 


2a;  + 1 


Ans.  x = 5 or  3|. 

alws.  a;  = 7 or  — 6. 

3 

2* 


= 11.  JUs.  a;  = 6 or  — 


22. 


23 


- = 3£. 
a;  + 2 a; 


x = 4 or 


10 


23.  -{-  5a;)  (ca;  -J-  d)  — ( a -j-  5)  (c  -J-  dx). 


Ans.  x — 1 or 


— («  + 5)  c 

~~bT 

24.  (a  — b)  ( x 2 — 52)  = (a  -f  b)  (x  — 5)2. 

a;  =:  b or  a. 

25.  (a  + b)  (x  — a)  ( x — b)  = abx. 


Ans.  x ■=  a -f-  b or 


ab 


26.  a-  + l = b-+*  + t^ 

x b x a ab 


a -f-  b 
Ans.  x = a or  b. 


27.  ax 2 — (c  + d)  x = bx2  — 


a — b 


* c d 

Ans.  x — r or 


a — b ~~  a — b 
28.  a?x 2 — (a—b)2x  -f  a3  = b3x 2 + (a2+ab  + b3)2x  -f  b3. 

a-b 


. a2  + ab  + 52 

Ans.  x = 7- — or 

a — o 


a:2  -f  ab  + 5s 
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262.  To  solve  a complete  quadratic  equation  by 
factoring-. 


EXERCISES. 


1.  Solve  the  equation  x2  + 5x  = 66. 

By  transposition,  x2  + 5a;  — 66  = 0. 

Factoring,  (x  — 6)  (x  + 11)  = 0 (100). 

Now,  if  either  of  these  factors  be  put  equal  to  0,  the 
equation  will  be  satisfied ; 

.•.  x — 6 = 0;  whence,  x = 6; 
or  • x 4-  11  .=  0;  whence,  x — — 11. 

2.  Solve  the  equation 

x2  — (a  + b)  x + ab  = 0. 

Factoring,  (x  — a)  (x  — b)  = 0. 


If  either  of  these  factors  be  put  equal  to  0,  the  equation 
will  be  satisfied ; 

/.  x — a = 0 ; whence,  x = a ; 
or  x — b — 0 ; whence,  x — b. 

This  method  of  solving  complete  quadratics  is  very  expe- 
ditious, when  the  roots  are  integral. 

Solve,  by  factoring : 


3. 


4. 


5. 


6. 

7. 

8. 


9. 


x2  — 5x  + 6 = 0. 
x2  — x = 72. 


2x  + 9 x 
x 2x  + 9 “ 
10a;2  + 40a;  = 50. 
9a;2  + 189a;  — 900. 
12a;2  — 12a;  = 24. 


H- 


A?is.  x = 3 or  2. 
Ans.  x = 9 or  — 8. 

Ans.  x = 7 or  — 6. 

Ans.  x = 3 or  — 5. 

Ans.  x — l or  — 5. 
Ans.  x = 4 or  — 25. 
Ans.  x — 2 or  — 1. 


10.  x2  + 3x  — 16  = 0.  Ans.  x = 2 or  — 8. 

11.  z2  + 10a:  — 75  = 0.  Ans.  x = 5 or  — 15. 
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263.  To  solve,  at  sight,  a complete  quadratic 
equation  of  the  standard  form.  t 

Solving  the  equation  x2  + ax  = b as  in  Art.  261,  the 
result  is 

a , /,  a2 

x=~  %±\i  + r 

Now  — ^ is  half  the  negative  of  the  coefficient  of  x,  and 

A 

/ 0?  . 

\f  b -f-  — is  the  square  root  of  the  sum  obtained  by  adding 

to  the  known  term,  b,  the  square  of  half  the  coefficient  of  x. 
Hence, 

If  a complete  quadratic  equation  be  reduced  to  the  stand- 
ard form  {x2  + ax  = b),  the  value  of  x is  equal  to  half  the 
negative  of  the  coefficient  of  the  second  term,  plus  or  minus 
the  square  root  of  the  sum  obtained  by  adding  to  the  Tcnown 
term  the  square  of  half  the  coefficient  of  the  second  term. 


EX  EH  CIS  ES. 

1.  Solve  the  equation  ^ = 9 + 

Clearing  of  fractions,  2a;2  = 54  + 3x. 

By  transposition,  2x2  — 3x  = 54. 

3 

By  division,  x2  — -x  = 27. 

The  equation  is  now  of  the  standard  form. 

3 

The  coefficient  of  a;  is  — and  the  known  term  is  27; 
hence,  by  the  theorem, 


x — 


L„  9 3 , / 441 

V27  + l6  “ 4±V  16  ~ 

H- 


3 ±21 


— 6 or 


3 21 

4 ± 4 


4 
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Solve : 

2. 

x2  + 

6X  : 

= 40. 

Ans. 

X 

zz  4 or  — 

10. 

3. 

X 2 — 

4a;  : 

= 5. 

Ans. 

X 

= 5 or  — 

1. 

4. 

X2  + 

8a;  = 

= 65. 

Ans. 

X 

= 5 or  — 

13. 

5. 

a;2- 

10a; 

= 56. 

Ans. 

X 

= 14  or  - 

-4. 

G. 

X 2 — 

8a;  = 

= 48. 

Ans. 

X 

= 12  or  - 

-4. 

7. 

X2  — 

12x 

= 108. 

Ans. 

X 

= 18  or  - 

-6. 

8. 

X2 

6X  : 

= 16. 

Ans. 

X 

= 2 or  — 

8. 

9. 

x2  + 

4a;  - 

-3  = 9. 

Ans. 

X 

= 2 or  — 

6. 

10. 

x2  — 

6a;  + 80  = 600. 

Ans. 

X 

= 26  or  - 

-20. 

11. 

x2 

6a;  - 

- 135  = 

0. 

Ans. 

p 

= 15  or  - 

- 9. 

12. 

x2  + 

x --- 

: 2. 

Ans. 

X 

= 1 or  — 

2. 

13. 

a;2- 

x — 

: 306. 

Ans. 

X 

= 18  or  - 

-17. 

14. 

X2  + 

16.c 

+ 15  = 

0. 

Ans. 

X 

= — 1 or 

— 15. 

15. 

X2  — 

12a; 

+ 50  = 

0. 

Ans. 

X 

= 6 + a/  - 

-li. 

16. 

X2  + 

5X  z 

zz  24. 

Ans. 

X 

zz  3 or  — 

8. 

17. 

X2  + 

llx 

= 12. 

Ans. 

X 

z=  1 or  - 

12. 

18. 

X2  — 

17  X 

= 84. 

Ans. 

X 

= 21  or  - 

-4. 

19. 

X2  + 

IS 

CO  1^ 

II 

Ans. 

X 

= 4£  or  - 

-5. 

20. 

X 2 — 

5 

-a;: 

= 14. 

Ans. 

X 

= 4|  or  - 

- 3. 

21. 

3 a;2  - 

- 30 

= — 27a;. 

Ans. 

X 

= 1 or  — 

10. 

22. 

x2  — 

8aa; 

= W. 

An?. 

x = 

4 a 

: ± V3b2  + 

16fl2. 

23. 

x2  — 

20a; 

= a2. 

Ans. 

x = 

1C 

l ± Vl00  4 

- a2. 

24. 

x2  + 

14|  =' 

16. 

Ans. 

X 

5 

= 6°r- 

H- 

25. 

6a;2  + 6 z 

= 13®. 

Ans. 

X 

3 2 

= 3 or  r 

26. 


x2  — 5 ax  — c2  = 0. 


. 5 a ± V 25 a2  -f-  4c2 

Ans.  x = 


2 
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27.  a — bx  + cx 2 = 0.  Ans.  x = 

28.  b (a  — x)2  = cx2.  Ans.  x = 


b + a/#2  — 4«  c 
2c 

H «a/&c  — 


29.  + a)2  -f-  (x  — a)2  = 5 ax.  Ans.  x = 2 a or  -• 


30.  a 2 — x2  = b2  — 2x.  Ans.  x — 1 ± Va2— b2-\-l. 


31.  ( a + b)  x2  — cx  = 

v ’ a + b 


Ans.  x = 


32.  ax 2 — 


b2 


ab 


x — 1. 


c dz  V 4«c  + c2 

2 (a  + £) 

, a J 

Ans.  x = T or • 

c a2 


PROBLEMS  LEADING  TO  QUADRATIC 
EQUATIONS. 

264.  1.  Find  a number  such  that,  if  36  be  divided  by 

it,  the  sum  of  the  divisor  and  quotient  shall  be  15. 

Let  x = the  number; 

36 


— — the  quotient  of  36  divided  by  the  number. 


then 

Hence,  by  the  problem, 

15; 

36  + x2  = 15a: ; 


36 

b x 

X 


whence, 

whence, 

whence, 


c2  — 15x  = 


36 


15  + 
xm^m 


/225 

V 4 


- 36 


= 12  or  3 (263). 

Both  of  these  values  satisfy  the  problem. 
Verification.  + 12  = 15 ; + 3 = 15. 

1/V  O 
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2.  The  sum  of  $144  was  divided  equally  among  a certain 
number  of  persons.  If  the  number  of  persons  had  been  two 
less,  each  would  have  received  one  dollar  more.  Find  the 
number  of  persons. 

Let  x = the  number  of  persons  ; 

144 

then  — = the  number  of  dollars  each  received. 

x 

If  there  had  been  x—2  persons,  each  would  have  received 


144 

* dollars. 
x — 2 

Hence,  by  the  problem, 

144  144 

x^2  ~ ~x  + 5 - 

whence, 

144#  = 144  (x  — 2)  + x(x  — 2)  ; 

whence. 

x2  — 2x  = 288 ; 

whence. 

x ==.  18  or  — 16. 

Both  values  of  x satisfy  the  equation , but  the  positive 
value  is  the  only  one  that  satisfies  the  problem.  Hence,  in 
solving  problems  by  algebra,  results  are  sometimes  obtained 
which  do  not  satisfy  the  problem  actually  proposed.  The 
reason  is  that  the  algebraic  language  is  more  comprehensive 
than  the  language  of  the  problem.  Now,  as  18  is  the  only 
value  that  satisfies  this  problem,  what  is  the  meaning  of 
— 16  ? It  means  that,  if  the  words  more  and  less  in  this 
problem  be  made  to  exchange  places,  the  answer  to  the  new 
problem  will  be  16.  This  will  be  seen  by  considering  the 
following  problem  : 

3.  The  sum  of  $144  was  divided  equally  among  a certain 
number  of  persons.  If  the  number  of  persons  had  been  two 
■more,  each  would  have  received  one  dollar  less.  Find  the 
number  of  persons. 

Let  x = the  number  of  persons  ; 

144 

= the  number  of  dollars  each  received. 

x 


then 
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If  there  bad  been  x + 2 persons,  each  would  have  received 
144 


x + 2 


dollars.  Hence,  by  the  problem, 


whence, 

whence, 


144  _ 144 
x -j—  2 x 

x2  + 2x  = 288; 

x = 16  or  — 18. 


The  roots  of  this  equation  are  the  negatives  of  those  of 
the  equation  used  in  solving  the  preceding  problem  ; and 
this  is  as  it  ought  to  be,  for  this  equation  may  be  derived 
from  that  by  simply  substituting  — x in  the  place  of  x. 
Thus, 


144 

— x — 2 


144 
— x 


1 ; whence,  - — ~ 
x + 2 


144 


x 


4.  Find  two  numbers,  one  of  which  is  three  times  the 
other,  and  the  sum  of  whose  squares  is  40. 

Ans.  ± 6 and  ± 2. 

5.  Find  two  numbers,  one  of  which  is  four  times  the 
other,  and  the  difference  of  whose  squares  is  135. 

Ans.  ± 12  and  ± 3. 

6.  Find  a number  whose  square  exceeds  the  number  by 

420.  Ans.  21  or  — 20. 

7.  Find  a number  whose  square  is  equal  to  the  product 

of  two  other  numbers,  one  of  which  is  less  by  6 than  the 
required  number,  and  the  other  greater  by  9 than  twice  that 
number.  Ans.  9 or  — 6. 

8.  Find  a number  whose  square  exceeds  ten  times  the 

excess  of  the  number  above  2 by  95.  Ans.  15. 

9.  Divide  the  number  50  into  two  such  parts  that  their 

product  shall  be  369.  Ans.  41  and  9. 

10.  Find  a number  such  that,  if  it  be  subtracted  from  18, 

and  the  remainder  be  multiplied  by  the  number,  the  product 
shall  be  65.  Ans.  13  or  5. 
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11.  A company  dining  at  a hotel  had  to  pay  $4;  but  be- 

fore  the  bill  was  paid,  three  of  the  company  went  away;  in 
consequence  of  which,  each  of  those  who  remained  had  to 
pay  30  cents  more  than  if  all  had  been  present.  How  many 
persons  were  in  the  company?  Ans.  8. 

12.  A man  traveled  30  miles  at  a uniform  rate.  If  his 
rate  per  hour  had  been  one  mile  less,  his  time  would  have 
been  5 hours  greater.  At  what  rate  did  he  travel? 

Ans.  3 miles  per  hour. 

13.  One  hundred  and  ten  bushels  of  meal  were  equally 

divided  among  a certain  number  of  poor  persons.  If  each 
person  had  received  one  bushel  more,  he  would  have  re- 
ceived as  many  bushels  as  there  were  persons.  Find  the 
number  of  persons.  Ans.  11. 

14.  A cistern  can  be  supplied  with  water  by  two  pipes ; 
by  one  of  them  it  would  be  filled  6 hours  sooner  than  by  the 
other,  and  by  both  together  in  4 hours  ; find  the  time  in 
which  each  pipe  alone  would  fill  it. 

Ans.  6 hours,  and  12  hours. 

15.  A and  B started  from  the  same  place  and  at  the  same 

time,  to  go  to  a place  distant  150  miles  ; A traveled  3 miles 
an  hour  faster  than  B,  and  arrived  at  the  end  of  his  journey 
8 hours  and  20  minutes  before  B : find  the  rate  at  which 
each  traveled.  Ans.  6 miles,  and  9 miles,  per  hour. 

16.  A man  bought  some  wine  for  $300.  If  he  had  bought 
3 dozen  more  for  the  same  sum,  he  would  have  paid  $5  less 
per  dozen.  How  many  dozen  did  he  buy  ? 

Explain  the  negative  answer.  Ans.  12  or  — 15. 

17.  A and  B distribute  $1200  each  among  a certain  num- 
'ber  of  poor  persons : A relieves  40  persons  more  than  B, 
but  B gives  $5  more  than  A to  each  person ; find  the  num- 
ber of  persons  relieved  by  A and  B respectively. 

Ans.  120  by  A,  and  80  by  B. 

18.  Find  two  numbers  whose  difference  is  9,  and  the  dif- 
ference of  whose  reciprocals  is  Ans.  12  and  3. 
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19.  Find  a number  which  exceeds  its  square  root  by  992. 

Ans.  1024. 

20.  Find  two  numbers  whose  sum  is  21,  and  the  sum  of 

whose  squares  is  225.  Ans.  12  and  9. 

21.  Find  two  numbers  whose  sum  is  a,  and  the  sum  of 

whose  squares  is  b.  a±V2b^-a?  , aT  V2b ^ 

Ans.  and  — — 

2 2 

22.  A man  bought  a certain  quantity  of  coffee  for  $5.40. 

If  the  price  of  coffee  were  to  rise  2\  cts.  per  lb.,  he  would 

get  3 lbs.  less  for  the  same  sum.  How  many  lbs.  of  coffeo 

did  he  buy  P Ans.  27. 

23.  An  express  train  started  from  New  York  an  hour 

later  than  a freight  train,  which  it  overtook  and  passed  on 
another  line  of  rails  30  miles  from  New  York;  after  80 
minutes  longer,  they  were  36  miles  apart : find  their  rates 
of  traveling.  Ans.  45  miles,  and  18  miles. 

24.  A and  B set  out  from  different  places  to  meet  each 
other.  They  started  at  the  same  time,  and  traveled  on  the 
direct  road  between  the  two  places.  On  meeting,  it  ap- 
peared that  A had  traveled  30  miles  more  than  B ; and  that 
A could  have  traveled  B’s  distance  in  4 days,  but  that  B 
would  have  been  9 days  in  traveling  A’s  distance.  Find 
the  distance  between  the  two  places.  Ans.  150  miles. 

25.  A and  B set  out  from  different  places  to  meet  each 
other.  They  started  at  the  same  time,  and  traveled  on  the 
direct  road  between  the  two  places.  On  meeting,  it  ap- 
peared that  A had  traveled  a miles  more  than  B ; and  that 
A could  have  traveled  B’s  distance  in  b days,  but  that  B 
would  have  been  c days  in  traveling  A’s  distance.  Find  the 
distance  between  the  two  places. 

Ans.  a — — — miles. 

V c—yb 

Solve  the  24th  problem  by  substituting  for  a , b,  c,  in  this 
result,  their  values. 
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THEORY  OF  QUADRATIC  EQUATIONS. 

265.  Th.  The  sum  of  the  roots  of  a quadratic  equation 
of  the  standard  form  is  equal  to  the  negative  of  the  coefficient 
of  the  second  term. 

The  roots  of  the  equation  x1  -f  ax  = b are 


The  sum  of  these  roots  is  — a,  which  is  the  negative  of 
the  coefficient  of  x in  the  given  equation. 

Find  the  sum  of  the  roots  of  each  of  the  following  equa- 
tions : 

x1  — lOx  = — 16,  x2  + x = 6, 

x 2 + lO.r  — — 16,  x2  — x — 210. 

266.  Th.  The  product  of  the  roots  of  a quadratic  equa- 
tion of  the  standard  form  is  equal  to  the  negative  of  the 
second  member.  For 


Thus,  the  roots  of  the  equation  x2  — 10a;  = — 16  are  8 
and  2,  and  their  product  is  16,  which  is  the  negative  of  the 
second  member. 

267.  By  means  of  the  two  preceding  theorems,  a quad- 
ratic equation  can  be  found  when  its  roots  are  given. 


1.  Find  the  equation  whose  roots  are  3 and  5. 

The  first  term  of  the  equation  is  x2,  the  coefficient  of  the 
second  term  is  —8  (265),  and  the  second  member  is  — 15 
(266).  Flence,  x2  — 8$  — — 15  is  the  equation  required. 


and 


= - b (83). 


EXERCISES. 
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2.  Find  the  equation  whose  roots  are  2 and  3. 

Ans.  — ox  = — 6. 

3.  Find  the  equation  whose  roots  are  — 2 and  — 3. 

Ans.  x2  -f  5x  = — 6. 

4.  Find  the  equation  whose  roots  are  5 and  0. 

Ans.  x2  — 5x  = 0. 

5.  Find  the  equation  whose  roots  are  — ^ and 

A O 

Ans.  xa  + \ 

o o 

6.  Find  the  equation  whose  roots  are  3 and  — 3. 

Ans.  x2  = 9. 

7.  Find  the  equation  whose  roots  are  2 -j-  V — 1 and 

2 — V—l.  Ans.  x2  — 4x  = — 5. 

Discussion  of  the  Roots  of  the  Equation 

x2  + ax  = b. 

268.  Th.  If  a and  b are  'positive,  the  roots  have  con- 
trary signs,  and  the  negative  root  is  numerically  the  greater. 

For,  when  b is  positive,  the  product  of  the  roots  is  nega- 
tive (266) ; hence,  they  must  have  contrary  signs.  Again, 
when  a is  positive,  the  sum  of  the  roots  is  negative  (265) ; 
hence,  the  negative  root  must  be  numerically  the  greater. 

Illustration.  The  roots  of  the  equation  x2  + %x  = 8 are 
2 and  — 4. 

269.  Th.  If  a is  negative,  and  b positive,  the  roots 
have  contrary  signs,  and  the  positive  root  is  numerically  the 
greater. 

For,  when  b is  positive,  the  product  of  the  roots  is  nega- 
tive ; hence,  they  must  have  contrary  signs.  Again,  when 
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a is  negative,  the  sum  of  the  roots  is  positive;  hence,  the 
positive  root  must  be  numerically  the  greater. 

Illustration.  The  roots  of  the  equation  x 2 — 2x  = 8 are 
4 and  — 2. 

270.  Th.  If  a is  positive,  and  b negative,  loth  roots  are 
negative. 

For,  when  b is  negative,  the  product  of  the  roots  is  posi- 
tive ; hence,  they  have  like  signs.  Again,  when  a is  positive, 
the  sum  of  the  roots  is  negative  ; hence,  both  roots  are 
negative. 

Illustration.  The  roots  of  tbe  equation  x2  + 5x  = — 6 
are  — 2 and  — 3. 


271.  Th.  If  a and  b are  negative,  both  roots  are  positive. 


For,  when  b is  negative,  the  product  of  the  roots  is  posi- 
tive ; hence,  they  have  like  signs.  Again,  when  a is  negative, 
the  sum  of  the  roots  is  positive ; hence,  both  roots  are 
positive. 

Illustration.  The  roots  of  the  equation  x 2 — 5x  = — 6 
are  2 and  3. 


272.  Th.  If  b is  positive,  the  roots  are  real. 


For,  when  b is  positive,  the  radical  part 


(\A+9 


of 


each  root  is  the  square  root  of  a positive  quantity,  whatever 
the  sign  or  the  value  of  a may  be. 


273.  Th.  If  b is  negative,  the  roots  are  real , when  — is. 
not  numerically  less  than  b. 

a2 

For,  when  b is  negative,  and  — is  not  numerically  less 


than  b,  the  radical  part  of  each  root  is  tbe  square  root  of  a 
positive  quantity. 
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274.  Th.  If  b is  negative,  the  roots  are  imaginary,  when 


For  then  the  radical  part  of  each  root  is  the  square  root 
of  a negative  quantity  (213),  and  the  whole  value  is  con- 
sidered imaginary  on  account  of  the  presence  of  the  imagi- 
nary part. 

Illustration.  In  the  equation  x 2 — 6x  = — 10  the 
square  of  half  the  coefficient  of  x is  9,  which  is  numerically 
less  than  —10  ; hence,  it  is  known  in  advance  that  the  roots 
of  the  equation  are  imaginary. 

This  may  be  verified  by  solving  the  equation. 

We  find 

x = 3 ± V—  10+9  = 3 ± V'—l. 

275.  If  a problem  furnishes  an  equation  whose  roots  are 
imaginary,  the  problem  contains  incompatible  conditions. 
For  example,  let  it  be  required  to  find  two  numbers  whose 
sum  shall  be  10  and  product  30. 

Let  x — one  of  the  numbers; 

then  10  — x = the  other. 

Hence,  by  the  problem, 


whence,  x = b + V — 30  + 25  — 5 ± v7 — 5. 

These  imaginary  roots  indicate  that  there  are  no  real 
numbers  whose  sum  is  10  and  product  30.  The  condition 
that  the  sum  of  the  numbers  shall  be  10  is  inconsistent  with 
the  other  condition,  that  their  product  shall  be  30. 


whence. 

whence, 


(10  — x)  x = 30 ; 
lOx  — x*  = 30; 
x 2 —10x=  — 30 ; 
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CONTAINING  ONLY  ONE  UNKNOWN  QUAN- 
TITY. 

276.  Certain  equations  of  a degree  higher  than  the  sec- 
ond may  be  solved  in  the  same  manner  as  quadratics. 

Equations  which  can  be  solved  in  this  way  are  reducible 
to  three  classes : 

(1)  Such  as  can  be  reduced  to  the  form  of  xn  = i; 

(2)  Such  as  can  be  reduced  to  the  form  of  #2ra  + axn  = 5; 

(3)  Such  as  can  be  resolved,  by  factoring,  into  two  or 
more  equations,  one  of  which,  at  least,  is  not  of  a higher 
degree  than  the  second. 

277.  To  solve  an  equation  which  is  reducible  to  the 
form  of  xu  = b. 

EXERCISES. 

1.  Solve  the  equation  #3  = 8.  • 

Extracting  the  cube  root  of  both  members, 

x = 2. 

2.  Solve  the  equation  x*  = 16. 

Extracting  the  square  root  of  both  members, 

a2  = + 4; 

whence,  x = ±2  or  ± a/  — 4. 

3.  Solve  the  equation 

x?  — 6#2  + 12#  = 35. 

Subtracting  8 from  both  members, 

#s  _ QX2  . 12#  — 8 = 27. 
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The  first  member  of  this  equation  is  the  cube  of  x — 2; 
...  {x  _ 2)3  = 27. 

Extracting  the  cube  root  of  both  members, 
x — 2 = 3;  whence,  x = 5. 

Solve 


4. 


5. 


6. 

7. 

8. 


q 11  — x3  26  — x3 
X "l 3 ~ — 2 

lto.  + w+i  = te.+;“ 


Ans.  x = 2, 


2aA-f  1 7a;5  + 5 

2 — 8 


Aws.  x = +1  or  A V"  — l. 

AftS.  a;  = 1. 


a;3  + 3a;2  + 3a;  = 7.  Aws.  x = 1. 

x3  — 9a;2  + 27a;  = 54.  Ans.  x = 6. 


278.  To  solve  an  equation  which  is  reducible  to  the 
form  of  sc2™  + axn  = b. 

exeectses. 

1.  Solve  the  equation  a;4  — 25a;2  = — 144. 

Adding  the  square  of  half  the  coefficient  of  x2  to  both 
members, 

. _ 0 /25\2  625  49 

^4  _ 25a;2  + (yj  = - 144  + --  = —• 

Extracting  the  square  root, 


25  7 

whence,  x2  = — ± ^ = 16  or  9; 
whence,  x = ±4  or  ±3. 
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2.  Solve  the  equation 

(x2  + 3x)2  + £c2  + 3x  = 110.  (1) 

Assuming  x2  + ox  = y,  the  equation  becomes 

f + y = 110;  (2) 

whence, 

y = -\±\fm+\=-\±^  = w or-1L 

/.  x2  + 3x  = 10,  (3) 

or  x2  + 3x  = — 11.  (4) 

From  (3), 

*=^l±^/10  + |=-|±|=8or-5! 

and  from  (4), 

3 , , , 9 3 , / 35 

* = -i±y- 11 +i  = -s^v  ~t 

_ + a/— 35  — 3 
— 2 

3.  Solve,  the  equation  x3  + 14z%  = 1107. 

Assuming  x%  = y,  this  equation  becomes 

y2  + 14y  = 1107; 

whence, 

y = - 7 ± VH07  + 49  = -7  ± 34  = 27  or  - 41; 

a?*  — 27  or  — 41 ; 
whence,  by  extracting  the  cube  root, 

x%  = 3 or  ( — 41)^ ; 
whence,  by  squaring,  x = 9 or  ( — 41  )t. 

Solve : 

4.  4a;4  — 11  a2  = 225. 

Ans.  x = ± 3 or  ± - y/ — 1. 

z 


11 
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5. 

6. 

■ 7. 
8. 


9. 


10. 


11. 


12. 


5xG  — 17a;3  = 184.  Ans.  x = 2 or  — -^575. 

5 

x 2 + 5ar 2 = 25 Ans.  x = ± 5 or  ± +3* 

o 

3x~*  — 17x~a  = 1450.  Ans.  x = ±\. 

5 

( xa  + 3x  + 3)2  4-  2a;2  = 189  — Qx. 

Ans.  x = 2 or  — 5. 

\'x2  + 9 + 20  = x2  + 9. 

Ans.  x = ± 4 or  ± a/7. 


Ans.  x = 3,  — 4,  or  3 + V21. 

a;2  _ 7s  + 8 + Vz2  — 7a;  + 18  = 32. 

x = 9,  — 2,  or  i (7  ± a/173). 

z 

a;10  — 31a:5  = 32.  Ans.  x = 2 or  — 1. 


6 — 

13.  xn  H — - = 5.  Ans.  x = /\/2  or  \/3. 

xn 

14.  x3  — 6a#  = 567.  Ans.  x — 9 or  's/ 44l. 

15.  Vx  + 1 — 2'\/x  +1  = 4. 

Ans.  x = (l  + V5)4  — 1. 

16.  x2  — 2x  + fiVx2  — 2x  + 5 = 11. 

Ans.  x — 1 or  1 ± 2a/15. 

17.  xn  — 2«a;£  = 5s.  Ans.  x = (a  ± V a2  + 62)“. 

18.  («  + a;)t  — 5 («2  — a^)a  = — 4 {a  — x)%. 

A 63  a 

Ans.  x = — - or  0. 
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279.  To  solve  an  equation  by  factoring. 
ex  er  c is  ES. 

1.  Solve  the  equation  x3  — 5x2 5  6x  = 0. 

Factoring,  x ( x 2 — 5x  -j-  6)  = 0. 

Now,  if  either  of  these  factors  be  put  equal  to  0,  the  equa- 
tion will  be  satisfied; 

x = 0, 

or  x2—  5x  -j-  6 — 0 ; whence,  x = 3 or  2. 

The  roots  then  are  0,  3,  and  2. 

2.  Solve  the  equation  x6 7  — 1 = 0. 

X6  — 1 = (x3  -j-  1)  (x3  — 1). 

But  x3  + 1 = (x2  — x -f-  1)  (x  + 1), 

and  x?  — 1 = (x2  -+-  x -f  1)  (x  — 1) ; 

hence,  the  given  equation  may  be  reduced  to 

(x2  — x + 1)  (x  + 1)  ( x 2 -f-  x + 1)  ( x — 1)  =0. 


Now,  if  any  one  of  these  factors  be  put  equal  to  0,  the 


equation  will  be  satisfied  ; 

x2  — x + 1 = 0 ; 

whence, 

1 ± V— 3 
*=  2 ; 

x + 1 m 0 ; 

whence, 

x — — 1 ; 

x2  + x -f  1 = 0 ; 

whence, 

— 1 ± V— ^3 
*=  2 

x — 1 = 0 ; 

whence, 

x = 1. 

Solve 

3.  x3  — 4x2  + 3x  = 0.  Ans.  x = 0,  1,  or  3. 

4.  6x 4 — 13.Z3  •==  — 6a:2.  Ans.  x = 0,  f , or  f. 

5.  (aja  _ 4;C  + 3)  (x2  — 5x  + 4)  = 0. 

Ans.  x = 1,  3,  or  4. 

6.  x.(x  — 1)  (x  — 2)  = 6x.  Ans.  x — 0,  4,  or  — 1. 

7.  {x  — 1)  (x  — 2)  (x  — 3)  (x  — 4)  = 0. 

Ans.  x = 1,  2,  3,  or  4. 
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8.  x3  — a3  = 7 a2  (x  — a).  Ans.  x = a,  la,  or  — 3 a. 

9.  5x2  ( a — x)  — (a2  — x2)  (x  + 3a). 

, 3 a a 

Ans.  x = a,  — , or  — -• 

& 

PROBLEMS  LEADING  TO  HIGHER  EQUA- 
TIONS. 


280.  1.  Some  boys  took  2916  apples  from  an  orchard; 

and  the  number  of  apples  that  each  took  was  equal  to  four 
times  the  square  of  the  number  of  boys.  Find  the  number 
of  boys.  Ans.  9. 

2.  Find  two  numbers  such  that,  if  the  greater  be  multi- 

plied by  the  square  root  of  the  less,  the  product  shall  be  48 ; 
but,  if  the  less  be  multiplied  by  the  square  root  of  the 
greater,  the  product  shall  be  36.  Ans.  16  and  9. 

3.  Find  two  numbers  such  that,  if  the  less  be  multiplied 

by  the  square  of  the  greater,  the  product  shall  be  18;  but, 
if  the  greater  be  multiplied  by  the  square  of  the  less,  the 
product  shall  be  12.  Ans.  2 and  3. 

4.  Find  a number  such  that  its  cube  exceeds  4 as  much 
as  68  exceeds  the  square  root  of  the  cube  of  that  number. 

Ans.  4. 

5.  The  difference  between  the  cube  root  of  the  fourth 
power  of  a certain  number  and  seven  times  the  cube  root  of 
its  square  is  18.  What  is  the  number  ? Ans.  ±27. 

6.  Find  two  numbers  whose  sum  is  5,  and  the  sum  of 

whose  fourth  powers  is  97.  Ans.  2 and  3. 


7.  A number  n is  diminished  by  the  xth  part  of  itself ; the 
remainder  is  diminished  by  the  xth  part  of  itself;  and  so  on 
to  the  fifth  remainder,  which  is  equal  to  r.  Find  the  value 


of  x. 


Ans.  x = 


_J/n_ 
's/n  — 's/r 


8.  Find  two  numbers  whose  sum  is  9,  and  the  sum  of 
whose  fourth  powers  is  1377.  Ans.  3 and  6. 


EQUATIONS. 
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SIMULTANEOUS  EQUATIONS. 


EXERCISES. 

281.  1.  Solve  the  equations 

x + y = 9,  (1) 

-x2  + 2 y2  = 6G.  (2) 

From  (1),  y = 9 — x.  (3) 

Substituting  9 — x for  y in  (2), 

x2  + 2 (9  — x)2  = 66  ; 

whence,  x = 8 or  4;  hence,  by  (3),  y = 1 or  5. 

This  method  may  be  used,  whenever  one  of  the  given 
equations  is  of  the  first  and  the  other  of  the  second  degree. 

2.  Solve  the  equations 

2x2  + ‘My2  — 35,  (1) 

3x2  + 2 y2  = 30.  (2) 

Multiplying  (1)  by  2,  and  (2)  by  3, 

4a;2  + 6y 2 = 70,  (3) 

9a:2  + 6y2  m 90.  (4) 

Subtracting  (3)  from  (4),  5a;2  H 20  ; 
whence,  x = ± 2 ; 

hence,  by  (2),  12  + 2 y2  = 30 ; 

whence,  ' y = ± 3. 

There  are  then  four  pairs  of  values  that  satisfy  the  given 
equations: 

(1)  x — 2,  y — 3 ; (3)  x — — 2,  y = 3 ; 

(2)  x = 2,  y ==  — 3;  (4)  x = - 2,  y=~3. 
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3.  Solve  the  equations 

x2  + xy  = 35, 
xy  — y2  = 6. 

Assume  y = vx  ; 

then  (1)  and  (2)  become 

x 2 + vx 2 = 35, 
vx 2 — v2x2  = 6. 


From  (4), 
from  (5), 


35 


1 v ’ 


35  _ 6 t 

1 + Z>  V — V3  ’ 

whence,  35v2  — 29v  — — 6; 

whence,  = % or  f. 

Substituting  f for  v in  (3)  and  (6), 

y z=  -jj-Zj  and  x2  = -4/- ; 
whence,  x = ± |a/2,  and  y — f(±  -|\/2) 
Substituting  -f  for  z;  in  the  same  equations, 
y = |:r,  and  x2  = 25; 
whence,  £ = ± 5,  and  y — ± 2. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 
(7) 


= ± w%- 


Hence,  there  are  four  pairs  of  values: 

(1) a  = }Va,  2/  = |V5;  (3)*  = 5,  y = 2; 

(2)  y=-fVI;  (4)  2:  = — 5,  y = — 2. 


This  method  may  be  used,  whenever  the  given  equations 
are  of  the  second  degree  and  homogeneous  (46). 


SIMULTANEOUS  EQUATIONS. 
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4.  Solve  the  equations 


xs  + yl 

! = 9, 

(1) 

x + y 

= 3. 

(2) 

Dividing  (1)  by  (2), 

x 2 — xy 

+ y2  = 

3. 

(3) 

Squaring  (2),  x 2 + 2 xy 

+ y2  = 

9. 

(4) 

Subtracting  (3)  from  (4), 

3 xy  = 

6 ; 

whence, 

xy  = 

2. 

(5) 

Subtracting  (5)  from  (3), 

x 2 — 2xy 

+ y2  = 

i; 

(6) 

whence,  x 

-y  = 

-±  i. 

(?) 

Adding  (2)  and  (7), 

2x  = 

4 or  2; 

whence, 

x = 

2 or  1 ; 

y = 

1 or  2. 

5.  Solve  the  equations 

x + y = 25,  (1) 

+ a /y  = 7.  (2) 


Squaring  (2),  a:  + 2 a /xy-  + y — 49.  (3) 

Subtracting  (1)  from  (3),  2a / xy  = 24; 
whence,  4 xy  = 576.  (4) 

Squaring  (1),  x 2 + 2 xy  + y2  = 625.  (5) 

Subtracting  (4)  from  (5), 

x 2 — 2 xy  + y2  = 49 ; 

whence,  x — y = ± 7.  (6) 

Adding  (1)  and  (6),  2x  = 32  or  18  ; 

whence,  x = 16  or  9. 

Subtracting  (6)  from  (1),  2 y = 18  or  32; 

whence,  y — 9 or  16. 
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6.  Solve  the  equations 


(x  + y)z  + z3  — 1125, 

(i) 

x + y + z = 15, 

(2) 

11 

8* 

(3) 

From  (2), 

x + y — 15  — z ; 

(4) 

hence,  by  (1), 

(15  _ zf  + ^3  _ H25 ; 

whence, 

z2  — 152  — 50  ; 

whence, 

z = 10  or  5. 

Substituting  10  for  z in  (4), 

x + y = 5. 

(5) 

From  (3), 

24 

A ~ x * 

hence,  by  (5), 

24 

x + ~-5; 

whence. 

5 ± V"— ^71 

* = 2 ; 

hence,  by  (2), 

v-15  10  5±V-n_5T 

V-71 

y — 10  — iu  2 — 

2 

Substituting  5 for  0 in  (4), 

x -\-  y — 10; 


hence,  by  (3), 
whence. 

Solve : 


*+!=10’ 


x = 6 or  4; 
y — 4 or  6. 


7. 

8. 

9. 


j x + y — 9 | 
( xz  + y2  — 65  j 

j x + y = 9 | 
\x*  — y2= = 63  j 

j .a?  + y — 5 1 
\ xy  = 6 ) 


A ns. 


j x — 8 or  1, 
( «/  = 1 or  8. 


a;  = 8, 
2/  = 1. 


A ns. 


j x — 3 or  2, 
\y  — % or  3. 


SIMUL TANEOUS  EQ UA  TIONS. 


249 


10. 


11. 

12. 

13. 


14. 


15. 


16. 

17. 


18. 


19. 


20. 

21. 

22. 

23. 

24. 


[x-y  = 2 1 

1 xy  — 15  f 
j x —y  = 3 ) 
l z2  + = 29  j * 

yx  — y = 10  ) 

{ -y2  = 520  j 

j # + y — 26  ) 

( a;2  + xy  -f  ?/2  ==  508  j 

j x — y = 6 ) 

( a:2  + xy  + «/2  = 777  j 

( 2z  + 3 y = 12  ) 

\ 5x2  - 7«/2  = 17  r 
( 3x 'd  5y  = 24  ) 

1 2a;2  - 30?/2  = 68  \ ' 

j re2  + «/2  = 650  ) 

( a;y  = 323  j 

j x2  + y2  = 613  ) 

\x2  — y2  = 35  f 

( a;3  — y2  = 315  ) 

| xy  = 494  j 

j x2  + $y  + y2  = 607  ) 

{ xy  =.  69  f 

( a;2+3^  4-2/2  = 1741  ) 

| xy  = 297  j * 

( a;2  — xy  + y2  ■=  1263  ) 

1 3 xy  = 2706  [ * 


Ans. 


Ans. 
A ns. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 


x 

y 

X 

y 

X 

y 

X 

y 

X 

y 

\x 

t y 


X 

y 

j.T 

( y 

X 

y 


j x2  — xy  = 6 | 

| x2  -f  y2  = 61  \ ‘ 


Ans. 


x = ±6 

y—±  5 


( x2  — xy  — 48  ) 
\ xy  — y2  = 12  j 


5 or  — 3, 

3 or  — 5. 

5 or  — 2, 

2 or  — 5. 

31, 

21. 

14  or  12, 

12  or  14. 

19  or  *—  13, 

13  or  — 19. 

3 or  —22^, 
2 or  19fV. 

13  or  6tV, 

3 or  - x\. 

± 19, 

± 17. 

± 18, 

± 17. 

± 26, 

± 19. 

± 23, 

± 3. 

±27, 

±11. 

± 41, 

± 22. 

or  ± | a/2, 
or 

± 8, 

± 2. 
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x = ± 6 or  ± 102, 
y = + 5 or  zf  59. 


25. 


26. 


27. 

28. 

29. 

30. 

31. 


( {x  + 2 yf  = 256  ) 

I 3y2_x2  = 39  j 


Ans. 


\ (x  + yy  + 2y*  = 17) 
( 2a;3  -f  3 xy  + 5 y2  = 28  j 

Ans. 

j x -fj/  = 20  ) 

( *s/xy  = 8 f 

j + y^  = 4 | 

( + y%  — 28  ) 


x = ± 1 or  ± 
y = ± 2 or  ± f\/2. 
x = 16  or  4, 
y — 4 or  16. 


Ans. 


Ans. 


j x — 9 or  1, 
( y = 1 or  9. 


I * +y  =35) 
\x*  + y^  = 5 j 

txy2zz  = 108  \ 

J yz 2 = 18x  >•  • 
( 2 z = 3 x2y  ) 

( xyz  — 105  ) 

•j  35a;  = 3 yz>- 
( 7 xy  = 152:  ) 


Ans. 


j x = 27  or  8, 
| y = 8 or  27. 


tx=  ±1, 
Ans.  \y~  ±2, 
( z = + 3. 

( x = ±3, 
-j  y = ±5, 
i z = ± 7. 


PROBLEMS  LEADING  TO  SIMULTANEOUS 
EQUATIONS. 

282.  1.  Find  two  numbers  whose  sum  is  12,  and 

product  20.  Ans.  2 and  10. 

2.  The  sum  of  two  numbers  is  13,  and  the  sum  of  their 

squares  is  125  : find  them.  Ans.  2 and  11. 

3.  The  difference  of  two  numbers  is  2,  and  the  sum  of 

their  squares  is  394  : find  them.  Ans.  15  and  13. 

4.  The  product  of  two  numbers  is  750,  and  their  quotient 

is  3|:  find  them.  Ans.  50  and  15. 

5.  The  sum  of  the  squares  of  two  numbers  is  13001,  and 
the  difference  of  their  squares  is  1449 : find  them. 

Ans.  85  and  76. 
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6.  The  sum  of  the  squares  of  two  numbers  is  324900,  and 
one  of  the  numbers  is  f of  the  other : find  them. 

Ans.  342  and  456. 

7.  Find  two  numbers  such  that  their  sum  is  9,  and  the 

sum  of  their  cubes,  243.  Ans.  3 and  6. 

8.  Find  two  numbers  such  that  their  difference  is  2,  and 

the  difference  of  their  cubes,  602.  Ans.  11  and  9. 

9.  Divide  the  number  16  into  two  parts,  such  that,  if  to 

their  product  the  sum  of  their  squares  be  added,  the  result 
shall  be  208.  Ans.  4 and  12. 


10.  The  sum  of  two  numbers  is  20,  and  the  square  root 

of  their  product  is  8 : find  them.  Ans.  16  and  4. 

1 1.  Find  two  numbers,  such  that  their  sum,  their  product, 

and  the  difference  of  their  squares  shall  be  equal  to  each 
other.  , 3 + a/5  n 1 ± a/5 


Ans. 


and 


12.  Find  two  numbers,  such  that  three  times  their  product 
exceeds  the  sum  of  their  squares  by  11,  and  twice  their 
product  exceeds  the  difference  of  their  squares  by  14. 

Ans.  5 and  3. 

13.  If  a certain  number  be  divided  by  the  product  of  its 

two  digits,  the  quotient  will  be  6,  and  if  9 be  added  to  the 
number,  the  order  of  the  digits  will  be  inverted.  What  is 
the  number?  A ns.  12. 

14.  The  product  of  two  numbers  is  28,  and  if  their  sum 

be  added  to  the  sum  of  their  squares,  the  result  will  be  76. 
What  are  the  numbers  ? Ans.  4 and  7. 

15.  The  sum  of  two  numbers  is  9,  and  the  sum  of  their 
fourth  powers  is  241 7.  What  are  the  numbers  ? 

Ans.  2 and  7. 

16.  Divide  the  number  20  into  two  parts,  such  that  the 
square  of  their  product  shall  be  9216.  Ans.  8 and  12. 

17.  A and  B bought  a farm  of  1200  acres  for  $3600,  each 
paying  $1800.  A paid  $2.25  more  per  acre  than  B,  in  order 
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to  be  permitted  to  take  liis  share  from  the  best  land.  How 
many  acres-  did  each  get,  and  at  what  price  per  acre  ? 

Ans.  A,  400  acres  at  $4.50  ; B,  800  acres  at  $2.25. 

18.  The  fore-wheel  of  a wagon  makes  6 revolutions  more 
than  the  hind-wheel  in  passing  over  120  meters;  but,  if  the 
circumference  of  each  wheel  be  increased  by  one  meter,  the 
fore-wheel  will  make  only  4 revolutions  more  than  the  hind- 
wheel  in  the  same  distance.  Find  the  circumference  of  each 
wheel.  Ans.  Fore- wheel,  4 meters;  hind-wheel,  5 meters. 

19.  A man  had  $2000  which  he  divided  into  two  parts, 
and  placed  at  interest  at  such  rates  that  the  incomes  from 
them  were  equal.  If  he  had  put  out  the  smaller  part  at  the 
same  rate  as  the  larger,  he  would  have  drawn  for  this  part 
$72  interest  in  one  year ; but,  if  he  had  put  out  the  larger 
part  at  the  same  rate  as  the  smaller,  the  annual  income  from 
that  part  would  have  been  $98.  Find  the  parts  and  the 
rates  of  interest. 

Ans.  $1200  at  7 per  cent.,  and  $1400  at  6 per  cent. 

20.  Find  three  numbers,  such  that  the  sum  of  any  two  of 
them  shall  be  equal  to  the  reciprocal  of  the  third. 

Ans.  Each  is  ^ V2. 

21.  A certain  number  consists  of  two  digits.  The  left- 

hand  digit  is  equal  to  3 times  the  right-hand  digit;  and  if 
12  be  subtracted  from  the  number,  the  remainder  will  be 
equal  to  the  square  of  the  left-hand  digit.  What  is  the 
number  ? Ans.  93. 

22.  Two  persons,  A and  B,  leave  Columbia,  and  walk  in 

the  same  direction,  at  uniform  rates.  A starts  2 hours  before 
B,  and,  after  traveling  30  miles,  B overtakes  A.  If  each 
had  traveled  half  a mile  more  per  hour,  B would  have 
traveled  42  miles  before  overtaking  A.  Find  their  rates  of 
walking.  Ans.  A 2|-  miles,  B 3 miles,  per  hour. 


CHAPTER  XII. 

RATIO  AND  PROPORTION. 


RATIO. 

283.  The  Ratio  of  two  quantities  is  the  quotient  arising 
from  dividing  the  first  by  the  second.  Thus,  the  ratio  of  3 

to  2 is  — 

The  ratio  of  two  quantities,  as  a and  b,  may  be  expressed 

in  any  of  the  following  ways : 

a , , 

T , a -±-b,  a : b. 
b 

284.  The  Terms  of  a ratio  are  the  quantities  compared. 
Thus,  3 and  2 are  the  terms  of  the  ratio  3 : 2. 

285.  The  Antecedent  of  a ratio  is  its  first  term,  and 
the  Consequent  is  its  second  term. 

The  antecedent  and  consequent  together  form  a Couplet. 

286.  The  Inverse,  or  Reciprocal  Ratio  of  two  quan- 
tities is  the  ratio  of  their  reciprocals,  or  the  quotient  arising 
from  the  division  of  the  second  by  the  first.  Thus,  the  in- 

11  b 

verse  ratio  ot  a to  b is  — : T,  or  — 
a b a 

287.  Th.  The  value  of  a ratio  is  not  changed  by  multi- 
plying or  dividing  both  of  its  terms  by  the  same  quantity 
(128).  Thus,  the  ratio  of  3 to  2 is  equal  to  the  ratio  of 

3x5  to  2x5;  that  is,  ~ 

2 2x5 
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EXE  It  CIS  E S. 

288.  1.  Which  is  the  greater  ratio,  12  : 6 or  17  : 8? 

Ans.  17  : 8. 

2.  Which  is  greater,  x2  + 2 : x2-\-4  or  x2-j-2  : x2-\-5. 

Ans.  x2  + 2 : x2  + 4. 

3.  What  is  the  inverse  ratio  of  d2  to  q ? Ans.  —• 

1 cl 2 

4.  Show  that  m : n — 2m  : 2 n. 

5.  Show  that  a 2 — x2  : a2  + x2  > a — x : a + x,  if  x is 
less  than  a. 

6.  Show  that  min  H — : -• 

a a 

7.  Each  of  two  vessels,  A and  B,  contains  a mixture  of 
wine  and  water,  A in  the  ratio  of  3 to  2,  and  B in  the  ratio 
of  7 to  3.  How  many  gallons  must  he  drawn  from  each,  in 
order  to  make  a third  mixture  which  shall  contain  5 gallons 
of  water  and  11  gallons  of  wine? 

Ans.  2 from  A,  and  14  from  B. 

8.  There  are  two  roads  from  A to  B,  one  of  them  14  miles 
longer  than  the  other,  and  two  roads  from  B to  C,  one  of 
them  8 miles  longer  than  the  other.  The  distances  from  A 
to  B and  from  B to  C along  the  shorter  roads  are  in  the 
ratio  of  1 to  2,  aud  the  distances  along  the  longer  roads  are 
in  the  ratio  of  2 to  3.  Find  the  distances. 

j From  A to  B,  26  miles  and  40  miles; 

,iS‘  | “ B to  C,  52  miles  and  60  miles. 

9.  Two  numbers  are  in  the  ratio  of  2 to  3,  and  if  9 be 

added  to  each  of  them,  the  results  will  he  in  the  ratio  of  3 
to  4.  What  are  the  numbers?  Ans.  18  and  27. 

10.  A grocer  has  two  chests  of  mixed  tea,  in  one  of  which 
the  green  and  black  are  mixed  in  the  ratio  of  3 to  5,  and  in 
the  other,  in  the  ratio  of  5 to  11.  How  many  pounds  must 
be  taken  from  each  chest,  so  as  to  form  another  mixture 
which  shall  consist  of  19  lbs.  of  green  tea  and  37  lbs.  of 
black  ? Ans.  24  lbs.  from  the  1st;  32  lbs.  from  the  2d. 


DEFINITIONS. 
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PROPORTION. 

289.  A Proportion  is  an  equation,  each  member  of 
which  is  a ratio  whose  terms  are  expressed. 

The  equality  of  the  ratios  may  be  indicated  either  by  the 
sign  =,  or  by  the  double  colon  :: . Thus,  the  equality  of 
the  two  ratios  3 : 2 and  15  : 10  may  be  indicated  in  any 
of  the  following  ways : 

3 : 2 = 15  : 10, 

3 : 2 ::  15  : 10, 

3 _ 15 
2 ~ 10’ 

3 2 = 15  h-  10. 

This  proportion,  in  any  of  its  forms,  may  be  read,  “ The 
ratio  of  3 to  2 is  equal  to  the  ratio  of  15  to  10,  or,  3 is  to  2 
as  15  is  to  10.” 

290.  The  Extremes  of  a proportion  are  the  first  and 
fourth  terms  ; and 

The  Means  are  the  second  and  third  terms. 

291.  If  a : b = c : d, 

d is  said  to  be  a Fourth  Proportional  to  a,  b,  and  c. 

292.  If  a : b = b : c, 

c is  said  to  be  a Third  Proportional  to  a and  b,  and  b is 
said  to  be  a Mean  Proportional  between  a and  c. 

293.  If  four  quantities,  a,  b,  c,  d,  are  so  related  that 

7 1 1 
a : b — - : -7, 
c d 

they  are  said  to  be  Inversely,  or  Reciprocally  Propor- 
tional. 
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294.  A Continued  Proportion  is  a proportion  which 
consists  of  more  than  two  couplets.  Thus, 

1 : 3 = 2 : 6 = 5 : 15  = 4 : 12 
is  a continued  proportion. 

295.  Equimultiples  of  two  or  more  quantities  are  the 
products  obtained  by  multiplying  each  of  them  by  the  same 
quantity.  Thus,  3 a and  3 b are  equimultiples  of  a and  b. 

296.  Th.  The  product  of  the  extremes  of  a proportion 
is  equal  to  the  product  of  the  means. 

Let  a : b ==fc  : d\ 

then  f = | (289). 

Multiplying  both  members  by  bd, 
ad  = be. 


Cor.  Let  a : b = b : c; 

then,  by  the  theorem,  b2  = ac; 
whence,  b = Vac  ; that  is, 

A mean  proportional  between  two  quantities  is  equal  to  the 
square  root  of  their  product. 


297.  Th.  If  the  product  of  two  quantities  is  equal  to 
the  product  of  two  others,  either  two  may  be  made  the  ex- 
tremes, and  the  other  two  the  means  of  a proportion. 

Let  ad  ==■.  be. 


Dividing  by  bd, 


or 


a _ c 
b~d’ 

a : b = c : d. 


Cor.  1.  This  theorem  is  a test  of  proportion,  for,  if  the 
product  of  the  first  and  fourth  of  four  quantities  is  equal  to 
the  product  of  the  second  and  third,  they  are  in  proportion 
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by  the  theorem;  but,  if  these  products  are  unequal,  the  four 
quantities  are  not  in  proportion  (296).  Thus,  2:3  = 8:12 
is  a proportion,  because  2 x 12  = 3 x 8 ; but  5 : 6 = 7.:  8 is 
not  a proportion,  because  5x8  < 6x7. 

Hence,  any  change  which  does  not  affect  the  equality 
between  the  product  of  the  extremes  and  the  product  of  the 
means  of  a proportion  is  admissible. 


Cor.  2.  Hence,  (1)  If  four  quantities  are  in  proportion, 
they  ivill  he  in  proportion  hy  alternation  ; that  is,  the  means 
or  the  extremes  may  be  made  to  exchange  places.  Thus,  if 
a : b = c : d,  them  a : c = h : d or  d : h — c : a. 

(2)  If  four  quantities  are  in  proportion,  they  will  he  in 
proportion  hy  inversion  ; that  is,  the  terms  of  each  couplet 
may  be  made  to  exchange  places.  Thus,  if  a:  b = c : d, 
then  b:  a = d : c. 


(3)  Equimultiples  of  two  quantities  are  in  the  same  ratio 
as  the  quantities  themselves.  Thus,  ma  : mb  = a : b. 

(4)  One  extreme  and  one  mean  may  be  multiplied  or 
divided  by  the  same  quantity.  Thus,  if  a : b = c : d,  then 

b 


2a 


2c  : d or  ^ : b = | : d. 
o o 


(5)  One  extreme  maybe  multiplied  and  the  other  divided 
by  the  same  quantity.  Thus,  if  a : b — c : d,  then  2 a : b 

d 

~ C:  2* 

(6)  One  mean  may  be  multiplied  and  the  other  divided 
by  the  same  quantity.  Thus,  if  a : b — c : d,  then  a :2b 

c j 

= vd- 


(7)  All  the  terms  may  be  multiplied  or  divided  by  the 
same  quantity.  Thus,  if  a:b  = c:  d,  then  3a  : 3b  = 3c : 3d 
a b c d 
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(8)  Both  terms  of  one  couplet  may  be  multiplied  or  di- 
vided by  one  quantity,  and  both  terms  of  the  other  couplet 
may  be  multiplied  or  divided  by  another  quantity.  Thus, 

if  a : h — c : d,  then  m,a  : mb  — nc  : nd  or  - - 

m m n n 

% 

298.  Th.  If  four  quantities  are  in  proportion,  they 
will  he  in  proportion  hy  composition. 

The  word  composition,  as  applied  to  proportions,  is  used 
to  express  the  addition  of  the  antecedent  and  consequent  in 
each  ratio. 


Let 

II 

MS 

53 

(1) 

then 

a c m 

h~d ; 

(2) 

whence. 

or 

a -f  h c + d ' 

h ~ d 7 

(3) 

that  is. 

a + h : h = c -f-  d : d. 

Dividing (3) by (2),  “±*  = ; 

that  is. 

a + h : a S,  g + d : c. 

299.  Th.  If  four  quantities  are  in  proportion , they 
will  he  in  proportion  hy  division. 

The  word  division,  as  applied  to  proportions,  is  used  to 
express  the  subtraction  of  consequent  from  antecedent,  or 
antecedent  from  consequent,  in  each  ratio. 

Let  a : h — c : d\ 


whence, 


(1) 

(2) 
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or 

a — b c —■  d m 
b ~ d 9 

that  is, 

a — b : b = c — d : d. 

Dividing  (3)  by  (2),  ^ = c ; 

that  is, 

*3 

I 

II 

55 

1 

55 

Subtracting  each  member  of  (2)  from  1, 

1 - - - 1 - - * 
b~  d’ 

whence, 

b — ‘ a d — c^ 

b ~ d ’ 

that  is, 

b — a : b — d — c : d. 

Cor.  Dividing  (3)  of  Art.  298  by  (3)  of  this  Article, 

a -\-  b c - \-  cl 
a — b c — d’ 

that  is,  a + b : a — b = c + d : c — d ; 
hence. 

If  four  quantities  are  in  'proportion,  the  sum  of  the  first 
and  second  is  to  their  difference  as  the  sum  of  the  third  and 
fourth  is  to  their  difference. 

300.  Th.  The  sum  of  any  number  of  the  antecedents  of 
a continued  proportion  is  to  the  sum  of  the  corresponding 
consequents  as  any  antecedent  is  to  its  consequent. 

Let  a : b — c : d = e : f — g : h = etc., 

and  let  r denote  the  ratio  ; 

, a c e q , 

then  r sm  - Wm  - = — g-.  = etc. : 

b cl  f h 

br  = a,  dr  — c,  fr  — e,  hr  — g,  etc.; 


whence, 
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whence, 

br  + dr  -f  fr  + hr  + etc.  =a+c+e+g+  etc. ; 
whence; 

(b-\-d-\-f-\-h-\-  etc. ) r — a -\-  c e g -f-  etc. ; 
whence, 


301.  Th.  The  'products  of  the  corresponding  terms  of 
two  or  more  proportions  are  in  proportion. 


a-\-c  + e-\-g-\-  etc.  _ _ a _ 


h + d+  f+h+  etc.  r h 


a 


that  is, 

a-\-c  + e+g-\-  etc.  : b + d-\-f+h-\-  etc.  = a\h  = ~ = etc. 


Let 


a : h = c : d, 
e:f  = g:h} 


and 


m : n = p : q; 
a c 


then 


b ~ d’ 
e g 


f~h’  - 


and 


m _ p ' 
n~~  q’ 


whence, 


a e m c q p 

r x x - = j x f x 
h f n d h q 


whence. 


aem  cgp  m 

bfn  ~ dhq  ’ 


that  is, 


aem  : bfn  = cgp  : dhq. 


302.  Th.  The  quotients  of  the  corresponding  terms  of 
two  proportions  are  in  proportion. 
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Let 

II 

rO 

«s 

and 

e:f  = g:h; 

then 

ad  = be, 

and 

eh  =fg; 

whence. 

ad  be 

eh  ~ fgy 

whence, 

a d b c 

e h f g’ 

whence, 

<±,\  = c--d  (297). 

303.  Th.  Like 

poivers  or  like  roots  of  the  terms  of 

proportion  are  in  proportion. 

Let 

II 

I'd 

53 

then 

a c 

b~  d’ 

an 

whence,  ■=-  - 

bn 

ii 

Pl, 

^ll  ss'l 

’ II 

Sift 

Ot 

that  is,  a 11  :bn  = cn  : dn,  and  's/ a : 'fb  = f/  c : d. 

EXP  Ii  CIS  ES. 

304.  1.  Find  the  fourth  proportional  to  a,  b,  and  c. 

A 

A ns.  — 
a 

2.  Find  the  third  proportional  to  m and  n.  . n2 

A.YIS • — • 
m 

3.  Find  the  mean  proportional  between  m2  and  n2. 

A ns.  mn. 

( x + y : 7 = x 5 ) . ( x = ± 15, 

\ y ix  + y)  = 126  [ ns'  i y = ± 6. 


4.  Solve 
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5.  Solve 


6.  Solve 


\/x  — Vx  — y =z  \/ 2 0 

\/x  — y : V20  — y = 3:2 

Ans. 


x2  + y2  : a — 2a  : 1 
x -\-  y : x — y — m : n 

Ans. 


y 


y = 


X — 25, 

y = i6. 


a (m  + n) 
V m 2 + n 2 
a (m  — n) 
Vm2  + K2 


7.  If  y — -/?  and  - = H show  that  \ = —- 

Id  e d be2 

8.  Divide  100  into  two  parts,  such  that  their  product  shall 
be  to  the  sum  of  their  squares  as  4 is  to  17. 

Ans.  80  and  20. 

9.  Divide  28  into  two  parts,  such  that  the  quotient  of 
the  greater  divided  by  the  less  shall  be  to  the  quotient  of  the 
less  divided  by  the  greater  as  16  is  to  9.  Ans.  16  and  12. 

10.  Find  a number,  such  that,  if  it  be  added  to  a,  and 
subtracted  from  b,  the  results  shall  be  in  the  ratio  of  m to  n. 

bm  — an 


11.  Show  that  a±—  a : b + — b = 

n n 

theorem  which  the  formula  expresses. 

12.  If  ^ = ~ , show  that  a ^ ° 

b d b3  + d3 


Ans. 
a : b , 


m + n 
and  state  the 


m \b  + dj 


13.  Find  two  numbers,  the  less  of  which  shall  be  to  the, 
greater  as  21  is  to  their  sum,  and  as  3 is  to  their  difference. 

Ans.  12  and  16. 

14.  The  product  of  two  numbers  is  112,  and  the  difference 

of  their  squares  is  to  the  square  of  their  difference  as  11  is 
to  3.  What  are  the  numbers  ? Ans.  14  and  8. 


CHAPTER  XIII. 

PROGRESSIONS. 


ARITHMETICAL  PROGRESSION. 

305.  An  Arithmetical  Progression  is  a collection  of 
quantities  arranged  in  the  order  of  their  magnitudes,  each 
of  which  is  greater  or  less  than  the  preceding  one  by  a con- 
stant difference.  Thus,  1,  4*  7,  10,  13  is  an  arithmetical 
progression. 

An  arithmetical  progression  is  sometimes  called  a Pro- 
gression by  Difference . 

306.  The  Terms  of  an  A.  P.  are  the  quantities  of 
which  the  progression  consists. 

307.  The  Extremes  of  an  A.  P..are  the  first  and  the 
last  terms;  the  other  terms  are  the  Means. 

308.  The  Common  Difference  of  an  A.  P.  is  the  re- 
sult obtained  by  subtracting  any  term  from  the  one  which 
immediately  follows  it.  Thus,  in  the  progression  1,  4,  7, 
10,  13,  the  common  difference  is  3. 

309.  An  Increasing  A.  P.  is  a progression  in  which 
the  common  difference  is  positive.  Thus,  1,  3,  5,  7,  9 is  an 
increasing  A.  P. 

310.  A Decreasing  A.  P.  is  a progression  in  which 
the  common  difference  is  negative.  Thus,  9,  7,  5,  3,  1 is  a 
decreasing  A.  P. 
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311.  To  find  tlie  n*h  term  and  the  sum  of  n terms 
of  an  A.  P. 

Let  a denote  the  first  term,  d the  common  difference, 
l the  71th  term,  and  s the  sum  of  n terms ; then  it  is  evident 
^ that  the  progression  will  be 

a,  a-\-d , a-\-2d,  a -\-3d,  a-\-kd,  and  so  on, 

the  coefficient  of  d in  any  term  being  always  less  by  1 than 
the  number  of  the  term.  Thus,  in  the  4th  term,  the  coeffi- 
cient of  d is  3.  Hence,  the  nth  term 

l = a -j-  (n  — 1)  d.  (1) 

Again, 

s a -j-  ( ci  -}-  d)  -f-  (ci  -f-  2d)  -(-  (jx  -f-  3 d)  -}-  • . • • T-  {J — d)  -j- 1 y 

or,  reversing  the  order  of  the  terms, 

s = l+(l—d)  + (l—2d)  + (l—3d)  + 4 -(a  + d)-\-a. 

Adding  these  two  equations, 

2s  = (a  + 1)  + {a  + 1)  -f-  (a  T)  + (a  4-  l)  + . . . • 

+ (ft  + 0 4-  («+£); 

and  since  there  are  n terms,  each  of  which  is  a-\-l,  in  the 
second  member  of  this  equation, 

2s  = n (a  + T) ; 

whence,  s = \ (a  + 0*  (2) 

EX  ER  C IS  ES. 

1.  The  first  term  of  an  A.  P.  is  5,  the  common  difference 
3,  and  the  number  of  terms  24.  Find  the  last  term  and 
the  sum  of  the  terms. 

By  (1),  l = 5 + (24  — 1)  3 = 74. 

By  (2),  5 = y (5  + 74)  = 948. 
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Find  the  last  term  and  the  sum  of  the  terms  of 


2. 

1, 

3,  5,  ... . 

to  7 terms. 

Ans. 

1 = 

13,  5 = 

= 49, 

3. 

CO 

io' 

to  11  terms. 

Ans. 

l = 

32,  s = 

= 187. 

4. 

— 

1,  1,  3,  . . . 

. to  6 terms. 

Ans. 

l = 

9,  s - 

= 24. 

5. 

16. 

, 13,  10,  . . . 

. to  7 terms. 

Ans. 

l = 

—2,  s 

= 49. 

6. 

a 35,  a,  -f-  55, 

a + 75,  .... 

to  6 terms. 

Ans.  I = a + 135,  s = 6a  + 485. 


312.  Th.  In  an  A.  P.  the  sum  of  any  two  terms  equi- 
distant from  the  extremes  is  equal  to  the  sum  of  the  extremes. 

Let  x represent  the  mth  term  from  the  beginning,  and  y 
the  mth  term  from  the  end  of  the  progression ; then 

• x = a + (m  — 1)  d , 
and  V — l — (m  — 1)  d; 

.*.  x -f-  y = a 4-  l. 

313.  To  insert  any  number  of  arithmetical  means 
between  two  given  quantities. 

Let  it  be  required  to  insert  m arithmetical  means  between 
5 and  c. 

Since  there  are  to  be  m means,  the  number  of  terms  will 
be  m + 2.  Substituting  5 for  a,  c for  l,  and  m + 2 for  n , 
in  the  formula  l = a (n  — 1)  d, 

e — : 5 +.  (m  + 2 — 1)  d ; 

whence,  d = — 

m + 1 

The  second  term  may  now  be  found  by  adding  the  com- 
mon difference  to  5,  the  third  by  adding  it  to  the  second, 
and  so  on, 


12 
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EXERCISES. 

1.  Insert  8 arithmetical  means  between  5 and  32. 

_ 33-5  I . 
d~  8 + 1 ~ 6 ’ 

hence,  5,  8,  11,  14,  17,  20,  23,  26,  29,  32  is  the  progress 
sion  required. 

2.  Insert  2 arithmetical  means  between  — 3 and  3. 

Ans.  — 3,  — 1,  1,  3. 

3.  Insert  7 arithmetical  means  between  1 and  — 

Ans.  1,  -ff,  -f,  t7p  1,  iV?  — — tw>  — £• 

4.  Insert  one  arithmetical  mean  between  1 and  5. 

Ans.  1,  3,  5. 

5.  Insert  9 arithmetical  means  between  1 and  — 1. 

Ans.  1,  i,  |,  |,  0,  - 1. 

314.  To  find  any  two  of  tlie  quantities  a,  l , d,  n, 
and  s,  when  the  others  are  £*ive8i. 


The  equations 
and 


l — a - f (n  — 1)  d, 
s =.  - {a  + 1) 


(1) 

(2) 


contain  these  quantities ; hence,  the  values  of  any  two  of 
them  can  be  found  when  the  others  are  given.  Each  case 
is  an  exercise  in  the  solution  of  a pair  of  simultaneous 
equations  containing  only  two  unknown  quantities. 


EXERCISES. 

1.  Given  a,  d,  and  n,  to  find  l and  s. 

71 

Ans.  I = a + (n  — 1)  d,  s = - [2 a + (n  — 1)  d\ 

The  value  of  l is  found  by  (1),  and  the  value  of  s;  by  substituting 
that  value  for  l in  (2). 
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2.  Given  a = 5,  d m 2,  and  n — 25,  to  find  l and  s. 

Ans.  I = 53,  s = 725. 

Substitute  the  given  values  in' the  formulas  in  the  answer  to  Ex.  1. 

3.  Given  a,  d,  and 

. I — a 

Ans.  n — — 7 
d 


Ans.  ^ 


1, 

to 

find  n and  s. 

1 

1 

„ _ ii + a ) 

) (l  — a A-  d) 

A 

2d 

= 

3, 

and  l = 74, 

to  find  n and  s. 

Ans.  n = 

24,  s = 948. 

s, 

to 

find  n and  l. 

d 

2a  ± \/  (2 a 

- df  + 8ds 

2d 

d.±  V(2a  — 

d)2  + 8 ds 

6.  Given  a = 15,  d # — 2,  and  s — 60,  to  find  n 

and  l.  Ans.  n = 6 or  10,  1 = 5 or  — 3. 

7.  Given  a,  n,  and  l,  to  find  d and  s. 

Ans.  d = s = ~ (a  + T). 

n — 1 2 v ' 

8.  Given  a = 15,  n = 6,  and  l = 5,  to  find  d and  s. 

Ans.  d — — 2,  s = 60. 


9.  Given  a,  n,  and  s,  to  find  d and  l. 

Ai/lo*  tV  / -t  \ 9 v 

n (n  — 1)  n 

10.  Given  a = 5,  n = 6,  and  s = 60,  to  find  d and  L 

Ans.  d = 2,  l = 15. 

11.  Given  a,  l,  and  s,  to  find  d and  n. 

P - a?  2s 

Ans.  d = n 


2s  — a — V a -{■  l 

12.  Given  a = — 3,  l = 15,  and  s = 60,  to  find  d 
and  n.  Ans.  d — 2,  n = 10. 
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13.  Given  d,  n,  and  l,  to  find  a and  s. 


Ans.  a — l — (n  — 1)  d,  s = ^ [21  — (n  — 1)  d\. 

14.  Given  d = 5,  n — 8,  and  l = 37,  to  find  a and  s. 

Ans.  a = 2,  s — 156. 

15..  Given  d,  n,  and  s,  to  find  a and  l. 

A 2 s — n (n  — 1)  d 7 _ 2s  + n (n  — 1)  d 

AnS.  Cl  — jr  , L — :t  • 

2 n 2 n 

16.  Given  d — 5,  n = 8,  and  s = 156,  to  find  a and  l 

Ans.  a = 2,  l = 37. 

17.  Given  d,  l , and  s,  to  find  a and  n. 


Ans.  < 


_d±  v {21  + df  - 8 ds 

a~  ~ 2 ? 

_ 2 1 + d±  V{2 1 + df  — 8 ds 
n 2d 


18.  Given  d — 2,  l = 15,  and  s = 60,  to  find  a and  n. 

Ans.  a — 5 or  — 3,  n = 6 or  10. 

19.  Given  l , n,  and  s,  to  find  a and  d. 

. 2s  7 7 2 (In  — s) 

Ans.  a = l,  d — ~~ 

n n (n  — 1) 

20.  Given  1 = 5,  n = 46,^  and  s = 6440,  to  find  a 

and  d.  Ans.  a = 275,  cl  = — 6. 

21.  Find  the  sum  of  the  first  n terms  of  the  progression 

’’’’’’  Ans.  s = - (1  + n). 

/i 


22.  Find  the  nth  term  and  the  sum  of  the  first  n terms  of 
the  progression  1,  3,  5,  7,  9,  .... 

Ans.  nth  term  = 2 n — 1,  s = n2. 

23.  If  a man  travels  26  miles  the  first  day,  24  miles  the 

second,  22  miles  the  third,  and  so  on,  how  long  will  it  take 
him  to  travel  140  miles  ? Ans.  7 days. 

By  the  formula,  n—  7 or  20.  How  is  the  second  value  to  be  ex- 
plained ? 
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24.  Write  an  A.  P.  of  6 terms  whose  extremes  shall  be 

37  and  7.  Ans.  37,  31,  25,  19,  13,  7. 

25.  A sets  out  from  a place  and  travels  2|-  miles  an  hour. 

Three  hours  later,  B sets  out  from  the  same  place,  and 
travels  in  the  same  direction,  3 miles  the  first  hour,  3 \ miles 
the  second,  4 miles  the  third,  and  so  on.  In  how  many 
hours  will  B overtake  A ? Ans.  5. 

26.  The  seventh  term  of  an  A.  P.  is  12,  the  twelfth  term 
is  7,  and  the  sum  of  the  terms  is  171.  Find  the  number  of 
terms  and  the  common  difference. 

Ans.  n ■=.  19  or  18,  d = — 1. 

ARITHMETICAL  MEAN. 


315.  The  Arithmetical  Mean  of  two  or  more  quanti- 
ties is  the  quotient  obtained  by  dividing  their  sum  by  their 
number.  Thus,  the  arithmetical  mean  of  2,  7,  10,  and 
5 is  6. 

316.  To  find  the  arithmetical  mean  of  the  terms 
of  an  A.  P. 

Denote  the  arithmetical  mean  by  m\  then,  by  definition, 
s a,  -\-  l /0 . . , 
m = n = — (311)- 


317.  To  find  a and  l,  when  m,  d,  and  n are  given. 

It  has  been  shown  that 


and 


„ _ « (n  — l)d 

(1  II  j 

n 2 

l = i + (314, 15) ; 

(n  — 1)  d 
a = m — ^ ■ , 

(n  — 1 ) d 
2 


l = m + 


and 
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318.  The  arithmetical  mean  may  be  used  to  advantage 
in  the  solution  of  certain  problems  in  arithmetical  progres- 
sion. 

EXERCISES. 

1.  Find  four  numbers  in  A.  P.  whose  sum  is  16,  and  the 
sum  of  whose  squares  is  84. 

Denote  the  common  difference  by  x ; then,  since 


the  first  term  = 4 — | x (317) ; 

/V, 

the  second  term  = 4 — | x>  + x = 4 — ^ ; 

/V  /ii 

cc 

the  third  term  = 4 + - ; 

z 

3 

the  fourth  term  = 4 + - x ; 

whence,  64  + 5x2  = 84; 

whence,  x — ± 2. 

Hence,  the  required  numbers  are  1,  3,  5,  7. 

2.  Find  three  numbers  in  A.  P.,  the  sum  of  whose  squares 

is  308,  and  the  square  of  whose  arithmetical  mean  exceeds 
the  product  of  the  extremes  by  4.  Ans.  8,  10,  12. 

3.  Find  four  numbers  in  A.  P.,  whose  sum  is  16,  and 

whose  continued  product  is  105.  Ans.  1,  3,  5,  7. 

4.  The  arithmetical  mean  of  seven  numbers  in  A,  P.  is  6, 

and  the  product  of  the  extremes  is  27.  What  are  the  num- 
bers ? Ans.  3,  4,  5,  6,  7,  8,  9. 

5.  The  sum  of  the  squares  of  the  extremes  of  an  A.  P.  of 
four  terms  is  800,  and  the  sum  of  the  squares  of -the  means 
is  544.  What  is  the  progression  ? Ans.  4,  12,  20,  28. 
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6.  Find  five  numbers  in  A.  P.,  whose  arithmetical  mean 
is  5,  and  continued  product  945. 

/ 1,  3,  5,  7,  9;  or 

AnSm  j 5 — a/I09,  5 - Ia/109,  5,  5 +1a/I09,  5+a/I09. 

7.  The  arithmetical  mean  of  an  A.  P.  of  18  terms  is  15f, 
and  the  product  of  the  extremes  is  85|-.  Find  the  first  term 
and  the  common  -difference.  Ans.  a = 3 ; d = 1£. 


GEOMETRICAL  PROGRESSION. 

319.  A Geometrical  Progression  is  a collection  of 
quantities  arranged  in  the  order  of  their  magnitudes,  each 
of  which  is  greater  or  less  than  the  preceding  one  in  a con- 
stant ratio.  Thus,  1,  3,  9,  27,  81  is  a geometrical  progres- 
sion. 

320.  The  Terms  of  a G.  P.  are  the  quantities  of  which 
the  progression  consists. 

321.  The  Extremes  of  a G.  P.  are  the  first  and  the 
last  terms  ; the  other  terms  are  the  Means. 

322.  The  Ratio  of  a G.  P.  is  the  quotient  obtained  by 
dividing  any  term  by  the  one  which  immediately  precedes 
it.  Thus,  in  the  progression  1,  3,  9,  27,  the  ratio  is  3. 

323.  An  Increasing  G.  P.  is  a progression  in  which 
the  ratio  is  greater  than  1.  Thus,  2,  4,  8,  16,  32  is  an  in- 
creasing G.  P. 

324.  A Decreasing  G.  P.  is  a progression  in  which 
the  ratio  is  less  than  1.  Thus,  81,  27,  9,  3,  1,  is  a de- 
creasing G.  P. 


272 


PROGRESSIONS. 


325.  An  Infinite  Decreasing  G.  P.  is  a progression 
in  which  the  ratio  is  less  than  1,  and  the  number  of  terms 
is  infinite. 


326.  To  find  the  uth  term  and  the  sum  of  n terms 
of  a G.  P. 

Let  a denote  the  first  term,  r the  ratio,  l the  nth  term, 
and  s the  sum  of  n terms  ; then  the  progression  will  be 

a,  ar , ar2,  ars,  ar\  and  so  on, 

the  exponent  of  r in  any  term  being  always  less  by  1 than 
the  number  of  the  term.  Hence,  the  nth  term 

l = arn~\  (1) 


Again,  s=a  + ar  + ar2  + ar 3 -f  a r4  -f . . . . + arn~ 2 + arn~ 1 ; 
whence,  rs  — ar  + ar 2 + ar%  + «r4  + ....+  arn~ 2 + ar*1'1  + arn. 

By  subtraction,  rs  — s = arn  — a ; 

Tn  1 

whence,  s = a — • (2) 

r — 1 

Multiplying  both  members  of  (1)  by  r, 


lr  — arn ; 


hence,  (2)  may  be  reduced  to 
s = 


(3) 


EX E R € I S ES  . 


1.  The  first  term  of  a G.  P.  is  2,  the  ratio  3,  and  the 
number  of  terms  5.  Find  the  last  term  and  the  sum  of  the 
terms. 

By  (1),  l = 2 x 34  = 162. 

By  (2),  s = 2 x = 242.  - 
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Find  the  last  term  and  the  sum  of  the  terms  of 

2. 

3. 

4. 

5. 

6. 

7. 

327.  To  find  the  limit  of  the  sum  of  the  terms  of 
an  infinite  decreasing-  G.  P. 

Equation  (2)  of  Art.  326  may  be  reduced  to 

a — arn 


1,  3,  9,  ... 

. to  5 terms. 

A ns.  1 

= 81, 

5 = 121. 

2,  4,  8,  . . . 

. to  8 terms. 

Ans.  1 

= 256, 

s = 510. 

3,|,|,  ... 

. to  7 terms. 

Ans.  1 

— 

s = m 

5,  . 

. to  4 terms. 

Ans.  1 

— 

s=m- 

3)  — hxz’  • 

...  to  4 terms. 

Ans.  1 

— tV? 

s = 2-f 

1 > h h • • • 

. to  10  terms. 

Ans.  1 

— 1 
— 5TT2> 

^ = if 

1 — r 


(127,  Cor.). 


Now,  if  r < 1,  rn  becomes  smaller,  or  approaches  0,  as  n 
increases.  Thus,  if  r — and  n — 2,  3,  4,  5,  6,  etc., 
then  rn  = b i’  lV>  3T>  614>  etc.  Hence,  the  greater  the 
value  of  n,  the  nearer  does  the  sum  of  the  terms  approach 

the  value  of  the  fraction  > that  is,  when  r < 1, 

Limit  of  s = — — — 

1 — r 


EXERCISES. 

1.  Find  the  value  of  the  recurring  decimal,  .666  etc. 

The  value  required  is  the  limit  of  the  sum  of  T6¥,  yff-g-, 
ToVo>  etc.,  to  infinity.  By  the  formula, 

limit  of  s = 10  = f . 

1 — To 

The  meaning  of  this  result  is  that  | is  the  fraction  to 
which  the  value  of  .666  etc.  approaches  as  the  number  of 
decimal  figures  is  increased. 
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Find  the  limit  of 


2. 

l+i+T  + -8+TFd-  e^°' 

Ans.  2. 

3. 

1 — f + f — + if  — etc. 

A ns.  f. 

4. 

10  _ 9 + 8.1  — 7.29  + etc. 

Ans.  5T%. 

5. 

H + i + tt  + etc* 

Ans.  7|. 

6. 

.6  _ .06  + .006  — etc. 

Ans.  t6t. 

328.  Th.  In  a G . P.,  the  product  of  any  two  terms 
equidistant  from  the  extremes  is  equal  to  the  product  of  the 
extremes. 


Let  x represent  the  mth  term  from  the  beginning,  and  y 
the  mth  term  from  the  end  of  the  progression ; then 

x 

and  y 

.*.  xy  =.  at. 

329.  To  insert  any  number  of  geometric  means 
between  two  given  quantities. 

Let  it  be  required  to  insert  m geometric  means  between 
b and  c. 

Substituting  b for  a,  c for  l,  and  m-\-  2 for  n,  in  the 
formula  l = arn~\ 

c = brm+1 ; 

whence,  rm+l  = | ; 

whence,  r = 

The  second  term  may  now  be  found  by  multiplying  the 
first  term  by  the  ratio,  the  third,  by  multiplying  the  second 
by  the  ratio,  and  so  on. 


= arm  1, 
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EXERCISES. 

1.  Insert  3 geometric  means  between  1 and  81. 


hence,  1,  3,  9,  27,  81,  is  the  progression  required. 

2.  Insert  2 geometric  means  between  2 and  16. 

' Ans.  2,  4,  8,  16. 

3.  Insert  3 geometric  means  between  | and  fa. 

Ans.  -g-,  fa,  fa- 

4.  Insert  5 geometric  means  between  .6  and  .0000006. 
Ans.  .6,  .06,  .006,  .0006,  .00006,  .000006,  .0000006. 

5.  Insert  one  geometric  mean  between  9 and  81. 

Ans.  9,  27,  81. 

6.  Insert  2 geometric  means  between  1 and  — fa. 

Ans.  1,  — |,  i,  — fa. 

330.  To  find  the  continued  product  of  the  terms 
of  a G.  P. 

Denote  the  required  product  by  P ; then 

P = a x ar  x ar2  x arz  x aP  x x ar*— 1 

q71  + 2 + 3 + 4+....+  71 — 1 

= an  x r~^~n  (311); 

whence,  P2  = a2n  x Pn~~^n  = an  x anPn~Pn  = an  x ( arn~L)n 

= anln  (326); 

whence,  P = V(al)n. 

Thus,  the  continued  product  of  the  terms  of  a G.  P.  of  five 
terms,  whose  extremes  are  2 and  32  is 


V(2  x 32)5  = V (64)5  = 85  = 32  7 68. 


PROGRESSIONS. 


276 


331.  To  find  any  two  of  the  quantities  «,  l , r,  n,  and 
, when  the  others  are  given. 

(1) 


The  equations 


and 


l — arn~\ 

_ arn— 1 
S ~ r — 1 

contain  these  quantities  ; hence,  the  values  of  any  two  of 
them  can  he  found  when  the  others  are  given. 


(2) 


EXERCISES. 

1.  Given  a,  r,  and  n,  to  find  l and  s. 


Ans.  I =■  arn~ \ s = a 


rn—  1 


These  values  are  given  by  (1)  and  (2). 

2.  Given  l,  r,  and  n to  find  a and  s. 


A l HrT> 

-A™-  « = 


1) 


Find  a from  (1) ; then  substitute  its  value  for  a in  (2). 

3.  Given  l = 6144,  r = 2,  and  n = 12,  to  find  a and  s. 

Ans.  a — 3,  s = 12285. 

4.  Given  n,  r,  and  s,  to  find  a and  l. 

Ans.  a = «i|),  l = 

5.  Given  n = 6,  r = 3,  and  s = 1820,  to  find  a and  l. 

Ans.  a — 5,  l = 1215. 

6.  Given  a,  l,  and  n,  to  find  r and  s. 


. n~'/l  n\/ln  — n'\/an 

V a n-J/i  _ nA/a 


VI  — nVa 

7.  Given  a — 5,  l = 1215,  and  n — 6,  to  find  r and  s. 

Ans.  r = 3,  s = 1820. 

8.  Given  a,  n,  and  s,  to  find  r and  l. 

Ans.  arn  — sr  — a — s,  l(s  — 1 = a (s  — a)n~ l. 

From  these  equations  r and  l may  be  found,  when  the  numerical 
values  of  a,  n,  and  s are  given. 


GEOMETRIC  MEAN. 


9.  Given  l,  n,  and  s,  to  find  a and  r. 

Ans.  a(s—o)r^-1==l(s—l)n—1,  {s—T)7n—srn~1 

10.  Given  a,  r,  and  l,  to  find  s and  n. 


277 

■l. 


a 7r  — a m 1 l 

Ans.  s = , r1^-1  = - • 

r — 1 a 


To  find  n raise  r to  a power  which  is  equal  to  - • The  exponent 
of  this  power  will  be  n — 1. 

11.  Given  a — 1,  r = 2,  and  l — 512,  to  find  s and  n. 

Ans.  s — 1023,  n — 10. 

12.  Given  a,  7,  and  s,  to  find  r and  n. 


. s — a fs  — aV1—1  l 

Ans.  r = 7 , I 7 1 = • 

s — l \s  — 11  a 


13.  Given  a = 4,  l — 12500,  and  s = 15624,  to  find  r 

and  n.  Ans.  r = 5,  n = 6. 

14.  Given  a,  r,  and  s,  to  find  l and  n. 

. r ci-\-s(r  — 1)  „ a + s(r  — l) 

r a 

15.  Given  a = 1,  r = 2,  and  s = 1023,  to  find  l and  n. 

Ans.  I = 512,  n — 10: 

16.  Given  l,  r,  and  s,  to  find  a and  n. 

Ans.  a — lr  — s(r  — 1),  rn_1  = ^ v w I 

v ' lr  — s(r  — 1) 

17.  Given  l ==  192,  r — 2,  and  s — 360,  to  find  a and  n. 

Ans.  a — 24,  n = 4. 


GEOMETRIC  MEAN. 

332.  The  Geometric  Mean  of  n quantities  is  the 
nth  root  of  their  product.  Thus,  the  geometric  mean  of 
1,  3,  12,  and  36  is  fyl  x 3 x 12  x 36  = 6 
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333.  To  find  the  geometric  mean  of  the  terms  of 
aG.  P. 

Denote  the  geometrical  mean  by  m ; then,  by  definition, 

m = f/ V {al)n  = Val  (330). 

Thus,  the  geometric  mean  of  the  terms  of  a G.  P.  whose 
extremes  are  3 and  243  is  \'d  x 243  = 27. 

334.  To  find  a and  l , when  m,  r,  and  n are  given. 

« = jL  (336);  whence,  rf  = £ = £ (330); 

whence,  a — - m._  • 

Again,  l = ar72'-1 ; whence,  Z2  = air n~1  = m2rn— 1 ; 
whence,  l = ?nVrnr~: l. 

EXERCISES. 

335.  1.  Write  a G.  P.  of  three  terms,  whose  geometrio 
mean  is#?/,  and  ratio 


V 

hence,  the  second  term  = x2  x | = xy ; 

and  the  third  term  = #?/  x | = ?/2. 

Hence,  #2,  xy,  y2  is  the  required  progression. 

2.  Write  a G.  P.  of  four  terms,  whose  geometric  mean 

is  Vxy,  and  ratio 
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hence,  the  second  term  = — x - = x: 
V x 


the  third  term 


and  the  fourth  term 


= x x - = y : 

x a ’ 

y y2 

= y x - = — • 

c X x 


X 2 


Hence,  — , x,  y,  ^ is  the  required  progression. 

3.  The  sum  of  three  numbers  in  G.  P.  is  13,  and  the  sum 
of  their  squares  is  91.  What  are  the  numbers  ? 

Ans.  1,  3,  9. 

Denote  the  numbers  by  x 2,  xy,  and  y1 . 


4.  The  sum  of  the  first  and  third  of  four  numbers  in 
G.  P.  is  10,  and  the  sum  of  the  second  and  fourth  is  30. 
What  are  the  numbers  ? Ans.  1,  3,  9,  27. 


£>2 

Denote  the  numbers  by  — , x,  y,  and  — • 

y . x 

5.  The  sum  of  three  numbers  in  G.  P.  is  210,  and  the 

difference  between  the  extremes  is  90.  What  are  the  num- 
bers? Ans.  30,  60,  120. 

6.  The  sum  of  the  terms  of  a G.  P.  of  four  terms  is  15, 
and  if  the  last  term  be  divided  by  the  sum  of  the  means, 
the  quotient  will  be  1£.  What  is  the  progression  ? 

Ans.  1,  2,  4,  8. 

7.  The  product  of  the  terms  of  a G.  P.  of  three  terms  is  64, 

and  the  sum  of  the  squares  of  the  extremes  is  68.  What  is 
the  progression  ? Ans.  2,  4,  8. 

8.  The  product  of  three  numbers  in  G.  P.  is  27,  and  the 
sum  of  their  cubes  is  757.  What  are  the  numbers  ? 

Ans.  1,  3,  9. 
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CHAPTER  XIV. 

CONTINUED  FRACTIONS. 


336.  A Continued  Fraction  is  a complex  fraction  of 
the  form  of 


in  which  a,  l,  c,  d,  etc.,  are  positive  integers. 

337.  A Converging  Fraction,  or  a Convergent,  is 

the  result  obtained  by  considering  a certain  number  of  the 
simple  fractions,  beginning  at  the  first,  and  neglecting  all 
that  follow.  Thus,  the  first  convergent  of  the  continued 

fraction  given  in  Art.  336  is  the  second  convergent  is 
the  simple  fraction  which  is  equivalent  to  ; and  so  on. 


1 


C d + etc. 


338.  To  simplify  a terminating-  continued  fraction. 


exercises. 


1.  Simplify 


1 


1 “ 13* 


4 
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2  4-  4 - 30 
* + 13“13 


2 + 


13 

30* 


3  + 


2.  Simplify 


Ans. 


4 + 


3.  Simplify  1 -f- 


30 


34 


Ans. 


1380 

1051' 


5 + 


7 + 


3.  Simplify 

a - 1 — 


+ 1 


5 + i. 


$ (J)C  — j — 1 ) — J—  c 


339.  To  find  approximate  values  of  a continued 
fraction  which  does  not  terminate. 

ex  e it  C1SES. 

1 


1.  Find  approximate  values  of 


2 + 


4 + 


2 + 


4  + etc. 


2 + 


- = the  first  convergent ; 

z 

4 

- = the  second  convergent ; 


2 + 


— = the  third  convergent ; and  so  on. 

zo 


4 + 
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The  convergents  of  an  odd  order  are  greater,  and  those 
of  an  even  order  are  less,  than  the  value  of  the  continued 

fraction.  Thus,  ^ is  too  great,  because  the  denominator  2 

4 1 

is  too  small;  - is  too  small,  because  2 + - is  too  great; 

u 4: 

and  so  on. 

2.  Find  the  fourth  convergent  of  - 

1 + - r 


2 + 


1 + 


etc. 


3.  Find  approximate  values  of  3 -j 

7 + - 


15  + 


1 + etc. 
Arts.  3,  flf,  fff,  . . . . 

4.  Find  approximate  values  of 
1 


1 + 


2 + 


2 + 


2 + 


2 + etc. 

Ans.  1,  f,  f,  fi,  ft? 

340.  To  reduce  a quantity  to  an  expression  con- 
taining a continued  fraction. 

17 

1.  Keduce  — to  an  expression  containing  a continued 
fraction. 

17  , 2 , , 1 'l 
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The  integral  part,  1,  and  the  denominators,  7 and  2,  are 
the  quotients  which  would  be  obtained  by  the  process  of  find- 
ing the  g.  c.  d.  of  17  and  15. 


15 

2.  Reduce  — to  a continued  fraction. 


Ans. 


1 + 


3.  Reduce  V 2 to  an  expression  containing  a continued 
fraction,  and  find  approximate  values. 

^ = “6  +=iS6- 

Applying  the  process  for  finding  the  g.  c.  d.,  we  find  the 
quotients  to  be  1,  2,  2,  2, and  2 perpetually. 


= i + - 


^ 2 + etc. 

The  approximate  values  are  1,  -§,  -J,  ib  ffb 

(339,  4). 

4.  Find  approximate  values  for  the  ratio  of  5 hours 

48  min.  51  sec.  to  24  hours.  Ans.  -rir, 

5.  Find  approximate  values  of  3.1415926535 , which 

is  the  ratio  of  the  circumference  of  a circle  to  its  diameter. 

Ans.  3,  ^ , fff,  .... 

6.  The  length  of  the  tropical  year  is  365.24224  days,  and 
the  moon’s  synodic  period  is  29. 5305887  days.  Find  approx- 
imate values  for  the  ratio  of  these  numbers. 

Ans.  12,  ¥■,  ¥,  ¥>  W, 

7.  Find  approximate  values  for  the  ratio  of  a meter  to  a 

yard.  Aws.  1,  to,  ^f,  .... 

8.  Find  approximate  values  for  the  ratio  of  a kilometer 

to  a mile.  Ans.  1,  f,  f,  f, 
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341.  To  solve  an  exponential  equation  by  means 
of  continued  fractions. 

An  Exponential  Equation  is  an  equation  in  which  the 
unknown  quantity  occurs  in  an  exponent.  Thus, 

102*  ==  100  is  an  exponential  equation. 

EXE  It  CIS  ES. 

1.  Solve  10*  = 5. 

If  x — 0,  10*  — 1 ; and,  if  x = 1,  10*  — 10  ; hence, 
the  value  of  x lies  between  0 and  1. 

1 1 

Put  x — then  10*'  = 5 ; 

•x 

whence,  10  = 5*'. 

If  x'  = 1,  5*'  = 5 ; and,  if  x'  :=  2,  5*'  ■=  25  ; hence, 
the  value  of  xr  lies  between  1 and  2. 

Put  x'  = 1 + then 

51  + *"  = 10; 
whence,  by  dividing  by  5, 

5*"  = 2; 

whence,  5 = 2*". 

If  x"  = 2,  2*"  — 4;  and,  if  x"  = 3,  2*"  = 8;  hence, 
the  value  of  x"  lies  between  2 and  3. 

Put  x"  = 2 + -4>>  then 
x 

j_ 

2 2 +x"'  = 5 ; 

whence,  by  dividing  by  22, 
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whence, 


2 = 


5\x'" 

V 


If  * 


5\x"'  /5V'" 

< 2 ; and,  if  x"’  = 4,  ( -j  > 2 : 


hence,  the  value  of  x'"  lies  between  3 and  4. 

Put  x"  — 3 + ~ then 
x 

whence,  by  dividing  by  , 


/5  \®""  128  # 

\4/  ~ 125  ; 

5 /128> 

whence, 

4 — \125J 

/128V""  5 

If  x""  = 9, 

(m)  < 4 ’ 

/128\®  5 

and,  if  x""  = 10, 

(m)  >i; 

hence,  the  value  of  x'"'  lies  between  9 and  10. 

1 


x'"  — 3 + 


9 + etc., 


2+  1 
3 + 


9 + etc., 


x'  = 1 


2 + 


3 + 


9 + etc.. 
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and 


.69892 , 


1 + 


3 9 + etc., 

which  is  correct  to  four  places. 


The  value  of  x which  satisfies  the  equation  10*  = 5 is 
called  the  logarithm  of  5. 

Solve : 


2.  3*  = 100. 

3.  3s*  — 15. 

4.  10*  = 3. 

5.  10*  = 31.622777. 

6.  10*  = 21.544347. 

7.  25*  = 125. 

8.  64*  = 1024. 


A ns.  x = 4.19 + . 
Ans.  x — 1.23 + . 
Ans.  x = 0.477 + . 
Ans.  x = 1.5. 

Ans.  x = 1£. 

Ans.  x — 1.5. 

Ans.  x = If. 
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CHAPTER  XV. 

LOGARITHMS. 

34 2.  The  value  of  x in  the  equation  10*  = n is  called 
the  Logarithm  of  n to'  the  base  10,  or,  simply,  the  log- 
arithm of  n,  10  being  the  base  of  the  only  system  of 
logarithms  in  common  use.  Thus,  the  logarithm  of  100  is 
2,  for  102  = 100,  and  the  logarithm  of  5 is  .6989,  for  it  has 
been  shown  that  the  value  of  x in  the  equation  10*  = 5 is 
.6989. 

343.  The  Characteristic  of  a logarithm  is  the  integral 
part  of  it,  and  the  Mantissa  is  the  fractional  part,  which 
is  usually  written  as  a decimal.  Thus,  the  characteristic  of 
3.17609,  which  is  the  logarithm  of  1500,  is  3,  and  the 
mantissa  is  .17609. 

344.  To  find  the  characteristic. 

1.  Every  number  having  n figures  in  its  integral  part  lies 
between  lO7^-1  and  10w.  Thus,  6 lies  between  10°  and  101, 
29.3  lies  between  101  and  102,  839.4  lies  between  102  and  103, 
and  so  on. 

Hence,  the  logarithm  of  a number  having,  n figures  in  its 
integral  part  lies  between  n — 1 and  n.  Its  characteristic 
must  therefore  be  n — 1 ; that  is, 

The  characteristic  of  the  logarithm  of  a number  having  an 
integral  part  is  one  less  than  the  number  of  figures  in  that 
part.  Thus,  the  characteristics  of  the  logarithms  of  32, 
713.54,  8.7168,  56452,  873607.9  are  respectively  1,2, 0,4, 5. 

2.  Every  number  less  than  1 and  expressed  as  a decimal 
having  n ciphers  immediately  after  the  decimal  point  lies 
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between  ~ and  , v,  or  between  10~w  and  10 — 
llT’  10ri+1 

(141).  Thus,  .3  lies  between  1 and  .1,  or  between  10°  and 
10— ^ .027  lies  between  .1  and  .01,  or  between  10— 1 and  10~ 2, 
.0003504  lies  between  .001  and  .0001,  or  between  10~3  and 
10— 4, . and  so  on. 

Hence,  tlie  logarithm  of  a decimal  fraction  having  n ciphers 
immediately  after  the  decimal  point  lies  between  — n and 
— (n  + 1).  It  is  therefore  negative,  and  the  integral  part 
of  it  is  — n.  But  for  convenience  the  mantissa  is  always 
kept  positive ; hence,  the  integral  part  of  the  logarithm 
must  be  — (?i  + 1) ; that  is. 

The  characteristic  of  the  logarithm  of  a decimal  fraction 
is  negative  and  numerically  one  greater  than  the  number  of 
ciphers  immediately  after  the  decimal  point.  Thus,  the 
characteristics  of  the  logarithms  of  .3,  .0076,  02535,  .000708 
are  respectively  — 1,  — 3,  — 2,  — 4. 

Sch.  As  the  mantissa  is  always  kept  positive  the  sign  — 
is  written  above  a negative  characteristic,  to  show  that  it 
alone  is  negative.  Thus,  log  .015  = 2.17609,  which  is 
equivalent  to  — 2 + .17609. 


EXERCISES. 

Find  the  characteristic  of  the  logarithm  of 


1. 

13. 

Ans. 

1. 

2. 

211. 

A ns. 

2. 

3. 

3000. 

Ans. 

3. 

4. 

.15. 

Ans. 

— 1. 

5, 

7.012. 

Ans. 

0. 

6. 

.003. 

Ans. 

-3. 

7. 

3135.2. 

Ans. 

3. 

8. 

.000052. 

Ans. 

— 5. 
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845.  Th.  The  logarithm  of  the  product  of  two  or  more 
numbers  is  equal  to  the  sum  of  the  logarithms  of  the  numbers. 


Suppose  m = 10x, 

n = 10  y, 

p = 10z; 

then  mnp  = 10  ®+y+« 

But,  by  definition,  log  m — x,  log  n = y,  log  p = z, 
and  log  (mnp)  ==  x -f-  y -f-  z; 

.*.  log  (mnp)  m log  m + log  n -f  logp. 

340.  Th.  The  logarithm  of  the  quotient  of  two  numbers 
is  equal  to  the  result  obtained  by  subtracting  the  logarithm 
of  the  divisor  from  that  of  the  dividend. 

Suppose  m = 10a;, 

and  n = 10^; 


tlien  — 10  x~a/. 

n 

But,  by  definition,  log  m — x,  log  n = y,  and 
— x — y\ 


log  m — log  n. 


347.  Th.  The  logarithm  of  any  power  of  a number  is 
equal  to  the  product  obtained  by  multiplying  the  logarithm 
of  the  number  by  the  exponent  of  the  power. 

Suppose  m = 10*; 

then  mr  = (10®)r  = lQrx. 

log  (mr)  = rx  = r log  m. 


348.  Th.  The  logarithm  of  any  root  of  a number  is 
equal  to  the  quotient  obtained  by  dividing  the  logarithm  of  the 
number  by  the  index  of  the  root. 
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Suppose 


then 


= 10' 
log  m 
r 


log 


349.  1.  Given  log  2 = .3010,  and  log  3 — .4771,  to 
find  the  logarithms  of  6,  13,  15,  .125,  and  6.75. 

Log  6 II  log  (3x2)=  log  3 + log  2 = .4771  + -3010 
= .7781. 

Log  18  = log  (6x3)=  log  6 + log  3 = .7781  -f  .4771 
= 1.2552. 

Log  15  = log  ^3  x = log  3 + log  10  — log  2 

= .4771  -f  1 — -3010  = 1.1761. 

Log  .125  = log  {^j  = log  1 — 3 log  2 = 0 — 3 x .3010 

= — .9030  = — 1 + (1  — .9030)  = — 1 + .0970 
= 1. 0970. 

Log  6.75  = log  = log  (|2)  = 3 log  3 - 2 log  2 
= 3 x .4771  — 2 x .3010  = .8293. 

2.  Given  log  2,  to  find  log  5.  Ans.  .6990. 

3.  Given  log  2,  to  find  log  \.  Ans.  T.6990. 

4.  Given  log  3,  to  find  log  ^3,  and  log1  334. 

Ans.  .1590,  1.5229. 

5.  Show  that  log  y/ abc  = ^ (log  a + log  b -V-  log  c). 

6.  Given  log  20763  = 4.3173,  to  find  the  logarithms  of 
2.0763,  2076.3,  .020763,  and  .0020763. 

Ans.  0.3173,  3.3173,  2.3173,  3.3173. 

7.  Given  log  20.912  = 1.3204,  to  find  the  numbers 
whose  logarithms  are  2.3204,  6.3204,  1.3204,  and  4.3204. 

Ans.  .020912,  2091200,  .20912,  20912. 
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350 . A Table  of  Logarithms  complete  for  four 
Places. 


No. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Diff. 

10 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

o334 

0374 

41 

1 1 

0414 

0453 

0492 

o53i 

0569 

0607 

0645 

0682 

0719 

0755 

38 

12 

0792 

0828 

0864 

0899 

0934 

0969 

i3o3 

1004 

io38 

1072 

1106 

35 

13 

1 139 

1173 

1206 

1 239 

1271 

1 335 

1367 

i399 

i43o 

32 

14 

1461 

1492 

1 523 

1 553 

1 584 

1614 

1644 

1673 

1703 

i732 

30 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

i959 

1987 

2014 

28 

1G 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

26 

17 

23o4 

233o 

2355 

238o 

24o5 

2430 

2455 

2480 

25o4 

2529 

25 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2766 

24 

19 

2788 

2810 

2833 

2856 

2878' 

2900 

2923 

^2945 

2967 

2989 

22 

20 

3oio 

3o32 

3o54 

3076 

3096 

3i  18 

3i39 

3 1 60 

3 181 

3201 

21 

21 

3222. 

3243 

3263 

3284 

33o4 

3324 

3345 

‘3365 

3385 

3404 

20 

22 

3424 

3444 

8464 

3483 

35o2 

3522 

354i 

356o 

3579 

3598 

19 

23 

3617 

3636 

3655 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

19 

21 

3802 

3820 

3838 

3856 

3874. 

3892 

3909 

3927 

3945 

3962 

18 

25 

3979 

8997 

4014 

4d3i 

4048 

4o65 

4082 

4099 

4116 

41 33 

17 

26 

4i5o 

4166 

41 83 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

16 

27 

43 14 

433o 

4346 

4362 

4378 

4393 

4409 

4425 

444o 

4456 

16 

28 

4472 

4487 

45o2 

45 1 8 

4533 

4548 

4564 

4579 

4594 

4609 

15 

29 

4624 

4639 

4654 

4669 

4683 

4698 

47i3 

4728 

4742 

4757 

15 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

14 

31 

4914 

4928 

4942 

4955 

.4969 

4g83 

4997 

5oii 

5o24 

5o38 

14 

32 

5o5i 

5o65 

5079 

6092 

5io5 

5119 

5 1 32 

5i45 

5 1 59 

5172 

13 

33 

5 1 85 

5198 

5211 

5224 

5237 

525o 

5263 

5276 

5289 

53o2 

13 

34 

53 1 5 

5328 

5340 

5353 

5366 

5378 

5391 

54o3 

5416 

5428 

13 

35 

544 1 

5453 

5465 

5478 

5490 

55o2 

55 1 5 

5527 

5539 

555 1 

12 

36 

5563 

5575 

5587 

5599 

56 1 1 

5623 

5635 

5647 

5658 

5670 

12 

37 

5682 

56g4 

5jo5 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

12 

38 

39 

5798 
5gi  1 

5809 

5922 

5821 

5933 

5832 

5944 

5843 

5955 

5855 

5966 

5866 

5-977 

5877 

5988 

5888 

5999 

5899 

6010 

11 

40 

602 1 

6o3i 

6042 

6o53 

6064 

6075 

6o85 

6096 

6107 

6117 

11 

41 

6128 

6i38 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

11 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

63  04 

63 14 

6325 

10 

43 

6335 

6345 

6355 

6365 

63-]5 

6385 

6395 

640  5 

641 5 

6425 

10 

44 

6435 

6444 

6464 

6464 

6474 

6484 

6493 

65o3 

65 1 3 

6522 

10 

45 

6532 

6542 

655 1 

656 1 

6571 

658o 

65go 

65gg 

6609 

6618 

10 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

66g3 

6702 

6712 

9 

47 

6721 

6j3o 

6739 

6749 

6839 

6758 

6767 

6776 

6785 

6794 

68o3 

9 

48 

6812 

6821 

683o 

6848 

6857 

6866 

6875 

6884 

6893 

9 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

9 

50 

6990 

6908 

7007 

7016 

7024 

io33 

7042 

7o5o 

jo5g 

7067 

9 

51 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7 1 35 

7143 

7 1 52 

9 

52 

7160 

7168 

7H7 

7i85 

7193 

7202 

7210 

7218 

7226 

7235 

8 

53 

7243 

7 25 1 

7209 

7267 

7275 

7284 

7292 

7300 

73o8 

7316 

8 

54 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

8 

© i 

1 

' 

2 

3 

4 

5 

6 

7 

8 

9 
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Table  of  Logarithms — Continued. 


No. 

0 

1 

2 

3 

4 

5 

G 

7 

8 

9 

55 

74o4 

7412 

74i9 

7427 

7435 

7443 

745 1 

7459 

7466 

7474 

5G 

7482 

7490 

7497 

i5o5 

761 3 

7520 

7528 

7536 

7543 

755i 

57 

7539 

7366 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

58 

7634 

7642 

7649 

7667 

7664 

7672 

7679 

7686 

7694 

7701 

59 

7709 

7716 

7723 

7731 

7738 

7.745 

7762 

7760 

7767 

7774 

GO 

7782 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

G 1 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

79o3 

791° 

79 1 7 

02 

7924 

793 1 

7938 

7945 

7902 

7959 

7966 

7973 

7980 

7987 

G3 

7993 

8000 

8007 

8014 

8021 

8028 

8o35 

8041 

8048 

8o55 

64 

8062 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

8116 

8122 

65 

8129 

8 1 36 

8142 

8149 

8 1 56 

8162 

8169 

8176 

8 ! 8 2 

8189 

6G 

8196 

8202 

8209 

82i5 

8222 

8228 

8235 

8241 

8248 

8254 

G7 

8261 

8267 

8274 

8280 

8287 

8293 

8299 

83o6 

83 1 2 

83 1 9 

G8 

8325 

833 1 

8338 

8344 

835 1 

8357 

8363 

8370  j 

8376 

8382 

69 

8388 

83g5 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

70 

845i 

8407 

8463 

8470 

8476 

8482 

8488 

8494 

85bo 

85o6 

71 

85 1 3 

85i9 

8525 

853 1 

8537 

] 8543 

8549 

, 8555 

856.1 

8567 

72 

8573 

8579 

8585 

8591 

8597 

1 86o3 

8609 

86 1 5 

8621 

8627 

73 

8633 

8639 

8645 

865-1 

8657 

8663 

8669 

8675 

8681 

8686 

74 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8733 

8789 

8745 

75 

8751 

8756 

8762 

8768 

8774 

1 8779 

8785 

8791 

8797 

8802 

7G 

8808 

8814 

8820 

8825 

883 1 

8837 

8842 

8848 

8854 

885q 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

891 5 

78 

8921 

8927 

8932 

893  8 

8943 

8949 

8954 

8960 

8965 

8971 

79 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9015 

9020 

9025 

80 

903 1 

9o36 

9042 

9047 

9o53 

9,0  5 8 

9063 

9069 

9°74 

9°79 

81 

go85 

9090 

9096 

9101 

9106 

91 1 2 

9 1 1 7 

9122 

9 1 28 

9i33 

82 

g 1 38 

9143 

9U9 

9 [54 

9i59 

9160 

9‘7° 

9 1 75 

9180 

9186 

83 

9‘9> 

9196 

9201 

9206 

9212 

9217 

9222 

9227 

9232 

9238 

84 

9243 

9248 

9253 

9258 

9263 

9269 

9274 

9279 

9284 

9289 

85 

9294 

9299 

g3o4 

9309 

93 1 5 

9320 

9325 

933o 

g335 

9340 

8 5 

9345 

935o 

9355 

9360 

g365 

9370 

9375 

9380 

9385 

9390 

87 

9395 

9400 

94o5 

9410 

94  * 5 

9420 

9425 

943o 

9435 

9440 

88 

9445 

945o 

9455 

9460 

9165 

9469 

9474 

9479 

9484 

9489 

89 

9494 

9499 

95o4 

9509 

g5i  3 

95i8 

9523 

9628 

9533 

9538 

90 

9542 

9547 

9552 

9557 

9562 

9566 

957i 

9676 

9581 

9586 

91 

9590 

9595 

9600 

9606 

9609 

9614 

9619 

9624 

9628 

9633 

92 

9638 

9643 

9647 

9652 

9667 

9661 

9666 

9671 

1 9675 

9680 

93 

9685 

9689 

9694 

9699 

1 9703 

97°8 

97 13 

9717 

9722 

9727 

94 

973 1 

9736 

974i 

9745 

975o 

9754 

9759 

9763 

9768 

9773 

95 

9777 

9782 

9786 

979' 

9795 

9800 

9805 

9809 

9814 

9818 

98 

9823 

9827 

9832 

Q836 

9841 

9845 

9850 

9864 

9869 

9863 

97 

9868 

9872 

98IT 

9881 

| 9886 

9899 

9894 

9899 

9908 

9908 

1 98 

99 1 2 

99*7 

9921 

9926 

993o 

9934 

9939 

9943 

9948 

9952 

1 99 

9956 

9961 

9965 

9969  | 9974 

9978 

9983 

9987 

! 9991 

9996 

L 

O 

1 

2 

3 

| 4 

5 

6 

7 

IV 

1 

Diff. 


8 

8 

8 

8 

7 

7 

7 

7 

7 

7 

7 

7 

7 

6 

6 

6 

G 

G 

6 

G 

G 

G 

6 

G 

G 

5 

5 

5 

5 

5 


5 

5 

4 
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The  preceding  table  contains  the  mantissas  of  the  loga- 
rithms of  numbers  from  1 to  1000  inclusive.  The  charac- 
teristics are  not  given,  but  they  are  easily  supplied  by  the 
principles  of  Art.  344. 

EXE  It  Cl  S ES. 

351.  1.  Find  the  logarithm  of  6. 

The  characteristic  of  log  6 is  0,  and  the  mantissa  is  the 
same  as  the  mantissa  of  log  60 ; for 

log  6 = log  = log  60  — log  10  = log  60  — 1, 

and  the  subtraction  of  1 from  log  60  docs  not  change  the 
mantissa.  .-.  log  6 = 0.7782. 

2.  Find  the  logarithm  of  7.  Ans.  0.8451. 

3.  Find  the  logarithm  of  .07. 

The  characteristic  of  log  .07  is  — 2,  and  the  mantissa  is 
the  same  as  the  mantissa,  of  log  7 ; for 

log  .07  = log  = log  7 — log  100  = log  7 — 2, 

and  the  subtraction  of  2 from  log  7 does  not  change  the 
mantissa.  .-.  log  .07  = 2.8451. 

4.  Find  the  logarithm  of  .009.  Ans.  3.9542. 

5.  Find  the  logarithm  of  .2137. 

The  characteristic  of  log  .2137  is  — 1. 

To  find  the  mantissa,  look  for  21  in  the  No.  column  ; 
then  run  along  the  line  toward  the  right  till  you  come  into 
the  column  headed  3,  which  is  the  third  figure  in  the  num- 
ber .2137 ; 

take  out  log  .2130  = 1.3284 

Diff.  for  7,  the  fourth  figure,  — 14 

log  .2137  = 1.3298. 

Continue  along  the  line  till  you  come  into  the  column 
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lieaded  Diff. ; take  out  20.  This  is  the  difference  between 
log  .2130  and  log  .2140;  hence,  the  difference  between 
log  .2130  and  log  .2137  is  20  x .7  = 14.  Add  this  to 
1.3284.  The  sum,  1.3298,  is  the  logarithm  of  .2137. 

6.  Find  the  number  whose  logarithm  is  2.8531. 

The  mantissa  is  found  at  the  right  of  71  and  in  the  col- 
umn headed  3.  The  number  of  figures  in  the  integral  part 
of  a number  is  one  greater  than  the  characteristic  of  its 
logarithm;  hence,  the  number  whose  logarithm  is  2.8531 
is  713. 

7.  Find  the  number  whose  logarithm  is  .3142. 

This  logarithm  lies  between  .3139  and  .3160  in  the  table. 
The  smaller  of  these  logarithms,  .3139,  is  in  the  'column 
headed  6 and  at  the  right  of  20  in  the  No.  column ; hence, 
take  out  log  2.06  jf  .3139;  also,  tabular  diff.  = 21.  By 
subtracting  .3139  from  the  given  logarithm,  .3142,  we  find 
the  difference  to  be  3. 

Denote  the  fourth  figure  of  the  required  number  by  x ; 
then,  as  in  Ex.  5, 

**&->• 

, 3 x 10 

whence,  x = — — — = 1 + . 

/wJL 

Hence,  the  number  whose  logarithm  is  .3142  is  2.061. 

The  work  may  be  abridged  as  follows : 

.3142 

log  2.06  = .3139 

21  ) 30  ( 1. 

8.  Find  the  number  whose  logarithm  is  I.5700„ 

T.5700 
log  .371  = 1.5694 

12  ) 60  ( 5. 

Hence,  the  required  number  is  .3715. 
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9.  Find,  by  means  of  logarithms,  the  product  of  .3715 
and  .8913. 

Log  .3715  = T.5700 
log  .8913  = 1.9501 

Sum  = 1.5201  = log  of  product  (345). 

The  number  whose  logarithm  is  T.5201  is  .3312,  which  is 
the  product  required. 

10.  Divide.  7132  by  8. 162. 

Log  .7132  = T.8532 
log  8.162  = 0.9118 

Difference  = 2.9414  = log  of  quotient  (346). 

The  number  whose  logarithm  is  2.9414  is  .08738,  which 
is  the  quotient  required. 

11.  Find  the  fourth  power  of  .328  (34 7). 

12.  Find  the  cube  root  of  .000512  (348). 

353.  To  solve  an  exponential  equation  by  means 
of  logarithms. 


EXERCISES. 

1.  Solve  10*  ='75. 

It  is  evident,  from  the  definition  of  a logarithm,  that  the 
value  of  £ in  this  equation  is  the  logarithm  of  75; 

.*.  x = 1.8751. 

2.  Solve  18*|  = 125. 


Taking  the  logarithm  of  each  member  of  this  equation, 
x log  18  = log  125  (347) ; 


_ log  125  _ 2.0969 
X ~ ‘log  18  ~ 1.2553 


- = 1.670 + . 


whence, 
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Solve : 


3. 

00 

II 

& 

4. 

52s  _ 10000. 

5, 

4*  = 8. 

6. 

.10*  ==  3. 

7. 

/ 7 Y _ 3 
U2/  4' 

8. 

Oi 

II 

COI 

9. 

*-r 

10. 

1 

II 

54 

11. 

x 

ah*  — c. 

12. 

52+*  = 10000. 

13. 

00 

ti- 

ll 

14. 

2.718*  = 4. 

15. 

<r~*  — h . 

16. 

<T*  I 5. 

17. 

= &. 

ax  — h = 2 ccP. 


Ans.  x ==  4. 
^4^5.  a:  =±  2.861 + . 

rc  = 1.5. 
vl72S.  » = 0.4771  + . 

Ans.  x = 0.53 + . 
Ans.  x = — 0.25  + . 


Ans.  x = 


Ans  x = — 1.58 + . 
log  c — log  a 


log  b 


Ans.  x t=. 


log  c — log  a 
Ans.  x = 3.722  + . 

Ans.  x = .5. 
x — 1.386 + . 

Am.  z l 

log  a 


Ans.  x — 


log  a 
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GEOGRAPHY. 


MONTEITH’S  SYSTEM. 

TWO-BOOK  SERIES.  INDEPENDENT  COURSE. 

Monteith’s  Elementary  Geography. 

Monteith’s  Comprehensive  Geography  (103  maps'). 

' (jgp-  These  volumes  are  not  revisions  of  old  works,  not  an  addition  to  any  series, 
but  are  entirely  new  productions,  — each  by  itself  complete,  independent,  comprehen- 
sive, yet  simple,  brief,  cheap,  and  popular ; or,  taken  together,  the  most  admirable 
“ series  ” ever  offered  for  a common-school  course.  They  present  the  following  features, 
skilfully  interwoven,  the  student  learning  all  about  one  country  at  a time.  Always 
revised  to  date  of  printing. 

LOCAL  GEOGRAPHY.  — Or,  the  Use  of  Maps.  Important  features  of  the  maps 
are  the  coloring  of  States  as  objects,  and  the  ingenious  system  for  laying  down  a much 
larger  number  of  names  for  reference  than  are  .ound  ou  any  other  maps  pf  same  size, 
and  without  crowding. 

PHYSICAL  GEOGRAPHY.  — Or,  the  Natural  Features-of  the  Earth;  illus- 
trated by  the  original  and  striking  relief  maps,  being  bird’s-eye  views  or  photographic 
pictures  of  the  earth’s  surface. 

DESCRIPTIVE  GEOGRAPHY.  — Including  the  Physical;  with  some  account 
of  Governments  and  Races,  Animals,  &c. 

HISTORICAL  GEOGRAPHY.  — Or,  a brief  summary  of  the  salient  points  of 
history,  explaining  the  present  distribution  of  nations,  origin  of  geographical 
names,  &c. 

MATHEMATICAL  GEOGRAPHY.  — Including  Astronomical,  which  describes 
the  Earth’s  position  and  character  among  planets  ; also  the  Zones,  Parallels,  &c. 

COMPARATIVE  GEOGRAPHY.  — Or,  a system  of  analogy,  connecting  new 
lessons. with  the  previous  ones.  Comparative  sizes  and  latitudes  are  shown  on  the 
margin  of  each  map,  and  all  countries  are  measured  in  the  “ frame  of  Kansas.” 

TOPICAL  GEOGRAPHY.  — Consisting  of  questions  for  review,  and  testing 
the  student's  general  and  specific  knowledge  of  the  subject,  with  suggestions  for 
geographical  compositions. 

ANCIENT  GEOGRAPHY.  — A section  devoted  to  this  subject,  with  maps,  will 
be  appreciated  by  teachers.  It  is  seldom  taught  in  our  common  schools,  because  it 
has  heretofore  required  the  purchase  of  a separate  book. 

GRAPHIC  GEOGRAPHY,  or  Map-Drawing  by  Allen’s  “Unit  of  Measure- 
nent”  system  (now  almost  universally  recognized  as  without  a rival),  is  introduced 
throughout  the  lessons,  and  not  as  an  appendix. 

CONSTRUCTIVE  GEOGRAPHY.  — Or,  Globe-Making.  With  each  book  a set 
of  map  segments  is  furnished,  with  which  each  student  may  make  his  own  globe  by 
mllowing  the  directions  given. 

RAILROAD  GEOGRAPHY.  — With  a grand  commercial  map  of  the  United 
States,  illustrating  steamer  and  railroad  routes  of  travel  in  the  United  States,  submarine 
telegraph  lines,  &e.  Also  a “ Practical  Tour  in  Europe.” 


MONTEITH  AND  McNALLY’S  SYSTEM. 

THREE  AND  FIVE  BOOKS.  NATIONAL  COURSE. 

Monteith’s  First  Lessons  in  Geography. 

Monteith’s  New  Manual  of  Geography. 

McNally’s  System  of  Geography. 

The  new  edition  of  McNally’s  Geography  is  now  ready,  rewritten  throughout  by 
James  Monteith  and  S.  C.  Frost.  In  its  new  dress,  printed  from  new  type,  and  illus- 
trated with  100  new  engravings,  it  is  the  latest,  most  attractive,  as  well  as  the  most 
thoroughly  practical  book  on  geography  extant. 
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GEOGRAPHY  — Continued. 

INTERMEDIATE  OR  ALTERNATE  VOLUMES  IN  THE  FIVE  BOOK  SERIES. 

Monteith’s  Introduction  to  Geography. 

Monteith’s  Physical  and  Political  Geography. 

1.  PRACTICAL  OBJECT-TEACHING.  — The  infant  scholar  is  first  introduced 
to  a picture  whence  he  may  derive  notions  of  the  shape  of  the  earth,  the  phenomena  of 
day  and  night,  the  distribution  of  land  and  water,  and  the  great  natural  divisions, 
which  mere  words  would  fail  entirely  to  convey  to  the  untutored  mind.  Other  pictures 
follow  on  tlie  same  plan,  and  the  child’s  mind  is  called  upon  to  grasp  no  idea  without 
the  aid  of  a pictorial  illustration.  Carried  on  to  the  higher  books,  this  system  culmi- 
nates in  Physical  Geography,  where  such  matters  as  climates,  ocean  currents,  the 
winds,  peculiarities  of  the  earth’s  crust,  clouds  and  rain,  are  pictorially  explained  and 
rendered  apparent  to  the  most  obtuse.  The  illustrations  used  for  this  purpose  belong 
to  the  highest  grade  of  art. 

2.  CLEAR,  BEAUTIFUL,  AND  CORRECT  MAPS.  — In  the  lower  num- 
bers the  maps  avoid  unnecessary  detail,  while  respectively  progressive  and  affording 
the  pupil  new  matter  for  acquisition  each  time  he  approaches  in  the  constantly  en- 
larging circle  the  point  of  coincidence  with  previous  lessons  in  the  more  elementary 
books.  In  the  Physical  and  Political  Geography  the  maps  embrace  many  new  and 
striking  features.  One  of  the  most  effective  of  these  is  the  new  plan  for  displaying  on 
each  map  the  relative  sizes  of  countries  not  represented,  thus  obviating  much  confu- 
sion which  has  arisen  from  the  necessity  of  presenting  maps  in  the  same  atlas  drawn 
on  different  scales.  The  maps  of  “McNally’’  have  long  been  celebrated  for  their 
superior  beauty  and  completeness.  This  is  the  only  school-book  in  which  the  attempt 
to  make  a complete  atlas  also  clear  and  distinct,  has  been  successful.  The  map  coloring 
throughout  the  series  is  also  noticeable.  Delicate  and  subdued  tints  take  the  place  of 
the  startling  glare  of  inharmonious  colors  which  too  frequently  in  such  treatises  dazzle 
the  eyes,  distract  the  attention,  and  serve  to  overwhelm  the  names  of  towns  and  the 
natural  features  of  the  landscape. 

3.  THE  VARIETY  OF  MAP-EXERCISE.  — Starting  each  time  from  a dif- 
ferent basis,  the  pupil  in  many  instances  approaches  the  same  fact  no  less  than  six 
times , thus  indelibly  impressing  it  upon  his  memory.  At  the  same  time,  this  system  is 
not  allowed  to  become  wearisome,  the  extent  of  exercise  on  each  subject  being  grad' 
uated  by  its  relative  importance  or  difficulty  of  acquisition. 

4.  THE  CHARACTER  AND  ARRANGEMENT  OF  THE  DESCRIP- 
TIVE TEXT.  — The  cream  of  the  science  has  been  carefully  culled,  unimportant 
matter  rejected,  elaboration  avoided,  and  a brief  and  concise  manner  of  presentation 
cultivated.  The  orderly  consideration  of  topics  has  contributed  greatly  to  simplicity 
Due  attention  is  paid  to  the  facts  in  history  and  astronomy  which  are  inseparably  con- 
nected with  and -important  to  the  proper  understanding  of  geography,  and  suck  only 
are  admitted  on  any  terms.  In  a word,  the  National  System  teaches  geography  as  a 
science,  pure,  simple,  and  exhaustive. 

5.  ALWAYS  UP  TO  THE  TIMES.  — The  authors  of  these  books,  editorially 
speaking,  never  sleep.  No  change  occurs  in  the  boundaries  of  countries  or  of  counties, 
no  new  discovery  is  made,  or  railroad  built,  that  is  not  at  once  noted  and  recorded,  arid 
the  next  edition  of  each  volume  carries'  to  every  school-room  the  new  order  of  things. 

6.  FORM  OF  THE  VOLUMES  AND  MECHANICAL  EXECUTION. 
— The  maps  and  text  are  no  longer  unnaturally  divorced  in  accordance  with  the  time- 
honored  practice  of  making  text-books  on  this  subject  as  inconvenient  and  expensive  as 
possible.  On  the  contrary,  all  map  questions  are  to  be  found  on  the  page  opposite  the 
map  itself,  and  each  book  is  complete  in  one  volume.  The  mechanical  execution  is 
unrivalled.  Paper,  printing,  and  binding  are  everything  that  could  be  desired. 

7.  MAP-DRAWING.  — In  1869  the  system  of  map-drawing  devised  by  Professor 
Jerome  Allen  was  secured  exclusively  for  this  series.  It  derives  its  claim  to  original- 
ly and  usefulness  from  the  introduction  of  a fixed  unit  of  measurement  applicable  to 
every  map.  The  principles  being  so  few,  simple,  and  comprehensive,  the  subject  of 
map-drawing  is  relieved  of  all  practical  difficulty.  (In  Nos.  2,  2*,  and  3,  and  published 
separately.) 

8.  ANALOGOUS  OUTLINES.  — At  the  same  time  with  map-drawing  was  also 
Introduced  (in  No.  2)  a new  and  ingenious  variety  of  Object  Lessons,  consisting  of  a 
comparison  of  the  outlines  of  countries  with  familiar  objects  pictorially  represented. 
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BARNES’S  NEW  GEOGRAPHY. 

Barnes’s  Elementary  Geography.  Sm.  4to.  Cloth.  96  pp. 
Barnes’s  Complete  Geography.  Quarto.  Cloth.  140 
pages.  320  maps  and  illustrations. 


The  object  in  view,  while  making  this  series  of  books,  was  not  so  much  cheapness  as 
perfection , winch  is  after  all  the  truest  economy. 

They  give  all  the  instruction  in  geography  which  it  is  necessary  to  teach  From  an 
artistic  point  of  view  they  are  marvellously  beautiful  books,  and  furnish  the  rising  gen- 
eration with  instruments  of  education  far  in  advance  of  anything  hitherto  produced! 

. The  Elementary  Geography  is  based  upou  the  principle  of  teaching  by  observa- 
tion. and  is  adapted  to  primary  grades. 

The  Complete  Geography  is  adapted  to  the  intermediate  and  higher  grades.  It 
contains  physical,  descriptive,  commercial,  and  industrial  descriptions  of  the  earth’s 


From,  the  New  England  Journal  of 
Education. 

“ These  two  books  form  a series  of  un- 
equalled beauty  and  perfection  in  the  style 
and  artistic  execution  of  the  numerous 
illustrations,  maps,  and  also  in  the  typo- 
graphical work.  It  is  like  looking  through 
a portfolio  of  art  sketches  to  examine  and 
note  the  variety,  beauty,  and  appropriate- 
ness of  the  illustrations  of  these  two 
books.  We  fail  to  find  one  illustration 
that  does  not  teach  its  proper  lesson  in  its 
connection  with  the  descriptive  text  of 
the  books.  Too  high  praise  can  hardly  be 
given  to  these  geographies  in  the  depart- 
ment of  design  and  execution  of  the  maps 
and  illustrations.  Fortunate  is  the  edu- 
cational author  who  has  such  artistic 
talent  at  his  co'mmand,  and  special  credit 
is  due  to  the  art  department  of  the  pub- 
lishers of  these  books.  But  we  are  aware 
that  perfection  in  the  mere  mechanical 
preparation  of  books  is  not  the  highest 
test  of  their  merit  and  jiractical  usefulness 
as  school  text-books. 

“ Turning  to  examine  the  methods  of 
instruction  adopted  in  this  series  of  geog- 
raphy, we  find  a recognition,  not  only  of 
the  best  pedagogical  principles  of  teaching, 
but  an  application  of  the  correct  laws  of 
culture  in  methods  that  give  these  books 
their  true  position  in  the  front  rank  of 
practical  school  books.  In  the  elementary 
book  Mr.  Monieith  leads  the  young  learner 
to  look  at  things  around  him  and  learn  of 
them,  to  observe,  examine,  discover,  in- 
quire.' Beginning  at  the  school  grounds 
the  pupils  are  led  to  study  for  themselves 
their  own  town,  city,  county,  state,  coun- 
try, continent,  and  the  world.  The  ad- 
mirably graded  lessons  are  presented  in  a 
natural,  easy,  conversational  style,  calcu- 
lated to  develop  the  reasoning  powers,  as 
well  as  to  stimulate  the  individual  efforts 
of  pupils  to  help  themselves.  We  espe- 
cially commend  to  the  attention  of  teach- 
ers of  primary  schools  the  foot-notes,  the 


writing  exercises  with  language  lessons, 
teaching  by  means  of  journeys  and 
voyages,  etc.,  which  are  found  in  the 
Elementary  Book. 

“ In  the  Complete  Book  we  find  the  ac- 
complished author  "has  continued  the  ob- 
servational and  deductive  methods,  begin- 
ning with  facts,  which  are  used  wisely  as 
stepping-stones  to  advanced  knowledge. 
The  physical  features  are  attractively 
presented  in  their  relation  to  the  industries 
of  the  world.  The  illuminated  pictures 
of  the  hemispheres,  showing  the  earth  as 
in  a painting  or  on  a relief  globe  ; the  races 
of  men  in  colors,  showing  features,  com- 
plexions, costumes,  etc.  ; the  trans-conti- 
nental views, — panoramas  of  the  conti- 
nents from  ocean  to  ocean,  — teach  jpg,  at 
a glance,  the  physical  features ; and  the 
admirable  maps,  with  the  names  of 
principal  places  engraved  in  boldfaced 
letters ; comparative  area,  comparative 
latitude  and  extent,  comparativ  e tempera- 
ture, comparative  time  of  day  throughout 
the  world,  is  shown  by  means  of  clock 
dials,  — also  the  standard  time  ; elevations 
of  surface  are  shown  by  sectional  views 
under  the  maps  and  the  small  physical 
charts,  showing  the  products,  seaports, 
highlands,  lowlands,  etc-,  of  the  earth. 
These  are  .eatures  of  the  Complete  Book 
worthy  of  special  mention  and  commen- 
dation. The  language  lessons  and  written 
exercises  furnish  valuable  and  interesting 
topical  reviews. 

“ In  examining  these  books,  it  seems  to 
us  that  both  author  and  publishers  have 
vied  with  each  other  to  make  this  two- 
book  series  of  geography  as  near  perfect  as 
a study  of  correct  principles  and  methods 
of  teaching,  the  use  of  artistic  skill  in  illus*  - 
trations  and  maps,  the  style  and  arrange- 
ment of  type,  and  good  paper  and  tasteful 
binding  could  secure.  The  books  are  a 
credit  to  American  skill  and  taste.  We 
commend  them  to  school  officers  and 
teachers  for  examination  and  use.” 
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GEOGRAPHY  — Continued. 

Monteith’s  Boys’  and  Girls’  Atlas  of  the  World. 

Showing  all  the  political  divisions  of  the  world,  with  map-drawing  and  written  exer- 
cises, or  imaginary  voyages,  commercial  routes,  principal  products,  comparative  areas 
and  populations,  height  of  mountains,  length  of  rivers,  highlands,  and  lowlands.  16 
full-page,  finely  colored  maps.  40  pages.  Small  quarto. 

The  maps  show  all  that  is  needful  for  the  study  of  geography,  besides  the  courses  of 
rivers  and  oceanic  currents,  comparative  time  by  clock  faces,  standard  time,  profile 
maps,  comparative  latitude  and  extent,  comparative  area,  comparative  temperature, 
highlands  and  lowlands,  principal  products,  rate  of  speed  on  rail  or  steamship.  Parties 
ularly  valuable  as  a text-book  where  oral  teaching  is  attempted. 

Monteith’s  Old  Physical  Geography. 

The  cry  of  “ Too  much  of  Text-Books,”  so  frequently  heard,  is  most  happily  answered 
by  this  exceedingly  valuable  little  work,  entitled  “Monteith’s  Physical  Geography.” 
Within  a convenient-sized  volume  (54  pp.  quarto)  the  author  here  presents  all  of  Physi- 
cal Geography  that  the  majority  of  classes  can  possibly  find  time  to  pursue- 

The  kindred  sciences  hitherto  unnecessarily  combined  with  this  branch  of  study  — 
adding  far  more  to  the  size  and  price  of  the  textbooks  than  to  their  value  — are  in  this 
work  either  very  materially  cut  down  or  wholly  eliminated.  The  book  is  admirably 
illustrated,  containing  over  sixty  very  practical  cuts,  and  a sufficient  number  of  finely 
colored  Maps.  Its  arrangement  is  excellent,  paper,  'type,  binding,  etc.,  fully  in  keeping 
with  its  other  advantages,  and  its  price  so  moderate  that  it  is  brought  within  the  reach 
of  all  grades  of  schools. 

Monteith’s  New  Physical  Geography. 

Owing  to  the  great  progress  made  in  physical  science  during  the  past  few  years,  the 
publishers  of  Monteith’s  Physical  Geography  have  deemed  it  necessary  to  prepare  a 
new  volume  which  shall  embrace  the  more  recent  results  of  modern  research  in  this  field. 
The  great  popularity  enjoyed  by  Monteith’s  Physical  Geography  during  the  past  twenty- 
five  years  warrants  the  assertion  that  the  volume  now  presented  will  j>rove  a most 
valuable  addition  to  the  geographical  works  of  Professor  Monteith,  which  have  since 
their  publication  been  recognized  as  standards. 

In  presenting  Monteith’s  New  Physical  Geography,  the  publishers  desire  to  call  the 
attention  of  educators  and  school  boards  to  the  following  points  : — 

It  embraces  all  of  the  recent  discoveries  in  Physiography,  Hydrography,  Meteorology, 
Terrestrial  Magnetism,  and  Vuleanology. 

In  the  mechanical  execution  of  its  pages  it  is  unsurpassed  by  any  text-book  of  the 
kind  ever  published. 

The  maps  and  charts  have  been  compiled  from  original  sources,  and  therefore  com- 
prise the  latest  discoveries  pertaining  to  geographical  science. 

While  the  easy  style,  graphic  description,  and  the  topical  arrangement  of  subjects 
adapt  it  especially  for  use  in  grammar  schools,  it  will  be  found  equally  adapted  for  use 
in  high  and  normal  schools.  Concluding  each  chapter  is  a brief  resume  of  the  main  facts 
presented  therein,  a feature  that  will  commend  itself  to  every  live  teacher  and  pupil. 

Many  of  the  chapters  contain  much  new  matter  that  has  never  before  appeared  in  any 
text-book.  As  examples  of  this  may  be  mentioned  the  subject  of  Terrestrial  Magnetism, 
in  the  preparation  of  which  the  author  has  had  access  to  the  records  of  the  U.S.  Mag= 
netic  Observatory,  through  the  courtesy  of  Professor  Marcus  Baker,  U.S.  C.  & G.S. 

The  subject  of  Volcanoes  has  been  compiled  from  the  observations  of  Professor  Judd, 
who  is  the  recognized  leading  authority  on  this  subject. 

The  chapters  on  River  and  Ocean  Hydrography  embrace  many  new  and  interesting 
facts  brought  to  light  by  the  new  surveys  of  the  U.S.  Engineer  Corps,  and  by  Commander 
Bartlett,  U.S.N.  Those  pertaining  to  Ocean  Currents  are  especially  important. 

The  subject  of  Meteorology  contains  much  new  information.  The  Law  of  Storms  is 
the  most  complete  exposition  of  the  subject  that  has  ever  been  published  in  a 
text-book. 

Not  the  least  instructive  feature  of  the  volume  is  the  Record  of  Recent  Geographical 
Discoveries , which  contains  a brief  account  of  the  explorations  of  De  Long,  Nordenskjold, 
Schwatka,  Greely,  and  Shufeldt. 

It  contains  144  pages,  125  illustrations,  and  15  colored  maps. 
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MATHEMATICS. 


DAVIES’S  COMPLETE  SERIES. 

ARITHMETIC. 

Davies’  Primary  Arithmetic. 

Davies’  Intellectual  Arithmetic. 

Davies’  Elements  of  Written  Arithmetic. 

Davies’  Practical  Arithmetic. 

Davies’  University  Arithmetic. 

TWO-BOOK  SERIES. 

First  Book  in  Arithmetic,  Primary  and  Mental. 
Complete  Arithmetic. 

ALGEBRA. 

Davies’  New  Elementary  Algebra. 

Davies’  University  Algebra. 

Davies’  New  Bourdon’s  Algebra. 

GEOMETRY. 

Davies’  Elementary  Geometry  and  Trigonometry. 
Davies’  Legendre’s  Geometry. 

Davies’  Analytical  Geometry  and  Calculus. 
Davies’  Descriptive  Geometry. 

Davies’  New  Calculus. 

MENSURATION. 

Davies’  Practical  Mathematics  and  Mensuration. 
Davies’  Elements  of  Surveying. 

Davies’  Shades,  Shadows,  and  Perspective. 

MATHEMATICAL  SCIENCE. 

Davies’  Grammar  of  Arithmetic. 

Davies’  Outlines  of  Mathematical  Science. 
Davies’  Nature  and  Utility  of  Mathematics. 
Davies’  Metric  System. 

Davies  & Peck’s  Dictionary  of  Mathematics. 
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DAVIES  AND  PECK’S  ARITHMETICS. 

OPTIONAL  OB  CONSECUTIVE. 

The  best  thoughts  of  these  two  illustrious  mathematicians  are  combined  in  the 
following  beautiful  works,  which  are  the  natural  successors  of  Davies’s  Arithmetics;, 
sumptuously  printed,  and  bound  in  crimson,  green,  and  gold:  — 

Davies  and  Peck’s  Brief  Arithmetic. 

Also  called  the  “ Elementary  Arithmetic.”  It  is  the  shortest  presentation  of  the  sub- 
ject, and  is  adequate  for  all  grades  in  common  schools,  being  a thorough  introduction  to 
practical  life,  except  for  the  specialist. 

At  first  the  authors  play  with  the  little  learner  for  a few  lessons,  by  object-teaching 
and  kindred  allurements  ; but  he  soon  begins  to  realize  that  study  is  earnest,  as  he 
becomes  familiar  with  the  simpler  operations,  and  is  delighted  to  find  himself  master  of 
important  results. 

The  second  part  reviews  the  Fundamental  Operations  on  a scale  proportioned  to 
the  enlarged  intelligence  of  the  learner.  It  establishes  the  General  Principles  and 
Properties  of  Numbers,  and  then  proceeds  to  Fractions.  Currency  and  the  Metric 
System  are  fully  treated  in  connection  with  Decimals.  Compound  Numbers  and  De- 
duction follow,  and  finally  Percentage  with  all  its  varied  applications. 

An  Index  of  words  and  principles  concludes  the  book,  for  which  every  scholar  and 
most,  teachers  will  be  grateful.  How  much  time  has  been  spent  in  searching  for  a half- 
forgotten  definition  or  principle  in  a former  lesson  ! 

Davies  and  Peck’s  Complete  Arithmetic. 

This  work  certainly  deserves  its  name  in  the  best  sense.  Though  complete,  it  is  not, 
like  most  others  which  bear  the  same  title,  cumbersome.  These  authors  excel  in  clear, 
lucid  demonstrations,  teaching  the  science  pure  and  simple,  yet  not  ignoring  convenient 
methods  and  practical  applications. 

For  turning  out  a thorough  business  man  no  other  work  is  so  well  adapted.  He  will 
have  a clear  comprehension  of  the  science  as  a whole,  and  a working  acquaintance 
with  details  which  must  serve  him  well  in  al1  emergencies.  Distinguishing  features  of 
the  book  are  the  logical  progression  of  the  subjects  and  the  great  variety  of  practical 
problems,  not  puzzles,  which  are  beneath  the  dignity  of  educational  science.  A clear- 
minded  critic  has  said  of  Dr.  Peck’s  work  that  it  is  free  from  that  juggling  with 
nu m tiers  which  some  authors  falsely  call  “ Analysis.”  A series  of  Tallies  for  converting 
ordinary  weights  and  measures  into  the  Metric  System  appear  in  the  later  editions. 


PECK’S  ARITHMETICS. 

Peck’s  First  Lessons  in  Numbers. 

This  book  begins  with  pictorial  illustrations,  and  unfolds  gradually  the  science  of 
numbers.  It  noticeably  simplifies  the  subject  by  developing  the  principles  of  addition 
and  subtraction  simultaneously  ; as  it  does,  also,  those  of  multiplication  and  division. 

Peck’s  Manual  of  Arithmetic. 

This  book  is  designed  especially  ior  those  who  seek  sufficient  instruction  to  carry 
them  successfully  through  practical  life,  but  have  not  time  for  extended  study. 

Peck’s  Complete  Arithmetic. 

This  completes  the  series  but  is  a much  briefer  book  than  most  of  the  complete 
arithmetics,  and  is  recommended  not  only  for  what  it  contains,  but  also  for  what  is 
omitted. 

It  may  be  said  of  Dr.  Peek’s  books  more  truly  than  of  any  other  series  published,  that 
they  are  clear  and  simple  in  definition  and  rule,  and  that  superfluous  matter  of  every 
kind  has  been  faithfully  eliminated,  thus  magnifying  the  working  value  of  the  book 
aad  saving  unnecessary  expense  of  time  and  labor. 
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BARNES’S  NEW  MATHEMATICS. 


In  this  series  Joseph  Ficklin,  Ph.  D.,  Professor  of  Mathematics  and  Astronomy 
in  the  University  of  Missouri,  has  combined  all  the  best  and  latest  results  of  practical 
and  experimental  teaching  of  arithmetic  with  the  assistance  of  many  distinguished 
mathematical  authors. 


These  two  works  constitute  a complete  arithmetical  course  in  two  books. 

They  meet  the  demand  for  text-books  that  will  help  students  to  acquire  the  greatest 
amount  of  useful  and  practical  knowledge  of  Arithmetic  by  the  smallest  expenditure  of 
time,  labor,  and  money.  Nearly  every  topic  in  Written  Arithmetic  is  introduced,  and  its 
principles  illustrated,  by  exercises  in  Oral  Arithmetic.  The  free  use  of  Equations  ; the 
concise  method  of  combining  and  treating  Properties  of  Numbers;  the  treatment  of 
Multiplication  and  Division  of  Fractions  in  two  cases,  and  then  reduced  to  one-.  Can- 
cellation by  the  use  of  the  vertical  line,  especially  in  Fractions,  Interest,  and  Proportion ; 
the  brief,  simple,  and  greatly  superior  method  of  working  Partial  Payments  by  the 
“ Time  Table  ” and  Cancellation  ; the  substitution  of  formulas  to  u great  extent  for 
rules  ; the  full  and  practical  treatment  of  the  Metric  System,  &c.,  indicate  their  com- 
pleteness. A variety  of  methods  and  processes  for  the  same  topic,  which  deprive  the 
pupil  of  the  great  benefit  of  doing  a part  of  the  thinking  and  labor  for  himself,  have 
been  discarded.  The  statement  of  principles,  definitions,  rules,  &c.,  is  brief  and  simple. 
The  illustrations  and  methods  are  explicit,  direct,  and  practical.  The  great  number 
and  variety  of  Examples  embody  the  actual  business  of  the  day.  The  very  large 
amount  of  matter  condensed  in  so  small  a oompass  has  been  accomplished  by  econo- 
mizing every  line  of  space,  by  rejecting  superfluous  matter  and  obsolete  terms,  and  by 
avoiding  the  repetition  of  analyses,  explanations,  and  operations  in  the  advanced  topics 
which' have  been  used  in  the  more  elementary  parts  of  these  books. 


For  use  in  district  schools,  and  for  supplying  a text-book  in  advanced  work  for 
classes  having  finished  the  course  as  given  in  the  ordinary  Practical  Arithmetics,  the 
National  Arithmetic  has  been  divided  and  bound  separately,  as  follows  : — 

Barnes’s  Practical  Arithmetic. 

Barnes’s  Advanced  Arithmetic. 

In  many  schools  there  are  classes  that  for  various  reasons  never  reach  beyond 
Percentage.  It  is  just  such  cases  where  Barnes's  Practical  Arithmetic  will  answer  a 
good  purpose,  at  a price  to  the  pupil  in  »'h  less  than  to  buy  the  complete  book.  On  the 
other  hand,  classes  having  finished  the  ordinary  Practical  Arithmetic  can  proceed 
with  the  higher  course  by  using  Barnes’s  Advanced  Arithmetic. 

For  primary  schools  requiring  simply  a table  book,  and  the  earliest  rudiments 
forcibly  presented  through  object-teaching  and  copious  illustrations,  we  have 
prepared 

Barnes’s  First  Lessons  in  Arithmetic, 

which  begins  with  the  most  elementary  notions  of  numbers,  and  proceeds,  by  simple 
steps,  to  develop  all  the  fundamental  principles  of  Arithmetic. 


Barnes’s  Elements  of  Algebra. 

/ work,  as  its  title  indicates,  is  elementary  in  its  character  and  suitable  for  use 
»£1 ) in  such  public  schools  as  give  instruction  in  the  Elements  of  Algebra  ; (2)  in  institu- 
tions of  learning  whose  courses  of  study  do  not  include  Higher  Algebra  ; (3)  in  schools 
whose  object  is  to  prepare  students  for  entrance  into  our  colleges  and  universities. 
This  book  will  also  meet  the  wants  of  students  of  PhysiGS  who  require  some  knowledge  of 


jBarnes’s  Elementary  Arithmetic. 
Barnes’s  National  Arithmetic. 


AUXILIARIES. 
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Algebra.  The  student’s  progress  in  Algebra  depends  very  largely  upon  the  proper  treat- 
ment of  the  four  Fundamental  Operations.  The  terms  Addition,  Subtraction,  Multiplication , 
and  Division  in  Algebra  have  a wider  meaning  than  in  Arithmetic,  and  these  operations 
have  been  so  defined  as  to  include  their  arithmetical  meaning  ; so  that  the  beginner 
is  sinrply  called  upon  to  enlarge  his  views  of  those  fundamental  operations.  Much 
attention  has  been  given  to  the  explanation  of  the  negative  sign,  in  order  to  remove  the 
well-known  difficulties  in  the  use  and  interpretation  of  that  sign.  Special  attention  is 
here  called  to  “ A Short  Method  of  Removing  Symbols  of  Aggregation,”  Art.  76.  On 
account  of  their  importance,  the  subjects  of  Factoring,  Greatest  Common  Divisor,  and 
Least  Common  Multiple  have  been  treated  at  greater  length  than  is  usual  in  elementary 
works.  In  the  treatment  of  Fractions,  a method  is  used  which  is  quite  simple,  and, 
at  the  same  time,  more  general  than  that  usually  employed.  In  connection  with  Radical 
Quantities  the  roots  are  expressed  by  fractional  exponents,  for  the  principles  and  rules 
applicable  to  integral  exponents  may  then  be  used  without  modification.  The  Equation 
is  made  the  chief  subject  of  thought  in  this  work.  It  is  defined  near  the  beginning, 
and  used  extensively  in  every  chapter.  In  addition  to  this,  four  chapters  are  devoted 
exclusively  to  the  subject  of  Equations.  All  Proportions  are  equations,  and  in  their 
treatment  as  such  all  the  difficulty  commonly  connected  with  the  subject  of  Proportion 
disappears.  Tha  chapter  on  Logarithms  will  doubtless  be  acceptable  to  many  teachers 
who  do  not  require  the  student  to  master  Higher  Algebra  before  entering  upon  tha 
study  of  Trigonometry. 


HIGHER  MATHEMATICS. 


Peck’s  Manual  of  Algebra. 

Bringing  the  methods  of  Bourdon  within  the  range  of  the  Academic  Course. 

Peck’s  Manual  of  Geometry. 

By  a method  purely  practical,  and  unembarrassed  by  the  details  which  rather  confuse 
than  simplify  science. 

Peck’s  Practical  Calculus. 


Peck’s  Analytical  Geometry. 

Peck’s  Elementary  Mechanics. 

Peck’s  Mechanics,  with  Calculus. 

The  briefest  treatises  on  these  subjects  now  published.  Adopted  by  the  great  Univej> 
sities : Yale,  Harvard,  Columbia,  Princeton,  Cornell,  &c. 

Macnie’s  Algebraical  Equations. 

Serving  as  a complement  to  the  more  advanced  treatises  on  Algebra,  giving  special 
attention  to  the  analysis  and  solution  of  equations  with  numerical  coefficients. 

Church’s  Elements  of  Calculus. 

Church’s  Analytical  Geometry. 

Church’s  Descriptive  Geometry.  With  plates,  k vois. 

These  volumes  constitute  the  “ West  Point  Course  ” in  their  several  departments. 
Prof.  Church  was  long  the  eminent  professor  of  mathematics  at  West  Point  Military 
Academy,  and  his  works  are  standard  in  all  the  leading  colleges. 

Courtenay’s  Elements  of  Calculus. 

A standard  work  of  the  very  highest  grade,  preseating  the  most  elaborate  attainable 
survey  of  the  subject. 

Hackley’s  Trigonometry. 

With  applications  to  Navigation  and  Surveying,  Nautical  and  Practical  Geometry, 
and  Geodesy. 
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BARNES’S  ONE-TERM  HISTORY 
SERIES. 


A Brief  History  of  the  United 
States. 

This  is  probably  the  most  original  school-book  pub 
lished  for  many  years,  in  any  department.  A few  of  its* 
claims  are  the  following  : — 

1.  Brevity.  — The  text  is  complete  for  grammar  school 
or  intermediate  classes,  in  290  12mo  pages,  large  type. 
It  may  readily  be  completed,  if  desired,  in  one  term  of 
study. 

2.  Comprehensiveness  — Though  so  brief,  this  bool; 
contains  the  pith  of  all  the  wearying  contents  of  the  larger 
manuals,  and  a great  deal  more  than  the  memory  usually 
retains  from  the  latter. 

3.  Interest  has  been  a prime  consideration.  Small 
books  have  heretofore  been  bare,  full  of  dry  statistics,  unattractive.  This  one  is 
charmingly  written,  replete  with  aneedote,  and  brilliant  with  illustration. 

4.  Proportion  of  Events.  — It  is  remarkable  for  the  discrimination  with  which 
the  different  portions  of  our  history  are  presented  according  to  their  importance.  Thus 
.the  older  works,  being  already  large  books  when  the  Civil  War  took  place,  give  it  less 
space  than  that  accorded  to  the  Revolution. 

5.  Arrangement.  — In  six  epochs,  entitled  respectively,  Discovery  and  Settlement, 
the  Colonies,  the  Revolution,  Growth  of  States,  the  Civil  War,  and  Current  Events. 

6.  Catch  Words.  — Each  paragraph  is  preceded  by  its  leading  thought  in  promi- 
nent type,  standing  in  the  student’s  mind  for  the  whole  paragraph. 

7.  Key  Notes.  — Analogous  with  this  is  the  idea  of  grouping  battles,  &c.,  about 
some  central  event,  which  relieves  the  sameness  so  common  in  such  descriptions,  and 
renders  each  distinct  by  some  striking  peculiarity  of  its  own. 

8.  Foot-Notes. — These  are  crowded  with  interesting  matter  that  is  not  strictly  a 
part  of  history  proper.  They  may  be  learned  or  not,  at  pleasure.  They  are  certain 
in  any  event  to  be  read. 

9.  Biagraphies  of  all  the  leading  characters  are  given  in  full  in  foot-notes. 

10.  Maps.  — Elegant  and  distinct  maps  from  engravings  on  copper-plate,  and  beauti- 
fully eolored,  precede  each  epoch,  and  contain  all  the  places  named. 

11.  Questions  are  at  the  back  of  the  book,  to  compel  a more  independent  use  of  the 
text.  Both  text  and  questions  are  so  worded  that  the  pupil  must  give  intelligent 
answers  in  his  own  words.  “ Yes”  and  “No  ” will  not  do. 
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A Brief  History  of  An- 
cient Peoples. 

With  an  account  of  their  monuments, 
literature,  and  manners.  340  pages 
12mo.  Profusely  illustrated. 

In  this  work  the  political  history, 
which  occupies  nearly,  if  not  all, 
the  ordinary  school  text,  is  condensed 
to  the  salient  and  essential  facts,  in 
order  to  give  room  for  a clear  outline 
of  the  literature,  religion,  architecture, 
character,  hahits,  &c.,  of  each  nation. 
Surely  it  is  as  important  to  'know  some- 
thing about  Plato  as  ail  about  Csesar, 
and  to  learn  how  the  ancients  wrote 
their  books  as  how  they  fought  their 
battles. 

The  chapters  on  Manners  and  Cus- 
toms and  the  Scenes  in  Real  Life  repre- 
sent the  people  of  history  as  men  and 
women  subject  to  the  same  wants,  hopes 
and  fears  as  ourselves,  and  so  bring  the  distant  past  near  to  us.  The  Scenes,  which  are 
intended  only  for  reading,  are  the  result  of  a careful  study  of  the  unequalled  collections  of 
monuments  in  the  London  and  Berlin  Museums,  of  the  ruins  in  Rome  and  Pompeii,  and 
of  the  latest  authorities  on  the  domestic  life  of  ancient  peoples.  Though  intentionally 
written  in  a semi-romantic  style,  they  are  accurate  pictures  of  what  might  have  occurred, 
and  some  of  them  are  simple  transcriptions  of  the  details  sculptured  in  Assyrian 
alabaster  or  painted  on  Egyptian  walls. 
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HISTORY  — Continued. 


Barnes’s  Brief  General  History. 


Comprising  Ancient,  Mediaeval,  and  Modern  Peoples. 
The  special  features  of  this  book  are  as  follows  : — 


The  General  History  contains  600  pages.  Of  this  amount,  350  pages  are  devoted  to 
the  political  history,  and  250  pages  to  the  civilization,  manners,  and  customs,  etc.  The 
latter  are  in  separate  chapters,  and  if  the  time  of  the  teacher  is  limited,  may  be  omitted. 
The  class  can  thus  take  only  the  political  portion  when  desired.  The  teacher  will  have, 
however,  the  satisfaction  of  knowing  that,  such  is  the  fascinating  treatment  of  the 
civilization,  literature,  etc. , those  chapters  will  be  carefully  read  by  the  pupils. ; and,  on 
the  principle  that  knowledge  acquired  from  love  alone  is  the  most  vivid,  will  probably 
be  the  best-remembered  part  of  the  book.  This  portion  of  the  book  is  therefore  ail 
clear  gain. 

The  Black-board  Analysis.  See  p.  314  as  an  example  of  this  marked  feature. 

The  exquisite  Illustrations,  unrivalled  by  any  text-book.  See  pp.  9, 457,  and  582,  as 
samples  of  the  240  cuts  contained  in  this  beautiful  work. 

The  peculiar  Summaries,  and  valuable  lists  of  Reading  References.  See  p.  417. 

The  numerous  and  excellent  colored  Maps.  These  are  so.full  as  to  answer  for  an 
extensive  course  of  collateral  reading,  and  are  consequently  useful  for  reference  outside 
of  class-work.  See  pp.  299  and  317. 

The  Scenes  in  Real  Life,  which  are  the  result  of  a careful  study  of  the  collections 
and  monuments  in  the  London,  Paris,  and  Berlin  museums,  and  the  latest  authorities 
upon  the  domestic  life  of  the  people  of  former  times.  See  pp.  38-39.  This  scene  — 
a Lord  of  the  IVth  Dynasty  — is  mainly  a transcription  of  details  to  be  found  painted 
on  the  walls  of  Egyptian  tombs. 

The  chapters  on  Civilization  that  attempt  to  give  some  idea  of  the  Monuments,  Arts, 
Literature,  Education,  and  Manners  and  Customs  of  the  different  nations.  See  pp.  171 
180,  276,  279,  472,  and  514. 

The  admirable  Genealogical  Tables  interspersed  throughout  the  text.  See  pp.  340 
and  494. 


The  Foot-Notes  that  are  packed  full  of  anecdotes,  biographies,  pleasant  information, 
and  suggestive  comments.  As  an  illustration  of  these,  take  the  description  of  the 
famous  sieges  of  Haarlem  and  Leyden,  during  the  Dutch  War  of  Independence  pp  446 
and  448.  1 ' 

The  peculiar  method  of  treating  Early  Roman  History,  by  putting  in  the  text  the 
facts  as  accepted  by  critics,  and,  in  the  notes  below,  the  legends.  See  pp  205-6. 

The  exceedingly  useful  plan  of  running  collateral  history  in  parallel  columns,  as  for 
example  on  p.  361,  taken  from  the  Hundred  Years’  War. 

The  Historical  Recreations,  so  valuable  in  arousing  the  interest  of  a class.  See 
p.  xi  from  the  Appendix. 

The  striking  opening  of  Modern  History  on  pp.  423-4. 

The  interesting  Style,  that  sweeps  the  reader  along  as  by  the  fascination  of  a novel. 
The  pupil  insensibly  acquires  a taste  for  historical  reading,  and  forgets  the  tediousness 
of  the  ordinary  lesson  in  perusing  the  thrilling  storv  of  the  past  See  pp  251-2 

Special  attention  is  called  to  the  chapter  entitled  Rise  of  Modern  Nations,  — 
England,  France,  and  Germany.  The  characteristic  feature,  in  the  mediaeval  history  of 
each  of  these  nations  is  made  prominent,  (a.)  After  the  Four  Conquests  of  England, 
the  central  idea  in  the  growth  of  that  people  was  the  Development  of  Constitutional 
Liberty,  (b.)  The  feature  of  French . history  was  the  conquest  of  the  great  vassals  by 
the  king,  the  triumph  of  royalty  over  feudalism,  and  the  final  consolidation  of  the 
scattered  fiefs  into  one  grand  monarchy,  (c.)  The  characteristic  of  German  history  was 
disunion,  emphasized  by  the  lack  of  a central  capital  city,  and  by  an  elective  rather  than 
an  hereditary  monarchy.  The  struggle  of  the  Crown  with  its  powerful  vassals  was  the 
same  as  in  France,  but  developed  no  national  sentiment,  and  ended  in  the  establishment 
of  semi-independent  dukedoms. 

These  three  thoughts  furnish  the  beginner  with  as  many  threads  on  which  to-  string 
mQ  otherwise  isolated  facts  of  this  bewildering  period. 
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DRAWING. 

BARNES’S  POPULAR  DRAWING  SERIES. 

Based  upon  the  experience  of  the  most  successful  teachers  of  drawing  in  the  United 
States. 

The  Primary  Course,  consisting  of  a manual,  ten  cards,  and  three  primary 
drawing  books,  A,  B,  and  C. 

Intermediate  Course.  Pour  numbers  and  a manual. 

Advanced  Course.  Pour  numbers  and  a manual. 

Instrumental  Course.  Four  numbers  and  a manual. 

The  Intermediate,  Advanced,  and  Instrumental  Courses  are  furnished  either  in  book 
or  card  form  at  the  same  prices.  The  books  contain  the  usual  blanks,  with  the  unusual 
advantage  of  opening  from  the  pupil,  — placing  the  copy  directly  in  front  and  above 
the  blank,  thus  occupying  but  little  desk-room.  The  cards  are  in  the  end  more  econom- 
ical than  the  books,  if  used  in  connection  with  the  patent  blank  folios  that  accompany 
this  series. 

The  cards  are  arranged  to  be  bound  (or  tied)  in  the  folios  and  removed  at  pleasure. 
The  pupil  at  the  end  of  each  number  has  a complete  book,  containing  only  his  own 
work,  while  the  copies  are  preserved  and  inserted  in  another  folio  ready  for  use  in  the 
next  class. 

Patent  Blank  Folios.  No.  1.  Adapted  to  Intermediate  Course.  No.  2.  Adapted 
to  Advanced  and  Instrumental  Courses. 

ADVANTAGES  OF  THIS  SERIES. 

The  Plan  and  Arrangement.  — The  examples  are  so  arranged  that  teachers  and 
pupils  can  see,  at  a glance,  how  they  are  to  be  treated  and  where  they  are  to  tie  copied. 
In  this  system,  copying  and  designing  do  not  receive  all  the  attention.  The  plan  is 
broader  in  its  aims,  dealing  with  drawing  as  a branch  of  common-school  instruction, 
awtf  giving  it  a wide  educational  value. 

Correct  Methods.  — In  this  system  the  pupil  is  led  to  rely  upon  himself,  and  not 
upon  delusive  mechanical  aids,  as  printed  guide-marks,  &c. 

One  of  the  principal  objects  of  any  good,  course  in  freehand  drawing  is  to  educate  the 
eye  to  estimate  location,  form,  and  size.  A system  which  weakens  the  motive  or  re- 
moves the  necessity  of  thinking  is  false  in  theory  and  ruinous  in  practice.  The  object 
should  be  to  educate,  not  cram  ; to  develop  the  intelligence,  not  teach  tricks. 

Artistic  Effect  — The  beauty  of  the  examples  is  not  destroyed  by  crowding  the 
pages  with  useless  and  badly  printed  text.  The  Manuals  contain  all  necessary 
instruction. 

Stages  of  Development. — Many  of  the  examples  are  accompanied  by  diagrams, 
showing  the  different  stages  of  development. 

Lithographed  Examples.  — The  examples  are  printed  in  imitation  of  pencil 
drawing  (not  in  hard,  black  lines)  that  the  pupil’s  work  may  resemble  them. 

One  Term’s  Work.  — Each  book  contains  what  can  be  accomplished  in  an  average 
term,  and  no  more.  Thus  a pwpil  finishes  one  book  before  beginning  another. 

Quality  — not  Quantity.  — Success  in  drawing  depends  upon  the  amount  of  thought 
exercised  by  the  pupil,  and  not  upon  the  large  number  of  examples  drawn. 

Designing.  — Elementary  design  is  more  skilfully  taught  in  this  system  than  by 
any  other,  in  addition  to  the  instruction  given  in  the  books,  the  pupil  will  find  printed 
on  the  insides  of  the  covers  a variety  of  beautiful  patterns. 

, Enlargement  and  Reduction.  — The  practice  of  enlarging  and  reducing  from 
S copies  is  not  commenced  until  the  pupil  is  well  advanced  in  the  course  and  therefore 
better  able  to  cope  with  this  difficult  feature  in  drawing. 

Natural  Forms.  — This  is  the  only  course  that  gives  at  convenient  intervals  easy 
and  progressive  exercises  in  the  drawing  of  natural  forms. 

Economy.  — By  the  patent  binding  described  above,  the  copies  need  not  be  thrown 
aside  when  a book  is  filled  out,  but  are  preserved  in  perfect  condition  for  future  use. 
The  blank  books,  only,  will  have  to  De  purchased  after  the  first  introduction,  thus  effect- 
ing a saving  of  more  than  half  in  the  usual  cost  of  drawing-books. 

Manuals  for  Teachers.  — The  Manuals  accompanying  this  series  contain  practical 
instructions  for  conducting  drawing  in  the  class-room,  with  definite  directions  for  draw- 
ing each  of  the  examples  in  the  books,  instructions  for  designing,  model  and  object 
drawing,  drawing  from  natural  forms,  &c, 
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DR.  STEELE’S  ONE-TERM  SERIES, 
IN  ALL  THE  SCIENCES. 


Steele’s  14-Weeks  Course  in  Chemistry. 

Steele’s  14- Weeks  Course  in  Astronomy. 

Steele’s  14-Weeks  Course  in  Physics. 

Steele’s  14-Weeks  Course  in  Geology. 

Steele’s  14- Weeks  Course  in  Physiology. 

Steele’s  14-Weeks  Course  in  Zoology. 

Steele’s  14-Weeks  Course  in  Botany. 

Our  text-books  in  these  studies  are,  as  a general  thing,  dull  and  uninteresting. 
They  contain  from  400  to  600  pages  of  dry  facts  and  unconnected  details.  They  abound 
in  that  which  the  student  cannot  learn,  much  less  remember.  The  pupil  commences 
the  study,  is  confused  by  the  tine  print  and  coarse  print,  and  neither  knowing  exactly 
what  to  learn  nor  what  to  hasten  over,  is  crowded  through  the  single  term  generally 
assigned  to  each  bran-h,  and  frequently  comes  to  the  close  without  a definite  and  exact 
idea  of  a single  scientific  principle. 

Steele’s  “ Fourteen- Weeks  Courses  ” contain  only  that  which  every  well-informed  per- 
son should  know,  while  all  that  which  concerns  only  the  professional  scientist  Ts  omitted. 
The  language  is  clear,  simple,  and  interesting,  and  the  illustrations  bring  the  subject 
within  the  range  of  home  life  and  daily  experience.  They  give  such  of  the  general 
principles  and  the  prominent  facts  as  a pupil  can  make  familiar  as  household  words 
within  a single  term.  The  type  is  large  and  open;  there  is  no  fine  print  to  annoy ; 
the  cuts  are  copies  of  genuine  experiments  or  natural  phenomena,  and  are  of  fine 
execution. 

In  fine,  by  a system  of  condensation  peculiarly  his  own,  the  author  reduces  each 
branch  to  the  limits  of  a single  term  of  study,  while  sacrificing  nothing  that  is  essential, 
and  nothing  that  is  usually  retained  from  the  study  of  the  larger  manuals  in  common 
use.  Thus  the  student  has  rare  opportunity  to  eounomize  Ids  time,  or  rather  to  employ 
that  which  lie  has  to  the  best  advantage. 

A notable  feature  is  the  author’s  charming  "style,”  fortified  by  an  enthusiasm  over 
his  subject  in  which  the  student  will  not  fail  to  partake.  Believing  that  Natural 
Science  is  full  of  fascination,  lie  has  moulded  it  into  a form  that  attracts  the  attention 
and  kindles  the  enthusiasm  of  the  pupil. 

The  recent  editions  contain  the  author’s  “ Practical  Questions  ” on  a plan  never 
before  attempted  in  scientific  text-books.  These  are  questions  as  to  the  nature  and 
cause  of  common  phenomena,  and  are  not  directly  answered  in  the  text,  the  design 
being  to  test  and  promote  an  intelligent  use  of  the  student’s  knowledge  of  the  foregoing 
principles. 

Steele’s  Key  to  all  His  Works. 

This  work  is  mainly  composed  of  answers  to  the  Practical  Questions,  and  solutions  of  the 
problems,  in  the  author’s  celebrated  " Fourt  een-Weeks  Courses  ” in  the  several  sciences, 
with  many  hints  to  teachers,  minor  tables,  &c.  Should  be  on  every  teacher’s  desk. 

Prof.  J.  Dorman  Steele  is  an  indefatigable  student,  as  well  as  author,  and  his  books 
have  reached  a fabulous  circulation.  It  is  safe  to  say  of  his  books  that  they  have 
accomplished  more  tangible  and  better  results  in  the  class-room  than  any  other  ever 
offered  to  American  schools,  and  have  been  translated  into  more  languages'  for  foreign 
schools.  They  are  even  produced  in  mlsed  type  for  the  blind. 
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NATURAL  SCIENCE  — Continued. 

TEMPERANCE  PHYSIOLOGY. 

Steele’s  Abridged  Physiology,  for  Common  Schools* 
Steele’s  Hygienic  Physiology,  for  High  Schools. 

With  especial  reference  to  alcoholic  drinks  and  narcotics.  Adapted  from  “ Fourteen 
Weeks’  Course  in  Human  Physiology.”  By  J.  Dorman  Steele,  Ph.D.  Edited  and 
endorsed  for  the  use  of  schools  (in  accordance  with  the  recent  legislation  upon  this 
subject)  by  the  Department  of  Temperance  Instruction  of  the  W.  C.  T.  U.  of  the  United 
States,  under  the  direction  of  Mrs.  Mary  H.  Hunt,  superintendent. 

TTiis  new  work  contains  all  the  excellent  and  popular  features  that  have  given  Dr. 
Steele’s  Physiology  so  wide  a circulation.  Among  these,  are  the  following : 

1.  Colored  Lithographs  to  illustrate  the  general  facts  in  Physiology. 

2.  Black-board  Analysis  at  the  beginning  of  each  chapter.  These  have  been 
found  of  great  service  in  class-work,  especially  in  review  and  examination. 

3.  The  Practical  Questions  at  the  close  of  each  chapter.  These  are  now  too  well 
known  to  require  any  explanation. 

4.  The  carefully  prepared  sections  upon  the  Physiological  Action  of  Alcohol, 
Tobacco,  Opium,  etc.  These  are  scattered  through  the  book  as  each  organ  is  treated. 
This  subject  is  examined  from  a purely  scientific  stand-point,  and  represents  the  latest 
teachings  at  home  and  abroad.  While  there  is  no  attempt  to  incorporate  a temperance 
lecture  in  a school-book,  yet  the  terrible  effects  of  these  “ Stimulants  and  Narcotics,” 
especially  upon  the  young,  are  set  forth  all  the  more  impressively,  since  the  lesson  is 
taught  merely  by  the  presentation  of  facts  that  lean  toward  no  one’s  prejudices,  and 
admit  of  no  answer  or  escape. 

5.  Throughout  the  book,  there  are  given,  in  text  and  foot-note,  experiments  that  can 
be  performed  by  teacher  and  pupil,  and  which,  it  is  hoped,  will  induce  some  easy  dis- 
sections to  be  made  in  every  class,  and  lead  to  that  constant  reference  of  all  subjects  to 
Nature  herself,  which  is  so  invaluable  in  scientific  study. 

6.  The  collection  of  recent  discoveries,  interesting  facts,  etc.,  in  numerous  foot- 
notes. 

7.  The  unusual  space  given  to  the  subject  of  Ventilation,  which  is  now  attracting 
so  much  attention  throughout  the  country. 

8.  The  text  is  brought  up  to  the  level  of  the  new  Physiological  views.  The  division 
into  short,  pithy  paragraphs  ; the  bold  paragraph  headings  ; the  clear,  large  type  ; the 
simple  presentation  of  each  subject ; the  interesting  style  that  begets  in  every  child  a 
love  of  the  study,  and  the  beautiful  cuts,  each  having  a full  scientific  description  and 
nomenclature,  so  as  to  present  the  thing  before  the  pupil  without  cumbering  the  text 
with  the  dry  details,  — all  these  indicate  the  work  of  the  practical  teacher,  and  will  be 
appreciated  in  every  school-room. 

Child’s  Health  Primer. 

For  the  youngest  scholars.  12mo,  cloth,  illustrated. 

Hygiene  for  Young  People. 

Prepared  under  the  supervision  of  Mrs.  Mary  H.  Hunt,  Superintendent  of  th« 
Department  of  Scientific  Instruction  of  the  “ Women’s  National  Christian  Temperanc* 
Union.”  Examined  and  approved  by  A.  B.  Palmer,  M.D.,  University  of  Michigan. 

Jarvis’s  Elements  of  Physiology. 

Jarvis’s  Physiology  and  Laws  of  Health. 

The  only  books  extant  which  approach  this  subject  with  a proper  view  of  the  true 
object  of  teaching  Physiology  in  schools,  viz.,  that  scholars  may  know  how  to  take  care 
of  their  own  health.  In  bold  contrast  with  the  abstract  Analomies,  which  children 
learn  as  they  would  Greek  or  Latin  (and  forget  as  soon),  to  discipline  the  mind , are  these 
text-books,  using  the  science  as  a secondary  consideration,  and  only  so  far  as  is  neces- 
sary foi  the  comprehension  of  the  laws  of  health. 


THE  NATIONAL  SERIES  OF  STANDARD  SCHOOL-BOOKS. 


FAMILIAR  SCIENCE. 

Norton  & Porter’s  First  Book  of  Science. 

Sets  f >rth  the  principles  of  Natural  Philosophy,  Astronomy,  Chemistry,  Physiology, 
and  Geology,  on  the  catechetical  plan  for  primary  classes  an  l beginners. 

Chambers’s  Treasury  of  Knowledge. 

Progressive  lessons  upon  — first,  common  things  which  lie  most  immediately  around 
us,  and  first  attract  the  attention  of  the  young  mind ; second,  common  objects  from  the 
(mineral,  animal,  and  vegetable  kingdoms,  manufactured  articles,  and  miscellaneous 
substances  ; third,  a systematic  view  of  nature  under  the  various  sciences.  May  be 
used  as  a reader  or  text-book. 

Monteith’s  Easy  Lessons  in  Popular  Science. 

This  book  combines  within  its  covers  more  attractive  features  for  the  study  of  science 
by  children  than  any  other  book  published.  It  is  a reading  book,  spelling  book,  com- 
position book,  drawing  book,  geography,  history,  book  on  botany,  zoology,  agricul- 
ture, manufactures,  commerce,  and  natural  philosophy.  Alt  these  subjects  are  presented 
in  a simple  and  effective,  style,  such  as  would  be  adopted  by  a good  teacher  on  an 
excursion  with  a class.  The  class  are  supposed  to  be  takiug  excursions,  v.'ith  the  help 
of  a large  pictorial  chart  of  geography,  which  can  be  suspended  before  them  in  the 
school-room.  A key  of  the  chart  is  inserted  in  every  copy  of  the  book.  With  this 
book  the  science  of  common  or  familiar  things  can  be  taught  to  beginners. 

NATURAL  PHILOSOPHY. 

Norton’s  First  Book  in  Natural  Philosophy. 

Peck’s  Elements  of  Mechanics. 

A suitable  introduction  to  Bartlett’s  higher  treatises  on  Mechanical  Philosophy,  and 
adequate  in  itself  for  a complete  academical  course. 

Bartlett’s  Analytical  Mechanics. 

Bartlett’s  Acoustics  and  Optics. 

A complete  system  of  Collegiate  Philosophy,  by  Prof.  W.  H.  C.  Bartlett,  of  West 
Point  Military  Academy. 

Steele’s  Physics. 

Peck’s  Ganot.  

GEOLOGY. 

Page’s  Elements  of  Geology. 

A volume  of  Chambers’s  Educational  Course.  Practical,  simple,  and  eminently 
calculated  to  make  the  study  interesting. 

Steele’s  Geology. 


CHEMISTRY. 

Porter’s  First  Book  of  Chemistry. 

Porter’s  Principles  of  Chemistry. 

The  above  are  widely  known  as  the  productions  of  one  of  the  most  eminent  scienfifio 
men  of  America.  The  extreme  simplicity  in  the  method  of  presenting  the  science,  while 
exhaustively  treated,  has  excited  universal  commendation. 

Gregory’s  Chemistry  (Organic  and  Inorganic).  2 vols. 

The  science  exhaustively  treated.  For-  colleges  and  medical  students. 

Steele’s  Chemistry. 
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NATURAL  SCIENCE  — Continued. 

BOTANY. 

Wood’s  Object-Lessons  in  Botany. 

Wood’s  American  Botanist  and  Florist. 

Wood’s  New  Class-Book  of  Botany. 

The  standard  text-hooks  of  the  United  States  in  this  department.  In  style  they  are 
simple,  popular,  and  lively  ; in  arrangement,  easy  and  natural ; in  description,  graphic 
and  scientific.  The  Tables  for  Analysis  are  reduced  to  a perfect  system.  They  include 
the  flora  of  the  whole  United.  States  east  of  the  Rocky  Mountains,  and  are  well  adapted 
to  the  regions  west. 

Wood’s  Descriptive  Botany. 

A complete  flora  of  all  plants  growing  east  of  the  Mississippi  River. 

Wood’s  Illustrated  Plant  Record. 

A simple  form  of  blanks  for  recording  observations  in  the  field. 

Wood’s  Botanical  Apparatus. 

A portable  trunk,  containing  drying  press,  knife,  trowel,  microscope,  and  tweezers, 
and  a copy  of  Wood’s  “ Plant  Record,”  — the  collector’s  complete  outfit. 

Willis’s  Flora  of  New  Jersey. 

The  most  useful  book  of  reference  e«er  published  for  collectors  in  all  parts  of  the 
country.  It  contains  also  a Botanical  Directory,  with  addresses  of  living  American 
botanists. 

Young’s  Familiar  Lessons  in  Botany. 

Combining  simplicity  of  diction  with  some  degree  of  technical  and  scientific  knowl- 
edge, ior  intermediate  classes.  Specially  adapted  ior  the  Southwest. 

Wood  & Steele’s  Botany. 


AGRICULTURE. 

Pendleton’s  Scientific  Agriculture. 

A text-book  for  colleges  and  schools  ; treats  of  the  following  topics  : Anatomy  and 
Physiology  of  Plants  ; Agricultural  Meteorology  ; Soils  as  related  to  Physics  ; Chemistry 
of  the  Atmosphere  ; of  Plants  ; of  Soils  ; Fertilizers  and  Natural  Manures  ; Animal  Nu- 
trition, &c.  By  E.  M.  Pendleton,  M.  D.,  Professor  of  Agriculture  in  the  University  of 
Georgia. 


From  President  A.  D.  White,  Cornell 
University. 

“ Dear  Sir : I have  examined  your 
‘Text-book  of  Agricultural  Science,’  and  it 
seems  to  me  excellent  in  view  of  the  pur- 
pose it  is  intended  to  serve.  Many  of 
your  chapters  interested  me  especially, 
and  all  parts  of  the  work  seem  to  combine 
scientific  instruction  with  practical  infor- 
mation in  proportions  dictated  by  sound 
common  sen6c.” 


From  President  Robinson,  of  Brown 

University. 

“ It  is  scientific  in  method  as  well  as  m 
matter,  comprehensive  in  plan,  natural 
and  logical  in  order,  compact  ami  lucid  in 
its  statements,  and  must  be  Useful  both  as 
a text-book  in  agricultural  colleges,  and 
as  a hand-book  for  intelligent  planters  and 
farmers.” 
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NATURAL  SCIENCE  — Continued. 

ASTRONOMY. 

Peck’s  Popular  Astronomy. 

l>y  Wm.  G.  Peck,  Pli.D.,  LL.D.,  Professor  of  Mathematics,  Mechanics,  and  Astron- 
omy in  Columbia  College.  12mo.  Cloth.  3:>0  pages. 

Professor  Peck  has  here  produced  a scientific  work  in  brief  form  for  colleges,  acade- 
mies, and  high  schools.  Teachers  who  do  not  want  an  elementary  work  — like  Steele’s 
Astronomy,  for  instance  — will  find  what  they  want  in  this  book.  Its  discussion  of  the 
Stars,  Solar  System,  Earth,  Moon,  Sun  and  Planets,  Eclipses,  Tides,  Calendars,  Planets 
and  Satellites,  Comets  and  Meteors,  &c.,  is  full  and  satisfactory.  The  illustrations  are 
numerous  and  very  carefully  engraved,  so  the  student  can  gain  an  accurate  comprehen- 
sion of  the  things  represented.  Professor  Peck  is  wonderfully  clear  and  concise  in  liis 
style  of  writing,  and  there  is  nothing  redundant  or  obscure  in  this  work.  It  is  intended 
for  popular  as  well  as  class  use,  and  accordingly  avoids  too  great  attention  to  mathe- 
matical processes,  which  are  introduced  in  smaller  type  than  the  regular  text.  For 
higher  schools  this  astronomy  is  undoubtedly  the  best  text-book  yet  published. 

Willard’s  School  Astronomy. 

By  means  of  clear  and  attractive  illustrations,  addressing  the  eye  in  many  cases  by 
analogies,  careful  definitions  of  all  necessary  technical  terms,  a careful  avoidance  of 
verbiage  and  unimportant  matter,  particular  attention  to  analysis,  and  a general  adop- 
tion of  the  simplest  methods,  Mrs.  Willard  has  made  the  best  and  most  attractive 
elementary  Astronomy  extant. 

McIntyre’s  Astronomy  and  the  Globes. 

A complete  treatise  for  intermediate  classes.  Highly  approved. 

Bartlett’s  Spherical  Astronomy. 

The  West  Point  Course,  for  advanced  classes,  with  applications  to  the  current  wants 
of  Navigation,  Geography,  and  Chronology. 


NATURAL  HISTORY. 

Carll’s  Child’s  Book  of  Natural  History. 

Illustrating  the  animal,  vegetable,  and  mineral  kingdoms,  with  application  to  the 
arts.  For  beginners.  Beautifully  and  copiously  illustrated. 

Anatomical  Technology.  Wilder  & Gage. 

As  api>lied  to  the  domestic  cat  For  the  use  of  students  of  medicine. 

ZOOLOGY. 

Chambers’s  Elements  of  Zoology. 

A complete  and  comprehensive  system  of  Zoology,  adapted  for  academic  instruction, 
presenting  a systematic  view  of  the  animal  kingdom  as  a portion  of  external  nature. 

ROADS  AND  RAILROADS. 

Gillespie’s  Roads  and  Railroads. 

Tenth  Edition.  Edited  by  Cady  Staley,  A.M.,  C.E.  464  pages.  12mo.  Cloth. 

This  book  has  long  been  and  still  is  the  standard  manual  of  the  principles  and  prac- 
tice of  Road-making,  comprising  the  location,  construction,  and  improvement  of  roads 
(common,  macadam,  paved,  plank,  &c  ) and  railroads.  It  was  compiled  by  Wn 
Gillespie,  LL.D.,  C.E.,  of  Union  College. 
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Popular  Folding  Reading  Charts. 

In  two  parts.  Price  $5.00  each.  These  fifty-three  charts  are  the  outgrowth  of  prac- 
tical reading  lessons,  all  of  which  have  been  tried  with  classes  of  little  children,  first 
as  black-board  lessons,  and  afterward  as  printed  manuscripts.  By  this  method  all  the 
lessons  were  adapted  to  the  capacity  of  the  children.  The  words  have  been  carefully 
selected  and  graded  from  the  child’s  own  spoken  vocabulary. 

PART  I. 

The  new  words  of  the  first  part  are  taught 
by  the  word  and  sentence  method,  the  Object- 
words  being  illustrated  by  engravings. 

All  the  lessons  sparkle  with  real  childlike 
expressions.  The  language  is  the  language 
of  childhood,  and  thus  to  the  pupil  becomes 
doubly  interesting  while  at  the  same  time 
progressive. 

The  Clock  Face,  with  Movable  Hands,  is 
an  important  and  attractive  feature.  The  au- 
thors know  from  experience  that  very  happy 
results  can  be  had  by  its  use.  Teaching  chil- 
dren to  tell  the  time  has  always  been  expected 
of  the  teacher,  though  seldom,  if  ever,  has  an 
opportunity  been  afforded  him  to  do  so. 

All  the  letters  of  the  alphabet  are  taught  by 
a series  of  writing  lessons  in  the  order  of 
their  development,  and  are  finally  grouped  to- 
gether in  a script  alphabet. 


PART  II 

takes  up  the  development  of  the  elementary 
sounds  of  the  language,  from  the  words  already 
learned  in  Part  I.,  in  such  a way  as  to  enable 
the  child  to  see  for  himself  how  words  are  made, 
and  giving  the  key  by  which  he  can  make  out 
for  himself  new  words. 

A series  of  language  lessons  is  the  feature 
of  this  part,  by  which  children  are  gradually 
taught  the  use  of  words  by  composing  brief 
sentences  and  original  stories. 

The  Color  Chart  is  the  most  unique  feature 
ever  offered  to  the  public,  enabling  the  teacher 
to  teach  the  primary  and  secondary  colors  from 
nature. 

Many  review  lessons  are  given  in  order  that 
the  children  may  learn  to  read  by  reading. 

No  easel  or  framework  of  any  kind  is  re- 
quired with  the  chart.  The  publishers  have 
secured  the  exclusive  right  to  use  Shepard’3 
Patent  Chart  Binding,  the  use  of  which 
gives  it  a decided  advantage  over  any  other 
reading  chart  yet  made.  It  is  in  this  respect 
unapproachable. 


63 


THE  HR TiONAL  SERIES  OF  STANDARD  MISCELLANY. 


LIBRARY  AND  MISCELLANEOUS 
PUBLICATIONS. 


TEACHERS’  WORKING  LIBRARY. 


Object  Lessons.  Welch. 

This  is  a complete  exposition  of  the  popular  modern  system  of  “object- teaching,5’ 
for  teachers  of  primary  classes. 

Theory  and  Practice  of  Teaching.  Page. 

This  volume  has,  without  doubt,  been  read  by  two  hundred  thousand  teachers,  and 
its  popularity  remains  undiminished,  large  editions  being  exhausted  yearly.  It  was 
the  pioneer,  as  it  is  now  the  patriarch,  of  professional  works  for  teachers. 

The  Graded  School.  Wells. 

The  proper  way  to  organize  graded  schools  is  here  illustrated.  The  author  has  availed 
himself  of  the  best  elements  of  the  several  systems  prevalent  in  Boston,  New  York, 
Philadelphia,'Cincinnati,  St.  Louis,  and  other  cities. 

The  Normal.  Holbrook. 

Carries  a working  school  on  its  visit  to  teachers,  showing  the  most  approved  methods 
of  teaching  all  the  common  branches,  including  the  technicalities,  explanations,  demon- 
strations, and  definitions  introductory  and  peculiar  to  each  branch. 

School  Management.  Holbrook. 

Treating  of  the  teacher’s  qualifications  ; how  to  overcome  difficulties  in  self  and 
others  ; organization  ; discipline  ; methods  of  inciting  diligence  and  order  ; strategy 
in  management ; object-teaching. 

The  Teachers’  Institute.  Fowle. 

This  is  a volume  of  suggestions  inspired  by  the  author’s  experience  at  institutes,  in 
the  instruction  of  young  teachers.  A thousand  points  of  interest  to  this  class  are  most 
satisfactorily  dealt  with. 


Schools  and  Schoolmasters.  Dickens. 


Appropriate  selections  from  the  writings  of  the  great  novelist. 

The  Metric  System.  Davies. 

Considered  with  reference  to  its  general  introduction,  and  embracing  the  views  of 
John  Quincy  Adams  and  Sir  John  Hersehel. 

The  Student ; The  Educator.  Phelps.  2 vols. 

The  Discipline  of  Life.  Phelps. 

The  authoress  of  these  works  is  one  of  the  most  distinguished  writers  on  education, 
and  they  cannot  fail  to  prove  a valuable  addition  to  the  School  and  Teachers’  Libraries, 
being  in  a high  degree  both  interesting  and  instructive. 

Law  of  Public  Schools.  Burke. 


By  Finley  Burke,  Counsellor-at-Law. 
Series.”  12mo,  cloth. 

“Mr.  Burke  has  given  us  the  latest 
expositions  of  the  law  on  this  highly  im- 
portant subject.  I shall  cordially  com- 
mend his  treatise.”  — Theodore  Dwight, 
LL.D. 

Fr»m  the  Hon  Joseph  M.  Beck,  Judge  of 
Supreme  Court,  Iowa. 

“ I have  examined  with  considerable 
lure  the  manuscript  of  ‘ A Treatise  on  the 


A new  volume  in  “ Barnes’s  Teachers’  Library 

Law  of  Public  Schools.’  by  Finley  Burke, 
Esq.,  of  Council  Bluffs.  In  my  opinion, 
the  work  will  be  of  great  value  to  school 
teachers  and  school  officers,  and  to  law- 
yers. The  subjects  treated  of  are  thought- 
fully considered  and  thoroughly  examined, 
and  correctly  and  systematic.aliyarranged. 
The  style  is  perspicuous.  The  legal  doc- 
trines of  the  work,  so  .ar  as  I have  been 
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able  to  consider  them , are  sound.  I have 
examined  quite  a number  of  tlie  authori- 
ties cited ; they  sustain  the  rules  an- 
nounced in  the  text.  Mr.  Burke  is  an  able 
and  industrious  member  of  the  bar  of  the 
Supreme  Court  of  this  State,  and  lias  a 
high  standing  in  the  profession  of  the 
.law.” 

“ I fully  concur  in  the  opinion  of  Judge 
Beck,  above  expressed.” — John  F.  Dil- 
lon. New  York,  May , 1880. 

Sioux  City,  Iowa,  May,  1880. 

I have  examined  the  manuscript  of 
Finley  Burke,  Esq. , and  lind  a full  citation 
of  all  the  cases  and  decisions  pertaining  to 
the  school  law,  occurring  in  the  courts  of 
the  United  States.  This  volume  contains 


valuable  and  important  information  con- 
cerning school  law,  which  has  never  before 
been  accessible  to  either  teacher  or  school, 
officer.  A.  Armstrong, 

Supt.  Schools,  Sioux  City,  Iowa. 

Des  Moines,  May  15,  1880. 

The  examination  of  “ A Treatise  on  the 
Law  of  Public  Schools,”  prepared  by  Fin- 
ley Burke,  Esq. , of  Council  Bluffs,  has 
given  me  much  pleasure.  So  far  as  I 
know,  there  is  no  work  of  similar  charac- 
ter now  in  existence.  I think  such  a work 
will  be  exceedingly  useful  to  lawyers, 
school  officers,  and  teachers,  and  1 hope 
that  it  may  find  its  way  intp  their  hands. 
G.  W.  von  Coelun, 

Supt.  Public  lust,  for  Iowa. 


Teachers’  Handbook.  Phelps. 


By  William  F.  Phelps,  Principal  of  Minnesota  State  Normal  School.  Embracing  the 
objects,  history,  organization,  and  management  of  teachers’  institutes,  followed  by 
methods  of  teaching,  in  detail,  for  all  the  fundamental  branches.  Every  young  teacher, 
every  practical  teacher,  every  experienced  teacher  even,  needs  this  book. 


From  the  New  York  Tribune. 

“The  discipline  of  the  school  should 
prepare  the  child  for  the  discipline  of  life. 
The  country  schoolmaster,  accordingly, 
holds  a position  of  vital  interest  to  the 
destiny  of  the  republic,  and  should  neg- 
lect no  means  for  the  wise  and  efficient 
discharge  of  his  significant  functions. 


This  is  the  key-note  of  the  present  excel- 
lent volume.  In  view  of  the  supreme 
importance  of  the  teacher’s  calling,  Mr. 
Phelps  has  presented  an  elaborate  system 
of  instruction  in  the  elements  of  learning, 
with  a complete  detail  of  methods  and 
processes,  illustrated  with  an  abundance 
of  practical  examples  and  enforced  by 
judicious  councils.” 


Topical  Course  of  Study.  Stone. 

This  volume  is  a compilation  from  the  courses  of  study  of  our  most  successful  public 
schools,  and  the  best  thought  of  leading  educators.  The  pupil  is  enabled  to  make  full 
use  of  any  and  all  text-books  bearing  on  the  given  topics,  and  is  incited  to  use  all  other 
information  within  his  reach. 


American  Education.  Mansfield. 

A treatise  on  the  principles  and  elements  of  education,  as  practised  in  this  country, 
With  ideas  towards  distinctive  republican  and  Christian  education. 


American  Institutions.  De  Tocqueville. 

A valuable  index  to  the  genius  of  our  Government. 


Universal  Education.  Mayhew. 

The  subject  is  approached  with  the  clear,  keen  perception  of  one  who  has  observed 
its  necessity,  and  realized  its  feasibility  and  expediency  alike.  The  redeeming  and 
elevating  power  of  improved  common  schools  constitutes  the  inspiration  of  the  volume. 

Oral  Training  Lessons.  Barnard. 

The  object  of  this  very  useful  work  is  to  furnish  material  for  instructors  to  impart 
orally  to  their  classes,  in  brandies  not  usually  taught  in  common  schools,  embracing  a’ 
departments  of  natural  science  and  much  general  knowledge. 


Lectures  on  Natural  History.  Chadbourne. 

Affording  many  themes  for  oral  instruction  in  this  interesting  science,  especially  in 
schools  where  it  is  not  pursued  as  a class  exercise. 
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Outlines  of  Mathematical  Science.  Davies. 

A manual  suggesting  the  best  methods  of  presenting  mathematical  instruction  on  the 
part  of  the  teacher,  with  that  comprehensive  view  of  the  whole  which  is  necessary  to 
the  intelligent  treatment  of  a part,  in  science. 

Nature  and  Utility  of  Mathematics.  Davies. 

An  elaborate  and  lucid  exposition  of  the  principles  which  lie  at  the  foundation  of 
pure  mathematics,  with  a highly  ingenious  application  of  their  results  to  the  develop- 
ment of  the  essential  idea  of  the  different  branches  of  the  science. 

Mathematical  Dictionary.  Davies  and  Peck. 

This  cyclopaedia  of  mathematical  science  deliues,  with  completeness,  precision,  and 
accuracy,  every  technical  term  ; thus  constituting  a popular  treatise  on  each  branch, 
and  a general  view  of  the  whole  subject. 

The  Popular  Educator.  Barnes. 

In  seven  volumes,  containing  interesting  and  profitable  educational  miscellany. 

Liberal  Education  of  Women.  Orton. 

Treats  of  “ the  demand  and  the  method  ; ” being  a compilation  of  the  best  and  most 
advanced  thought  on  this  subject,  by  the  leading  writers  and  educators  in  England  and 
America.  Edited  by  a professor  in  Vassal-  College. 

Education  Abroad.  Northrop. 

A thorough  discussion  of  the  advantages  and  disadvantages  of  sending  American 
children  to  Europe  to  be  educated  ; also,  papers  on  legal  prevention  of  illiteracy,  study, 
and  health,  labor  as  an  educator,  and  other  kindred  subjects. 

The  Teacher  and  the  Parent.  Northend. 

A treatise  upon  common-school  education,  designed  to  lead  teachers  to  view  their 
calling  in  its  true  light,  and  to  stimulate  them  to  fidelity. 

The  Teachers’  Assistant.  Northend. 

A natural  continuation  of  the  author’s  previous  work,  more  directly  calculated  for 
daily  use  in  the  administration  of  school  discipline  and  instruction. 

School  Government.  Jewell. 

Full  of  advanced  ideas  on  the  subject  which  its  title  indicates.  The  criticisms  upon 
current  theories  of  punishment  and  schemes  of  administration  have  excited  general 
attention  and  comment. 

Grammatical  Diagrams.  Jewell. 

The  diagram  system  of  teaching  grammar  explained,  defended,  and  improved.  The 
curious  in  literature,  the  searcher  for  truth,  those  interested  in  new  inventions,  as  well 
as  the  disciples  of  Professor  Clark,  who  would  see  their  favorite  theory  fairly  treated, 
all  want  this  book.  There  are  many  who  would  like  to  be  made  familiar  with  this 
system  before  risking  its  use  in  a class.  The  opportunity  is  here  afforded. 

The  Complete  Examiner.  Stone. 

Consists  of  a series  of  questions  on  every  English  branch  of  school  and  academic 
instruction,  with  reference  to  a given  page  or  article  of  leading  text-books  where  the 
answer  may  be  found  in  full.  Prepared  to  aid  teachers  in  securing  certificates,  pupils 
in  preparing  for  promotion,  and  teachers  in  selecting  review  questions. 

How  Not  to  Teach.  Griffin. 

This  book  meets  a want  universally  felt  among  young  teachers  who  have  their  expe- 
rience in  teaching  to  learn.  It  undertakes  to  point  out  the  many  natural  mistakes  into 
which  teachers,  unconsciously  or  otherwise,  fall,  and  warns  the  reader  against  dangers 
that  beset  the  path  of  every  conscientious  teacher.  It  tells  the  reader,  also,  the  proper 
and  acceptable  way  to  teach,  illustrating  the  author’s  ideas  by  some  practice-lessons 
in  arithmetic  (after  Griibej.  0g 
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School  Amusements.  Root. 

To  assist  teachers  in  making  the  school  interesting,  with  hints  upon  the  manage- 
ment of  the  school-room.  Rules  for  military  and  gymnastic  exercises  are  included. 
Illustrated  by  diagrams. 

Institute  Lectures.  Bates. 

These  lectures,  originally  delivered  before  institutes,  are  based  upon  various  topics  in 
the  departments  of  mental  and  moral  culture.  The  volume  is  calculated  to  prepare 
the  will, .awaken  the  inquiry,  and  stimulate  the  thought  of  the  zealous  teacher. 

'Method  of  Teachers’  Institutes.  Bates. 

Sets  forth  the  best  method  of  conducting  institutes,  with  a detailed  account  of  the 
object,  organization,  plan  of  instruction,  and  true  theory  of  education  on  which  such 
instruction  should  be  based. 

History  and  Progress  of  Education. 

The  systems  of  education  prevailing  in  all  nations  and  ages,  the  gradual  advance  to 
the  present  time,  and  the  bearing  of  the  past  upon  the  present,  in  this  regard,  are 
worthy  of  the  careful  investigation  of  all  concerned  in  education. 

Higher  Education.  Atlas  Series. 

A collection  of  valuable  essays.  Contents.  International  Communication  by  Lan- 
guage, by  Philip  Gilbert  Hamerton  ; Reform  in  Higher  Education;  Upper  Schools,  by 
President  James  McCosh  ; Study  of  Greek  and  Latin  Classics,  by  Prof.  Charles 
Elliott ; The  University  System  in  Italy,  by  Prof.  Angelo  de  Gubernatis,  of  the 
University  of  Florence  ; Universal  Education,  by  Ray  Palmer  ; Industrial  Art  Educa- 
tion, by  Eaton  S.  Drone. 


LIBRARY  OF  LITERATURE. 

Milton’s  Paradise  Lost.  (Boyd’s  Illustrated  Edition.) 


Young’s  Night  Thoughts.  do. 

Cowper’s  Task,  Table  Talk,  &c.  do. 
Thomson’s  Seasons.  do. 

Pollok’s  Course  of  Time.  do. 


These  works,  models  of  the  best  and  purest  literature,  are  beautifully  illustrated,  and 
notes  explain  all  doubtful  meanings. 

Lord  Bacon’s  Essays.  (Boyd’s  Edition.) 

Another  grand  English  classic,  affording  the  highest  example  of  purity  in  language 
and  style. 

The  Iliad  of  Homer.  (Translated  by  Pope.) 

Those  who  are  unable  to  read  this  greatest  of  ancient  writers  in  the  original  should 
not  fail  to  avail  themselves  of  this  standard  metrical  version. 

Pope’s  Essay  on  Man. 

This  is  a model  of  pure  classical  English,  which  should  be  read,  also,  by  every  teacher 
and  scholar  for  the  sound  thought  it  contains. 

Improvement  of  the  Mind.  Isaac  Watts. 

No  mental  philosophy  was  ever  written  which  is  so  comprehensive  and  practically 
useful  to  the  unlearned  as  well  as  learned  reader  as  this  well-known  book  of  Watts. 

Milton’s  Political  Works.  Cleveland. 

This  is  the  very  best  edition  of  the  great  poet.  It  includes  a life  of  the  author, 
notes,  dissertations  on  each  poem,  a faultless  text,  and  is  the  only  edition  of  Milton 
with  a complete  verbal  index. 
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LIBRARY  OF  HISTORY. 


Ancient  and  Mediaeval  Republics.  Mann. 

A review  of  their  institutions,  and  of  the  causes  of  their  decline  and  fall.  By 
Henry  Mann.  8vo.  584  pages,  cloth. 

Outlines  of  General  History.  Gilman. 

The  number  of  facts  which  the  author  has  compressed  into  these  outline  sketches  is 
really  surprising ; the  chapters  on  the  Middle  Ages  and  feudalism  afford  striking  ex- 
amples of  his  power  of  succinct  but  comprehensive  statement.  In  his  choice  of 
representative  periods  and  events  in  the  histories  of  nations  he  shows  very  sound  judg- 
ment, and  his  characterization  of  conspicuous  historical  figures  is  accurate  and 
impartial. 


Great  Events  of  History.  Collier. 

This  celebrated  work,  edited  for  American  readers  by  Prof.  O.  R Willis,  gives,  in  a 
series  of  pictures,  a pleasantly  readable  and  easily  remembered  view  of  the  Christian 
era.  Each  chapter  is  headed  by  its  central  point  of  interest  to  afford  association  for  the 
mind.  Delineations  of  life  and  manners  at  different  periods  are  interwoveli.  A geo- 
graphical appendix  of  great  value  is  added.  - > 

History  of  England.  Lancaster. 

An  arrangement  of  the  essential  facts  of  English  history  in  the  briefest  manner 
consistent  with  clearness.  With  a fine  map. 


A Critical  History  of  the  Civil  War.  Mahan. 

By  Asa  Mahan,  LL.D.,  author  of  “Intellectual  Philosophy,”  “Elements  of  Logic,” 
&c.  First  president  of  Oberlin  College,  Ohio.  With  an  introductory  letter  by  Lieut- 
Gen.  M.  W.  Smith  of  the  British  army.  8vo.  450  pages.  Cloth. 

The  plan  of  this  work  is  to  present,  not  the  causes  and  details  of  facts  which  led  to 
the  war,  but  the  conduct  and  management  of  the  war  on  the  part  of  those  concerned. 
It  is  a matter  of  present  and  future  importance  to  Americans  to  know  not  only  how  the 
war  was  conducted,  but  also  liow  it  might  have  been  more  successfully  carried  on 
The  author  has  made  the  science  of  war  a subject  of  careful  and  protracted  study,  and 
his  views  are  pronounced  and  scientific.  He  takes  strong  ground,  writes  with  vigor, 
and  the  interest  of  the  reader  is  fully  sustained  from  the  beginning  to  the  close  of  the 
book.  His  conclusions  have  already  passed  into  history,  and  this  work  will  be  regarded 
as  one  of  the  most  important  contributions  to  the  literature  of  the  subject. 


Europe  under  Napoleon  First.  Alison. 

A history  of  Europe  from  17S9  to  1815.  By  Archibald  Alison.  Abridged  by  Edward 
S.  Gould.  1 vol.  8vo,  with  appendix,  questions,  and  maps.  550  pages. 

“One  of  the  best  abridgments  lever  “It  seems  to  me  an  excellent  abridg- 
saw.  The  material  facts  are  all  retained,  ment.  . . . Written  in  clear  and  chaste 

and  Mr.  Gould  has  displayed  great  indus-  style,  presenting  the  narrative  in  exact 
try  and  skill  in  preserving  the  substance  form  for  the  general  reader.  . . . ’’—Judge 

of  so  great  a history.”  — Chancellor  Joseph  Story. 

James  Kent. 


History  of  Rome.  Ricord. 

An  entertaining  narrative  for  the  young.  Illustrated.  Embracing  successively,  The 
Kings,  The  Republic,  The  Empire. 

History  of  the  Ancient  Hebrews.  Mills. 

The  record  of  “God’s  people”  from  the  call  of  Abraham  to  the  destruction  of  Jeru- 
salem ; gathered  from  sources  sacred  and  profane. 

The  Mexican  War.  Mansfield. 

A history  of  its  origin,  and  a detailed  account  of  its  victories  ; with  official  despatches, 
the  treaty  of  peace,  and  valuable  tables.  Illustrated. 
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Early  History  of  Michigan.  Sheldon. 

A work  of  value  and  deep  interest  to  the  people  of  the  West.  Compiled  under  the 
supervision  of  Hon.  Lewis  Cass.  Portraits. 

History  of  Texas.  Baker. 

• A pithy  and  interesting  resume,  Cojiiously  illustrated.  The  State  constitution  and 
extracts  from  the  speeches  and  writings  of  eminent  Texans  are  appended. 

Magazine  of  American  History. 

8 volumes.  Illustrated.  A collection  of  valuable  data  relating  to  American 
History. 

Points  of  History. 

For  schools  and  colleges.  By  John  Lord,  LL.D. , author  of  “Old  Roman  World,” 
“ Modern  History,”  &c. 

Barnes’s  Popular  History  of  the  United  States.  1 vol 

This  superbly  illustrated  work  is  by  the  author  of  “Barnes’s  Brief  Histories  ” (for 
schools).  The  leading  idea  is  to  make  American  history  popular  for  the  masses,  and 
especially  with  the  young.  The  style  is  therefore  life-like  and  vivid,  carrying  the 
reader  along  by  the  sweep  of  the  story  as  in  a novel,  so  that  when  he  begins  an  account 
of  an  important  event  he  cannot  very  well  lay  down  the  book  until  he  finishes.  It  is 
complete  from  the  earliest  times  to  date. 

“ Barnes’s  Popular  History  of  the  United  States  ” was  undertaken  at  the  close  of  the 
first  hundred  years  of  American  Independence.  The  author  proposed  to  give  to  the 
whole  people  of  the  United  States  and  the  world  a thoroughly  impartial  history  of 
America,  from  the  mound-builders  to  the  present  time.  As  such  it  was  necessary  to 
steer  free  from  whatever  in  recent  history  would  arouse  sectional  animosity  or  party 
bitterness.  He  determined  to  meet  all  questions  of  burning  moment  in  the  judicial 
rather  than  controversial  spirit,  and  while  giving  to  every  event  its  due  importance,  he 
would  seek  to  avoid  controversy  by  the  gentle  word  “that  turneth  away  wrath.”  The 
work  is  now  finished  down  to  President  Arthur’s  administration.  In  it  the  truth  of 
American  history  is  impartially  given  in  true  historic  form,  without  fear  or  favor.  It  is 
a work  that  all  sections  of  the  country  can  read  and  enjoy.  Although  the  author  is  a 
Northern  man  and  soldier,  his  work  is  popular  and  widely  used  as  a text-book  East, 
West,  North,  and  kvutk.  An  Alabama  teacher  lately  wrote  as  follows  : “ We  are  using 
your  history  and  like  it,  though  it  does  n't  favor  us  rebels.  ” And  so  it  is  liked  throughout 
the  country,  because  it  doesn’t  favor  any  side  at  the  expense  of  truth  and  justice. 
Instead  of  being  spread  out  in  many  volumes,  more  or  less  didactic,  statistical,  or  dry, 
the  book  is  complete  in  one  royal  8vo  volume  of  850  pages,  with  14  full-page  steel 
engravings  and  320  text  illustrations  on  wood,  engraved  by  eminent  artists.  It  is  fully 
up  to  the  times  and  includes  an  account  of  President  Garfield’s  brief  administration 
and  tragic  death,  and  General  Grant’s  funeral. 

Mrs.  Martha  J.  Lamb’s  History  of  New  York  City. 

2 vols.,  cloth. 

This  is  a complete  survey  of  the  history  of  New  York  from  early  settlement  to  the 
present  time.  It  opens  with  a brief  outline  of  the  condition  of  the  Old  World  prior  to 
the  settlement  of  the  New,  and  proceeds  to  give  a careful  analysis  of  the  two  great 
Dutch  Commercial  Corporations  to  which  New  York  owes  its  origin.  It  sketches  the 
rise  and  growth  of  the  little  colony  on  Manhattan  Island  ; describes  the  Indian  wars 
with  which  it  was  afflicted  ; gives  color  and  life  to  its  Dutch  rulers  ; paints  its  subju-' 
gation  by  the  English,  its  after  vicissitudes,  the  Revolution  of  1689  ; in  short,  it  leads 
the  reader  through  one  continuous  chain  of  events  down  to  the  American  Revolution. 
Then,  gathering  up  the  threads,  the  author  gives  an  artistic  and  comprehensive  account 
of  the  progress  of  the  city,  in  extent,  education,  culture,  literature,  art,  and  political 
and  commercial  importance  during  the  last  century.  Prominent  persons  are  introduced 
in  all  the  different  periods,  with  choice  bits  of  family  history,  and  glimpses  of  social 
life.  The  work. contains  maps  of  the  city  in  the  different  decades,  and  several  rare 
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